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The complement of this Mdbius band in P? is a disk. Up to diffeomorphism, the only
way the above 1-chain can be imbedded in P? is as shown in figure 3.5 (i.e., there
is only one way to imbed the Md&bius band, hence §;9,, and the imbedding of the
remainder of the 1-chain is determined). The figure-eight component lies in one of
the three complementary disk faces.

Figure 3.5

Thus the complement of a collar neighborhood of D in P? would have six boundary
components. We will now show this cannot occur. Notice that, since the figure-
eight component lies in a disk in P?, there can be no twists realized in its collar
neighborhood. Hence when we connected the ends of V' to create 17, the only twisting
along 3 or v must be 360° twists, and 360° twists do not affect the number of boundary
components of V. Similarly, although we know there must be at least one quarter-
twist along ¢, any additional 360° twist has no effect on the number of boundary
components. Counting the number of boundary components in V with a quarter-
twist along 9, we see there can be only four, not six as shown in figure 3.5. Thus Case
IT cannot be realized. 0

Proposition 3.5. Case III, in which i(D) = S; consists of one immersed cycle,
the preimage D has precisely two possible configurations up to diffeomorphism of P2
(figures 3.8 and 3.9), each of which is realizable as the self-intersection set of an
immersion satisfying the hypotheses of Theorem 4.3.

Proof. Without loss of generality (up to a reflection in S*), we may assume that the
immersed cycle is created by identifying z, to y_, y, to z_, and 24 to x_. In this
case D is homeomorphic to the 1-chain A shown in figure 3.6.
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Figure 3.6

At least one loop in this 1-chain must be homotopically nontrivial in P2. Otherwise
the complement of A/ contains a Mobius band and hence there would be an imbedded
Mobius band in § —&;, contradicting transverse orientability as in the proof of Lemma
3.1. So either

Case B: the loop (32720, in N is homotopically nontrivial or
Case G: at least one of the loops i, 1, or d; is homotopically nontrivial.

To show there are the only two possible ways to realize cases B and G, note
that the preimage in P? of the neighborhood V of the triple point T' consists of three
components, each homeomorphic to a neighborhood of one of the three preimages of
T, as shown in figure 3.7. Information about how the ends of these components are
identified will allow us to reconstruct D as a subset of P2

z z X

= A
NSNS,

Figure 3.7
Case B. Without loss of generality, assume the loop (27202 in N is essential in P2
The complement of this loop is a disk so the loops 1, 71, and §; must bound disks in
IP2. Their image loops 3,7, 6 bound imbedded disks in S, hence we have the ends of V'
connected with orientations as shown at the left in figure 3.8. That is to say the collar
neighborhood of D is created by connecting the ends of the components of :=*(V) in
figure 3.7 according to the specified connection rules, which in turn determines how

N
S
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the set D must imbed in P2. Notice that, since the complement of B3y72d, is a disk,
up to diffeomorphism there is only one way to imbed the Mobius band, and hence
(27205. The imbedding of the remainder of the 1-chain is determined and there is no
choice as to how the rest of D imbeds in P2 (figure 3.8.)

Figure 3.8: Case (B)

Case G. Without loss of generality, assume (3; is homotopically essential in P2. As in
case 1, we argue that v;, §; bound disks in P2, hence v and ¢ again bound imbedded
disks in §. The imbedding of D in P? and a collar neighborhood of D are shown
in figure 3.9. The resulting connections rules for V' are also shown. Note that the
axis-orientation of V' is the same as in figure 2.1.

Figure 3.9: Case (G)

Both of the above are realizable in S?, as they are diffeomorphic to D for 4+
and ¢4+ as indicated in figures 1.1 and 1.2 in section 1. Stages of the construction
of (B) are well jjjitknown (e.g., figures 1.5, 1.6 [E]). Stages of the construction of less
known Case (G) are illustrated in figure 3.10. The surface in figure 3.11, with one
disk and a neighborhood of the self-intersection set removed, is ambiently isotopic to
ig. For more of Mellnik’s CAD renderings and animations of i, and i,, see the link at
www.math.unc.edu/Faculty/seg. O



16 GOODMAN AND KOSSOWSKI

Figure 3.10

Figure 3.11
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4. PROOF OF THE MAIN THEOREM

It remains to be shown that any immersion ¢ with D = i~(S;) diffeomorphic
to Case (B) or (G) is ambiently isotopic to i+ or i+ . Since we want to follow the
creation, destruction and movement of the pinch points in the image and preimage,
we now define the notion of a deformation arc. See figures 4.2-4.4 for illustrations of
the procedure described below.

First we use these preimages to construct an («, T)-deformation j; : P? —
S3, t € [0,1], where jo = i, and where j; = j is the non-immersive crosscap map-
ping whose image is the “sphere with a crosscap” (see [Kui|, sec. 3 for an explicit
parametrization). The mapping j has an arc of double points terminating in a pair
of pinch points, P, and P, and no triple points. The preimage of the arc of double
points is an nontrivial curve D’ marked by the preimages of the pinch points (also
denoted P, and P,) as in figure 4.1. The map j is unique up to ambient isotopy (i.e.
a neighborhood of D’ has image diffeomorphic to the dehomogenized Plucker conoid
[F] intersected with a 3-ball and, in S*, there is only one way to attach an imbed-
ded disk to its boundary). The (a,T)-deformation will determine a deformation
arc in P? which joins the preimages of the pinch points and transversely intersects
D' — {Py, P,} in exactly one point. This deformation process is reversible; that is,
given such a deformation arc for D’ in P2, there is a deformation j, such that j, is an
immersion with exactly one triple point, and jy is unique up to ambient isotopy.

Figure 4.1

The (a,T)-deformation will be locally supported and can be defined for any
generic immersion ¢ with an “a-loop” in S; which contains a triple point 7' (i.e., a
loop in &; which is the boundary of an imbedded disk i(A) in S, and this boundary
contains 7T'). In this setting, the loop has two preimages, oy and «ay. One, say a1, is
a loop through T; in ~*(T') which bounds a disk in P?. The other, as, is an arc in
P? joining the other two preimages of T' (call them T, and T3). Let 8 and ¢ denote
the other arcs entering and leaving i~*(7'). Locally, in P?, we have figure 4.2.
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Figure 4.2

The deformation j; will have support on a neighborhood of ay, where it has local
representation j;(u,v) = (u,v? v3 —v(u?+2t — 1)) = (x,y, z) with ay represented by
the unit interval on the v-axis and i(A) lies in the = 0 plane. The image is as in
figure 4.3.

. N ""

t=0 t=1/2 t=1
Figure 4.3

During the (a, T')-deformation, the preimage of the self-intersection set changes
as follows: as t approaches %, the a-loop contracts to the point 7" and then disappears.
The j;-preimage of its double-point set changes as follows: as t approaches %, aq and
g shrink to points; at ¢ = %, 0; and ~; all join; and for ¢ > %, (1 and 5 join at the
preimage of one pinch point; v; and v, at the other. Compare figures 4.2 and 4.4.

B] Yi

Do e Gl

BZ YZ
AN

Figure 4.4

With the following two propositions we will have a proof of Theorem 4.3.

Proposition 4.1. For each immersion iy= and iz, there exists an (o, T')-deformation
taking the immersion to the crosscap mapping.

Proof. Note that composing an immersion with a diffeomorphism of S* does not
change the preimage of the self-intersection set so we need only prove the + cases.
The loop labeled v in the proof of Proposition 3.5 is an a-loop. Since & is a
single immersed circle, the (a,T)-deformation constructed on 7 transforms S; into
an arc of double points, with each end terminating in a pinch point. In each case, we
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trace the deformation path in the preimage for use later. The preimage deformations
are shown in figure 4.5, where the deformation arcs are indicated by a dashed curve.
The grey dot indicates the point at which the a-loop (7;) vanished. In each case, the
deformation results in the double-point set D’ for the crosscap mapping, but with

distinct deformation arcs. O
Type B
&) (o)
/N
<
Type G
Figure 4.5

Define an allowable deformation arc in the preimage of the crosscap map j
to be an arc joining the pinch point preimages and crossing D’ transversely exactly
once. We will say two deformation arcs are equivalent if one can be homotoped in
P? to the other staying within the class of allowable deformation arcs.

Proposition 4.2. Any allowable deformation arc for the crosscap mapping is equiv-
alent to one of the deformation arcs in Proposition 4.1, or its mirror image.

Proof. Let A be the standard planar model for P2, i.e., a disk with its boundary
identified by the antipodal map. Let the horizontal diameter of A be the preimage
D’ of the self-intersection set for the crosscap mapping j. Orient the self-intersection
set and give D’ the inherited orientation. Denote the pinch point preimages by P;
and P, with P; being the point with inward oriented segments on either side. There
is an induced orientation on the deformation path p going from P; to P,. (See figure
4.1.) There are exactly four homotopy classes of deformation arcs joining P, and P.
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As p leaves Py it enters the upper half-disk, crosses D’ to the left of
P, and then joins P in the lower half-disk of A without crossing the

boundary of A.

As i leaves P it enters the lower half-disk, crosses D’ to the left of P;
and then crosses the boundary of A before joining P,. Note that this is
equivalent to p entering the upper half-disk, crossing D’ to the right of
P, and then joining P, without crossing the boundary of A.

As i leaves P; it enters the lower half-disk, crosses D’ to the left of
Py and then joins P, in the upper half-disk of A without crossing the
boundary of A. This is the mirror image of case i.

. As u leaves P it enters the lower half-disk, crosses D’ to the left of

P, and then crosses the boundary of A before joining P,. This case is
equivalent to the mirror of case ii.

These cases are illustrated in figure 4.6. This completes the classification of deforma-

tion arcs.

g

(i) Type G (ii) Type B

(iii) Type G

(iv) Type B
Figure 4.6
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Thus up to diffeomorphism of P? there are but two possible homotopy classes of
admissible («, T')-deformation arcs for the crosscap mapping. It follows that the +
designation in i+ and i,+ cannot be inferred from D in P? since the composition of
an immersion with a reflection of S* has no effect on the preimage.

Theorem 4.3. Ifi : P? — S3 is a C™ immersion with transverse self-intersection,
whose self-intersection set in S® is connected and has a single triple point then i is
ambiently isotopic to iy+ 0T igx.

Proof. The theorem follows from Propositions 3.3-3.5 and 4.1-4.2 as follows. For any
such immersion 7, choose a collar neighborhood of the immersed circle of double points
which is a Mobius strip with either a left-handed or a right-handed twist. Without
loss of generality we will assume that ¢ corresponds to a right-handed twist and will
show that it is ambiently isotopic to 4y, or i4, . The choice of 4;, or 7,4, is determined
by the preimage of the self-intersection set of 7, which must correspond to one of the
two configurations in Proposition 3.5. Hence there is an a-loop upon which we can
construct an («, T')-deformation j; taking i to the crosscap mapping. We may assume
that at t = % the mapping j;/, bifurcates as in figure 4.3. By Proposition 4.2, the
deformation arc for this homotopy is equivalent to the deformation arc (i) or (ii) of
figure 4.6. Now construct j;~ for i, . Or iy, as appropriate; i.e., if the deformation arc is
equivalent to (i), construct an (a, T')-deformation for 4,, , and similarly for (ii). Since,
for ¢ in [0, %), j; and j;” can be represented by ambient isotopies and there exists a
diffeomorphism ®* of S* with j; 5 = &t o jfr/Q, a localized surgery modification of the
concatenation of j, and ®* o 5, t € [0, 5], produces the desired ambient isotopy. [

5. APPLICATIONS

We close the paper with applications of Theorem 4.3 to the following topics
in the differential topology of submanifolds: discrete ambient automorphism groups;
image-homology of immersions with one triple point; and almost tight ambient isotopy
classes.

5.1. Finite ambient automorphism groups. Here we will distinguish immersions
equivalent to 4y, or iz, by the groups of orientation-preserving diffeomorphisms of S?
which leave invariant their image surfaces. At one extreme, any vector field on S3
which is tangent to the stratification 7" C §; C S defines a flow which preserves S. At
the other extreme, it has been shown that the only possible ambient isometry group
of a generically immersed projective plane in Euclidean 3-space is cyclic of order 3
[FPR]. The definition below extracts desirable features of flow automorphisms and
geometric symmetries.

Given an immersion 7 : P? — S? and a finite group X, we define a i-tnvariant
automorphism action by X to be an injective group homomorphism A : ¥ —
Diff .(S*) which preserves & = i(P?). That is to say, for all o in X, the associated
diffeomorphism A(c) = ®, : S* — S* maps S to itself. It follows that the stratification
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T C & C 8 CS® must also be preserved: ®,(T) =T, ®,(S;) = S;. We say the
action is T-faithful if the homomorphism induced by the differentials at the fixed
triple point T', A, : GL(TrS?, R), ¥,(0) = ®,,: TrS? — TrS? is also injective. Such
an action is mazimal if A(X) C A'(YX) C Diff (S?) implies ¥ = X'. Let Sym,
denote the symmetric group on n letters.

Corollary 5.1. The immersions t,, admit a mazximal T-faithful Syms-action, and
the immersions iy, admit a mazimal T'-faithful Syms-action.

Proof. Given i = iy, or i, , choose a parametrization of the circle of self-intersection
points &;. This defines three cyclically-ordered unit tangent vectors (vy, vo, v3) in the
tangent space of S* at T. Let [v1], [v2], [v3] be three corresponding points in the
projectivization of Tr(S?). Note that since every ¢ in ¥ has finite order, it follows
that, if ¢ # id, then ®,, cannot fix these three points. Hence, for any ¢ in X,
®,, is determined by the induced permutation of [vi], [v2], [vs]. It follows that the
largest possible faithful group is Syms. However in the case of iy, , the loop of &;
with a half-twist must be invariant under any ¢,, -invariant automorphism, hence the
corresponding pair of points in the projectivization must be interchanged by ®,, and
the largest possible group is Symes.

We need only construct the required actions. This should be clear from Boy’s
3-fold symmetric model and the 2-fold symmetric models in section 1. More formally,
we have the following constructions for A.

For @ = 1, there is an ambient diffeomorphism ¢ with ® o7 given by Boy’s
3-fold symmetric model. Pulling back the 120°-rotation over this diffeomorphism
Rot30®~! = ps3 defines a Z3 action on i generated by p3. The differential at T', (p3)x,
“rotates” the points [v1], [vo], [v3]. Similarly denote the 2-fold symmetric model of
5. shown in figure 1.3 of section 1 by ® o i and pull back the 180°-rotation over
the diffeomorphism ® to define a Z, action on i generated by Roty o @' = p,. The
differential at T', (ps)*, exchanges two of the points [v1], [vs], [v3], leaving the third
fixed. The action A of Symg is now defined by all (compositional) words on the
symbols p, and ps. Similarly for ¢,, the 2-fold symmetric model in figure 1.4 of
section 1 gives rise to an action of Sym.. O

As a consequence of [FPR] and Corollary 5.1, we have that no immersion into
Euclidean 3-space with non-trivial geometric symmetry can be equivalent to 7,,, and
no immersion into S* with order 3 symmetry can be equivalent to i, .

5.2. Homology of the image of immersed projective planes with one triple
point. In this section, we extend our classification of immersions of P? to allow other
components of the self-intersection set, but no additional triple points. Further we
compute the Zs-homology of the image set for such an immersion.

Let 1 : P2 — S% be a C™ generic immersion with one triple point 7" and self-
intersection set a disjoint union S; = S; U S1, where T lies in §;. Pinkall’s quadratic
form ¢ : Hi(P,Zy) = Zy — 74 must have support on D = 2’1(81) and hence must
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be trivial on any component D' = ;='(S}), [P1]. Further a component in D’ cannot
intersect itself since there is only one triple point whose preimage lies in D, not D’.
Thus each component of D’ is a simple closed curve. The map i : D' — S] is 2-to-1
and restricts to an imbedding on each component. The set D’ then decomposes into
two sets of curves: annular pairs (such that the two preimages of a circle are nested)
and disk pairs (such that the two preimage interiors are disjoint). Since D’ is finite,
there is at least one “deepest” annular pair (i.e. a pair which has no component of D’
inside the annulus they bound) or at least one deepest disk pair (with no component
of D' inside either disk). Since the Pinkall invariant is 0 on any component of D',
the image of such an annulus is a C’-embedded torus in 7(P?) and the image of such
a disk pair is a C%-imbedded sphere in 7(IP?). In both cases these nontrivial 2-cycles
in Hy(i(P?), Zy) can be removed by a simple surgery modification i’ : P2 — S* which
changes 7 only on a neighborhood of this deepest annular or disk pair. This surgery
reduces the number of components in D’.

Theorem 5.2. Let i : P2 — S? be a generic immersion with one triple point and
(1 + k) components in the self-intersection set S1 C S CS3. There exists a sequence
of spherical or toral surgery modifications iy, 1s, - - - , 1y, as described above which termi-
nate with i, = iy or ig+. Fach subsequent modification reduces the first and second
Zy-Betti numbers by 1. The Zy-Betti numbers of i(P?) = S are given by 5, = k,
By =k+1.

Proof. Each surgery modification removes exactly one nontrivial 2-cycle in S (a
sphere or a torus). By the Boy-Izumiya-Marar formula [I-M], x(S) = x(P?) +
(# triple points) = 2, hence each surgery must also remove a non-trivial 1-cycle.
By Theorem 4.3, after k of these surgeries, we have i, = i+ or ig+. We need only
show the first and second Betti numbers for both 4+ and 7,+ are 0 and 1 respectively.
To see this, observe that every 2-cycle must correspond to a union of image disks in
P? — D which arise from the immersion-adapted decomposition. Direct inspection of
the three-critical-point models in section 1 reveals that removing any number of these
disks creates a Zs-boundary in the 2-chain, hence the second homology of the images
has exactly one generator. U

5.3. Almost tight ambient isotopy classes. The models of section 1 reveal that
the complements of each of the images of i)+ and i,+ has two components. Choosing
a point at infinity in each component respectively yields two distinct ambient isotopy
classes of immersions into R? for each of the four models in S*. With simple modi-
fications of the level curves in section 1, each of the eight classes of immersions into
R3 can be represented by an immersion with exactly three non-degenerate critical
points. An example of such a level curve modification can be found in [Kui] where
Kuiper sought restrictions on tight mappings.
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Recall that an immersion of a compact surface into Euclidean 3-space i : M — R3
is tight if its total curvature 7(i) = 5= [, |K|dA equals S(M), the sum of the Zj-
Betti numbers of M. Following Kuiper [BK], [P2], we say an ambient isotopy class
of immersions in R? is almost tight if, for all ¢ > 0, there exists a representative
immersion whose total curvature lies within ¢ of S(M) (i.e., (M) is the inf of total
curvature over this set of immersions). Now if i : M — R?® is an immersion which

has a non-degenerate height function h : R® — R with exactly one max and one min,
then

1
e =1+ E(G’md(h)),e > 0,

has limgH(ﬂ'(iE) = [B(M). Hence the existence of the above eight distinct immer-

sions of P? (each with $(P?) = 3 non-degenerate critical points) implies that the
eight associated ambient isotopy classes are each almost tight. Moreover, given a
positive integer n, we can construct generic immersions of the n-fold connected sum
i:nP — R3 C S? using the two types of ambient connected sum in figure 5.1. We can
stack these connected sums in the direction of increasing height so that the resulting
immersion will have 3(nP) = 2 + n nondegenerate critical points. Thus the various
combinations of the two types of connected sum using 4+ and i,+ produce a large
collection of distinct, almost tight, ambient isotopy classes of immersed nonorientable
surfaces with n triple points.
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