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Adic (Bratteli-V ershik) transformations

- | .
N
> A

o
=

> iR

Two paths x and y are comparable if they agree from some level on
downwards.

Label and order edges down to each vertex.
Usual compact metric.

Tx = the smallesty > x (if there is one).

o |
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Adics and odometers

o N

Stationary Bratteli-Vershik systems odometers and substitution
symbolic dynamical systems (Vershik, Livshitz, Forrest,
Durand-Host-Skau)
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Adics and odometers

-

fStationary Bratteli-Vershik systems odometers and substitution
symbolic dynamical systems (Vershik, Livshitz, Forrest,
Durand-Host-Skau)
Adic is transverse to shift; translates in a self-similar tiling system, where

the shift changes scale.
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Adics and odometers

-

Stationary Bratteli-Vershik systems odometers and substitution
symbolic dynamical systems (Vershik, Livshitz, Forrest,
Durand-Host-Skau)

Adic is transverse to shift; translates in a self-similar tiling system, where
the shift changes scale.

This adic is conjugate to the Fibonacci substitution 0! 01;1! 0, and to
translation mod 1 by the golden mean:
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Adics and odometers

-

Stationary Bratteli-Vershik systems odometers and substitution
symbolic dynamical systems (Vershik, Livshitz, Forrest,
Durand-Host-Skau)

Adic is transverse to shift; translates in a self-similar tiling system, where

the shift changes scale.
This adic is conjugate to the Fibonacci substitution 0! 01;1! 0, and to
translation mod 1 by the golden mean:
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Pascaladic

SN
NN
A VAV
NN NN
AV VAV VAN

space of in nite downward paths X = f0; 1g"

T(OP1910 ) = 190°01 ; p;g O
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Action of the Pascaladic
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Relation of adicsand shifts

o N

® Adic-invariant sets correspond to tail elds for the associated
stochastic processes.
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Relation of adicsand shifts

Adic-invariant sets correspond to tail elds for the associated
stochastic processes.

For the odometer, it's the Kolmogorov tail eld of sets invariant under
changes of nitely many coordinates.
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Relation of adicsand shifts

-

® Adic-invariant sets correspond to tail elds for the associated
stochastic processes.

® For the odometer, it's the Kolmogorov tail eld of sets invariant under
changes of nitely many coordinates.

® Forthe Pascal adic, it's the eld of symmetric sets invariant under
permutations of nitely many coordinates.
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Relation of adicsand shifts

Adic-invariant sets correspond to tail elds for the associated
stochastic processes.

For the odometer, it's the Kolmogorov tail eld of sets invariant under
changes of nitely many coordinates.

For the Pascal adic, it's the eld of symmetric sets invariant under
permutations of nitely many coordinates.

So dynamical properties of the adic transformations (such as
ergodicity) correspond to 0,1 laws in probability (such as
Hewitt-Savage).
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For the odometer, it's the Kolmogorov tail eld of sets invariant under
changes of nitely many coordinates.

For the Pascal adic, it's the eld of symmetric sets invariant under
permutations of nitely many coordinates.

So dynamical properties of the adic transformations (such as
ergodicity) correspond to 0,1 laws in probability (such as
Hewitt-Savage).

For example, a unique adic-invariant measure corresponds to the
measure of maximal entropy for the shift.
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Relation of adicsand shifts

-

Adic-invariant sets correspond to tail elds for the associated
stochastic processes.

For the odometer, it's the Kolmogorov tail eld of sets invariant under
changes of nitely many coordinates.

For the Pascal adic, it's the eld of symmetric sets invariant under
permutations of nitely many coordinates.

So dynamical properties of the adic transformations (such as
ergodicity) correspond to 0,1 laws in probability (such as
Hewitt-Savage).

For example, a unique adic-invariant measure corresponds to the
measure of maximal entropy for the shift.

IS ergodic for the adic if and only if it's K for the shift.
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Usefulnessf adics

o N

® Every ergodic measure-preserving system is isomorphic to a
uniquely ergodic adic system (Vershik).

o |

Univ. Md. 3/20/05 — p.7/34



Usefulnessf adics

o N

® Every ergodic measure-preserving system is isomorphic to a
uniquely ergodic adic system (Vershik).

® Giordano, Herman, Putnam, Skau, et al.: Minimal homeomorphisms
of the Cantor set are topologically conjugate to adic systems with
unique maximal and minimal paths.
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Usefulnessf adics

-

Every ergodic measure-preserving system is isomorphic to a
uniquely ergodic adic system (Vershik).

Giordano, Herman, Putnam, Skau, et al.: Minimal homeomorphisms
of the Cantor set are topologically conjugate to adic systems with
unique maximal and minimal paths.

The adic viewpoint leads to the introduction of C -theoretic objects
such as dimension group triples as complete invariants of topological
orbit equivalence.
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Usefulnessf adics

-

Every ergodic measure-preserving system is isomorphic to a
uniquely ergodic adic system (Vershik).

Giordano, Herman, Putnam, Skau, et al.: Minimal homeomorphisms
of the Cantor set are topologically conjugate to adic systems with
unique maximal and minimal paths.

The adic viewpoint leads to the introduction of C -theoretic objects
such as dimension group triples as complete invariants of topological
orbit equivalence.

It also leads to interesting examples, and the visual presentation can
help with combinatorial analysis.
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Adics aslInter val Maps

o |

Bratteli-Vershik diagrams can be read as instructions for cutting and stack-
ing procedures used to de ne maps of the interval in traditional ergodic

theory.
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Odometerasinterval map

Step 1 0 : 10 1

1/2 1/2

Step 2 12 1 192 — 3 w o

0 1/2 0 —1/4 114 —12

Step 3 34— 1 3/4 1
s ——— ap 1/4 12

12 ————— 34 12 3/4

0 ———— 14 0 14
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The Euler graph asan adic transformation
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The Euler graph asan adic transformation

VN
NN
SN N
VAV VAN
YAV A VAV VAN

Edge labels indicate multiple edges.
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The Euler graph asan adic transformation

VN
NN
SN N
VAV VAN
YAV A VAV VAN

Edge labels indicate multiple edges.
Equal weights summing to 1 on each of the n+ 2 outgoing edges from each

vertex on level n de ne an adic-invariant measure, .
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The Euler graph and random permutations
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The Euler graph and random permutations

VN
NN
VA VA VAN
VAV VAN
AV AV VA VAN

A(n; k) =number of paths from root to (n; k)
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The Euler graph and random permutations

VN
NN
VA VA VAN
VAV VAN
AV AV VA VAN

A(n; k) =number of paths from root to (n; k)

= number of permutations of 1;:::;n+ 1with k risesand n k falls.

o |

Univ. Md. 3/20/05 — p.12/34



The Euler graph and random permutations, continued

N N
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VA VN
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Path Ieavmg (n; K) to the left msertlng n+ 2ata place where it creates
a new fall.
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The Euler graph and random permutations, continued

N N
N

VA VN

VA VANV
NN NN
VANV VAV VEN

Path Ieavmg (n; K) to the left msertlng n+ 2ata place where it creates
a new fall.

AN+ Lk = (n k+ 2AM: k 1)+ (k+ DA K): (1)
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The Euler graph and random permutations, continued

N N
N

VA VN

VA VANV
NN NN
VANV AAVE VI VEN

O
1

Path Ieavmg (n; K) to the left msertlng n + 2 at a place where it creates
a new fall.

AN+ Lk = (n k+ 2AM: k 1)+ (k+ DA K): (1)

\— The space X of in nite paths the set of all permutations of N. J
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Dynamicsof the Euler adic

o N

Theorem 1. The symmetric measure is ergodic.
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Dynamicsof the Euler adic

Theorem 1. The symmetric measure is ergodic.

For each cylinder set C ending in a x ed vertex
dim(; t;)
dim(t;)

I E( ¢jl) a.e..
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Dynamicsof the Euler adic

o N

Theorem 1. The symmetric measure is ergodic.

For each cylinder set C ending in a x ed vertex
dim(; t;)
dim(t;)

I E( ¢jl) a.e..

The limit exists by the Ergodic Theorem or Reverse Martingale Theorem
(Vershik).
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Dynamicsof the Euler adic

o N

Theorem 1. The symmetric measure is ergodic.

For each cylinder set C ending in a x ed vertex
dim(; t;)
dim(t;)

I E( ¢jl) a.e..

The limit exists by the Ergodic Theorem or Reverse Martingale Theorem
(Vershik).

Just need to show it's constant a.e..
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Dynamicsof the Euler adic

Theorem 1. The symmetric measure is ergodic.

For each cylinder set C ending in a x ed vertex
dim(; t;)
dim(t;)

I E( ¢jl) a.e..

The limit exists by the Ergodic Theorem or Reverse Martingale Theorem
(Vershik).

Just need to show it's constant a.e..
For the Pascal adic this is not hard, because of properties of binomial coef-
cients or isotropy of the graph (Méla). For the Eulerian numbers, it's much

harder.
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Key propositions

- .

Instead we use Mike Keane's approach to prove ergodicity of the Bernoull
1=2; 1=2 measure for the Pascal adic.
(Previous proofs by Hajian-Ito-Kakutani (1972), Vershik.)
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Key propositions

.

fInstead we use Mike Keane's approach to prove ergodicity of the Bernoull

1=2; 1=2 measure for the Pascal adic.
(Previous proofs by Hajian-Ito-Kakutani (1972), Vershik.)

Proposition 1. Foreach X 2 X, denote by | , (X) the cylinder set determined by
XoX1:::Xpn 1. Then for each measurable A X,

(A\ 12(X) |
(ln(x)

A (X) almost everywhere.

o |

Univ. Md. 3/20/05 — p.15/34



Key propositions

|

fInstead we use Mike Keane's approach to prove ergodicity of the Bernoull

1=2; 1=2 measure for the Pascal adic.
(Previous proofs by Hajian-Ito-Kakutani (1972), Vershik.)

Proposition 1. Foreach X 2 X, denote by | , (X) the cylinder set determined by
XoX1:::Xpn 1. Then for each measurable A X,

(A\ 12(X) |
(ln(x)

Proof. P, = fl,(X)gform a decreasing sequence of partitions, so apply the Lebesgue
Density Theorem or Martingale Convergence Theorem. 1

A (X) almost everywhere.
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In nitely many crossings

o N

Proposition 2. For -almost every (X;y) 2 X X, there are in®nitely many N
such that | , (X) and | , (Y) end in the same vertex of the Euler graph.
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In nitely many crossings

o N

Proposition 1. For -almost every (X;y) 2 X X, there are in®nitely many N
such that | , (X) and | , (Y) end in the same vertex of the Euler graph.

VN
VN
SN
PN N
VAV AV VA VN

o |
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Proof of the Theorem

o N

Suppose that A X is measurable and T -invariant and that
0< (A) (A° < 1.
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Proof of the Theorem

-

Suppose that A X is measurable and T -invariant and that
0< (A) (A° < 1.

For -a.e. (X;y) 2 A A° thereis an ng = ng(X;y) such that for all
N No,
(A\ Ta(x)) 1 (A®\ 1a(y)) _ 1
> — and > 2
() 2 () 2 ”
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Proof of the Theorem

-

Suppose that A X is measurable and T -invariant and that
0< (A) (A° < 1.

For -a.e. (X;y) 2 A A° thereis an ng = ng(X;y) such that for all

(AV 10 () _ 1 (AS\ La(y) | 1

(In(x)) 2 (In(Y)) 2

Then, by Proposition 2, we can choose n  ng such that I ,(x) and 1 ,(y)
end in the same vertex and hence there is| 2 Z such that

TH(1a (X)) = In(y).

(2)
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Proof of the Theorem

-

Suppose that A X is measurable and T -invariant and that
0< (A) (A° < 1.

For -a.e. (X;y) 2 A A° thereis an ng = ng(X;y) such that for all

(AV 10 () _ 1 (AS\ La(y) | 1

(In(x)) 2 (In(Y)) 2

Then, by Proposition 2, we can choose n  ng such that I ,(x) and 1 ,(y)
end in the same vertex and hence there is| 2 Z such that

TH(In (X)) = Ia(y).

Since A is T-invariant, this contradicts (2)—most of |, (x) is made up of A,
while most of | ,(y) is made up of A°.

(2)

Then we must have (A) = 0or (A)= 1.
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Lemmasfor Proposition 2

kn (X9)j. Let T

(X1;XD); (X2;%9); 2255 (Xn 3 X2). Then (D)) is a supermartingale with respect to (F,):

-

Lemma 1. On (X  X; ) let D (X; X9 = jKn(X)

o |
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Lemmasfor Proposition 2

-

(X1;XD); (X2;%9); 2255 (Xn 3 X2). Then (D)) is a supermartingale with respect to (F,):

Lemma 1. on (X  X; Ylet Dy (X X9 = jkn(X)  Kkn(x9)j. Let

The proof is by direct computation, using the weights on the edges that
determine the measure

This lemma expresses the central tendency of the in nite paths in the Euler
graph: paths close to the edge tend toward the center with greater proba-

bility the closer they are to the edge.
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Next lemma

— In measure.

2

|
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Nextlemma

f kn(x) 1 T

Lemma 2. I — in measure.

n 2
Following the computations in |. Salama and D. Quade (1997), let
dn (X) = 2kn(X) n (sothatd, changes by 1). Then
E (dy) =0

o |
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Nextlemma

f kn(x) 1 T

Lemma 2. |  — in measure.

n 2
Following the computations in |. Salama and D. Quade (1997), let
dn (X) = 2kn(X) n (sothatd, changes by 1). Then
E (d,)=0 and
E (d?,;) = (n+ 3)=3, because

E (df+1jdn) = (dh  1)° nn + o (dn + 1)° nn+ 2
_ ndi o
“heath

o |
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Nextlemma

f kn(x) 1 T

Lemma 2. |  — in measure.

n 2
Following the computations in |. Salama and D. Quade (1997), let
dn (X) = 2kn(X) n (sothatd, changes by 1). Then
E (d,)=0 and
E (d?,;) = (n+ 3)=3, because

E (df+1jdn) = (dh  1)° nn + o (dn + 1)° nn+ 2
_ ndi o
“heath

Then apply Chebyshev's Inequality.

o |
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Proof of Proposition 2

fFix M > 0and de ne stopping times (x; X% = inff njkn(x) 6 k,(x9g andT
(x;x9) = inffn > (x;x%) : D, = jkn(X)  kn(x9j 2 fO; M go.

o |
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Proof of Proposition 2

o N

Fix M > 0 and de ne stopping times (x; x% = inff njk,(x) 6 k,(x%gand
(x;x9) = inffn > (x;x%) : D, = jkn(X)  kn(x9j 2 fO; M go.
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In nitely many crossingswith probability 1

o N

Let's suppose for the moment that is nite almost everywhere.
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In nitely many crossingswith probability 1

o N

Let's suppose for the moment that is nite almost everywhere.
ThenE (D) E (D )= 1, andhence

o |
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In nitely many crossingswith probability 1

o N

Let's suppose for the moment that is nite almost everywhere.
ThenE (D) E (D )= 1, andhence

E (D)=M( fD =Mg+0( fD =0g 1

o |
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In nitely many crossingswith probability 1

o N

Let's suppose for the moment that is nite almost everywhere.
ThenE (D) E (D )= 1, andhence

E (D)=M( fD =Mg+0( fD =0g 1

so that fD, 6 Oforanyn> (x;x%g fD =Mg 1=M for
all M.

o |
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In nitely many crossingswith probability 1

-

fLet's suppose for the moment that is nite almost everywhere.
ThenE (D) E (D )= 1, andhence

E (D)=M( fD =Mg+0( fD =0g 1

so that fD, 6 Oforanyn> (x;x%g fD =Mg 1=M for

all M.
LettingM ! 1 implies that

fD, 6 Oforanyn> ((x;x%)g= 0:

o |
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In nitely many hits

o N

Hence with probability 1 there is an nq for which kp, (X) = kn, (x9.
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In nitely many hits

o N

Hence with probability 1 there is an nq for which kp, (X) = kn, (x9.

Repeat this process with

(x; X% = inffn > no(x; xYjkn (x) 8 kn(x)g

to see that k, (x) = kn(x9 in nitely many times.

o |
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IS nite a.e.

o N

We want to show that, starting from any position, with probability 1 the
distance D, between the two indpendent paths x and x° leaves the
interval [O; M ].

o |
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IS nite a.e.

|7We want to show that, starting from any position, with probability 1 the T

distance D, between the two indpendent paths x and x° leaves the
interval [O; M ].

In fact with probability 1 one path has k,, stay constant for M steps while
the other sees k, increase at each of M consecutive steps

o |
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-

IS nite a.e.

We want to show that, starting from any position, with probability 1 the T
distance D, between the two indpendent paths x and x° leaves the

interval [O; M ].

In fact with probability 1 one path has k,, stay constant for M steps while

the other sees k, increase at each of M consecutive steps

—~because such an event has positive probability (sums of edge weights to
left (or right) are bounded below once k,=n  1=2), and we have an ap-
proximation to conditional independence of such events if the time ranges

are disjoint.
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Detalls

-

We have a xed M ; x also alarge L.

o |
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Detalls

-

We have a xed M ; x also alarge L. T
Fix a small enough so that if k, (x)=n; k,(x%=n are in the interval

(1=2 ;1=2+ ), then starting from (n; k, (x)) all the probabilities of going
left or right for both x and x° are at least 1/4 for M L steps.

o |

Univ. Md. 3/20/05 — p.24/34



Detalls

-

We have a xed M ; x also alarge L. T
Fix a small enough so that if k, (x)=n; k,(x%=n are in the interval

(1=2 ;1=2+ ), then starting from (n; k, (x)) all the probabilities of going
left or right for both x and x° are at least 1/4 for M L steps.

LetAp, = f(x;x9) 2 X Xjky(X)=n;kn(x)=n2 (1=2 ; 1=2+ )g; and note

that (Ap)! lasn! 1, bythe convergence in measure.

o |
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Estimating hits

fI—etBn = f(xx)2X  Xjkn+i(X) = Kn(X); kn+i(x% = —‘
kn(x9) +iforalli=0;1:::;Mg.

o |
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Estimating hits

fLetBn =f(x;x92X  Xjkn+i(X) = kn(X); kn+i(x9 =
kn(x9) +iforalli=0;1:::;Mg.

For every n,
fxj X)=1g \ A, Ap\ Bj\ Br,y\ \ Bﬁ+(L DM = G,, since

(x; XY in B, implies D+ (X) is either 0 or M for somei M.
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Estimating hits

fI—etBn = f(xx)2X  Xjkn+i(X) = Kn(X); kn+i(x% = —‘
kn(x9) +iforalli=0;1:::;Mg.

For every n,
fxj X)=1g \ A, Ap\ Bj\ Br,y\ \ Bg+(L DM = G,, since

(x; XY in B, implies D+ (X) is either 0 or M for somei M.

dependent because at each step the probabilities of going left or right,
given by sums of the weights on the edges, are changing. But since the

probabilities are all near 1/2, we can estimate the measure of G,.

o |
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Many hits

o N

Because for the large-measure set of paths under consideration all the
edge weights are near 1=2,
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Many hits

o N

Because for the large-measure set of paths under consideration all the
edge weights are near 1=2,
we can estimate that

1

1 1
! (Br) (1 220

M M
. 1
(=1 A) (1 ) forall

(Bn)

(The probabilities of the events under consideration are near those for the
same events if we had genuine x ed probabilities of going left or right at
any stage.)

o |
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Many hits

-

Because for the large-measure set of paths under consideration all the
edge weights are near 1=2,
we can estimate that

1

1 1
! (Br) (1 220

M M
. 1
(=1 A) (1 ) forall

(Bn)

(The probabilities of the events under consideration are near those for the
same events if we had genuine x ed probabilities of going left or right at
any stage.)

Lettingn! 1 andthenL ! 1 ,we conclude that

f =19 = 0:

o |
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Uniqueness

Theorem 2. The symmetric measure is the only fully supported ergodic invariant Borel
probability measure for the Euler adic transformation.

o |

Univ. Md. 3/20/05 — p.27/34



Uniqueness

Theorem 2. The symmetric measure is the only fully supported ergodic invariant Borel
probability measure for the Euler adic transformation.

Let be an ergodic invariant measure for the Euler adic.

o |

Univ. Md. 3/20/05 — p.27/34
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probability measure for the Euler adic transformation.

Let be an ergodic invariant measure for the Euler adic.

Consider cylinder sets C and C° of the same length, no.
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Uniqueness

Theorem 2. The symmetric measure is the only fully supported ergodic invariant Borel
probability measure for the Euler adic transformation.

Let be an ergodic invariant measure for the Euler adic.

Consider cylinder sets C and C° of the same length, no.

to paths of length no down from the root.
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Dimensions

o N

dim(x,) = the number of paths from the root to the vertex (n; k, (X))
dim(C; x,) = the number of paths from the bottom end of C to (n; k, (X))
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Dimensions

o N

dim(x,) = the number of paths from the root to the vertex (n; k, (X))
dim(C; x,) = the number of paths from the bottom end of C to (n; k, (X))
We know that

dim(C; xn)

dimoy - E (el = (C) ae,

and similarly for C°
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Dimensions

o N

dim(x,) = the number of paths from the root to the vertex (n; k, (X))
dim(C; x,) = the number of paths from the bottom end of C to (n; k, (X))
We know that

dim(C; xn)

dimoy - E (el = (C) ae,

and similarly for C°
So we aim to show that

dim(C; xn) |
dim(Cox,) - 1 a.e..
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Dimensions

o N

dim(x,) = the number of paths from the root to the vertex (n; k, (X))
dim(C; x,) = the number of paths from the bottom end of C to (n; k, (X))
We know that

dim(C; xp)
dim(xn)

L E (c)X)= (C) ae,

and similarly for C°
So we aim to show that

dim(C; xp) |
dim(Cox,)) 1 a.e..

This does involve asymptotics of the Eulerian numbers A(n; k), but we

claim we can get the result without knowing too much.
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Counting paths

Cl

/

(n,k)



Cylinders and permutations

NN
NN N
AV AVAV VAN
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Permutations

o N

® Each path from the end of C to (n; k) corresponds to a permutation
of1;:::;n+ linwhich 1;:::;np + 1appear in the order (C).

o |
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Permutations

|7 ® Each path from the end of C to (n; k) corresponds to a permutation T
of1;:::;n+ linwhich 1;:::;np + 1appear in the order (C).
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Permutations

o N

® Each path from the end of C to (n; k) corresponds to a permutation
of1;:::;n+ linwhich 1;:::;np + 1appear in the order (C).

No+ 2;:::;n+ landinserting 1;:::;ng + 1inthe order prescribed by
(C).
® And we are supposed to end up with a permutationof 1;:::;n+ 1

which has exactly k rises and n  k falls.
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Permutations

-

Each path from the end of C to (n; k) corresponds to a permutation
of1;:::;n+ linwhich 1;:::;np + 1appear in the order (C).

We obtain each such permutation by starting with a permutation of
No+ 2;:::;n+ landinserting 1;:::;ng + 1inthe order prescribed by

And we are supposed to end up with a permutationof 1;:::;n+ 1
which has exactly k rises and n  k falls.

If no two elements of 1;:::;ng + 1 are placed consecutively, we have
Ng + 1 choices for where to put them (in a rise, in a fall, at the
beginning or end).
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Permutations

-

Each path from the end of C to (n; k) corresponds to a permutation
of1;:::;n+ linwhich 1;:::;np + 1appear in the order (C).

We obtain each such permutation by starting with a permutation of
No+ 2;:::;n+ landinserting 1;:::;ng + 1inthe order prescribed by

And we are supposed to end up with a permutationof 1;:::;n+ 1
which has exactly k rises and n  k falls.

If no two elements of 1;:::;ng + 1 are placed consecutively, we have
Ng + 1 choices for where to put them (in a rise, in a fall, at the
beginning or end).

And the effect on the number of rises and falls is the same for (C)
as for (CO—puttinganyi ng+ 1linto a fall or at the beginning
produces a new rise, putting it into a rise or at the end produces a
new fall (and the number of rises does not change).

|

Univ. Md. 3/20/05 — p.31/34



Asymptotics

o, N

In counting dim(C; x,,) we see Eulerian numbers A(n (ng + 1);j),
with coef cients of various degreesink and n k.
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Asymptotics

-

In counting dim(C; x,,) we see Eulerian numbers A(n (ng + 1);j),
with coef cients of various degreesink and n k.

the end, there are
C(k+ Ling+1)=(k+ 1)k (k ng+ 1)=ng+ 1)! choices for the
set of places, and the number of rises will stay x ed at k.
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Asymptotics

-

In counting dim(C; x,,) we see Eulerian numbers A(n (ng + 1);j),
with coef cients of various degreesink and n k.

the end, there are
C(k+ Ling+1)=(k+ 1)k (k ng+ 1)=ng+ 1)! choices for the
set of places, and the number of rises will stay x ed at k.

into separate rises or at the end, and the rest into separate falls or at
the beginning, we again nd a product of ng + 1 factors on the order
ofkorn k.
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-

In counting dim(C; x,,) we see Eulerian numbers A(n (ng + 1);j),
with coef cients of various degreesink and n k.

the end, there are
C(k+ Ling+1)=(k+ 1)k (k ng+ 1)=ng+ 1)! choices for the
set of places, and the number of rises will stay x ed at k.

into separate rises or at the end, and the rest into separate falls or at
the beginning, we again nd a product of ng + 1 factors on the order
ofkorn k.

obtain a lower degree product.
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Asymptotics

-

In counting dim(C; x,,) we see Eulerian numbers A(n (ng + 1);j),
with coef cients of various degreesink and n k.

the end, there are
C(k+ Ling+1)=(k+ 1)k (k ng+ 1)=ng+ 1)! choices for the
set of places, and the number of rises will stay x ed at k.

into separate rises or at the end, and the rest into separate falls or at
the beginning, we again nd a product of ng + 1 factors on the order
ofkorn k.

obtain a lower degree product.

Thus the coef cients of each A(n  (ng + 1);j) of highest degree (in
kandn k) are the same for (C) and (C9, and so
dim(C; x,)=dim(C%x,)! 1; providedthatk;n k! 1 . J



Another proofthat Isergodic

o N

Suppose that in the preceding we assume not that is ergodic, just that
kin k! 1 with probability 1.
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Another proofthat Isergodic

o N

Suppose that in the preceding we assume not that is ergodic, just that
kin k! 1 with probability 1.
We have shown that then for any two cylinders C; C° of the same length,

E (clh)(x)=E ( col )(x) ae,

and integrating gives (C) = (C9;

o |

Univ. Md. 3/20/05 — p.33/34
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o N

Suppose that in the preceding we assume not that is ergodic, just that
kin k! 1 with probability 1.
We have shown that then for any two cylinders C; C° of the same length,

E (clh)(x)=E ( col )(x) ae,

and integrating gives (C) = (C9; sothat =
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Another proofthat Isergodic

o N

Suppose that in the preceding we assume not that is ergodic, just that
kin k! 1 with probability 1.
We have shown that then for any two cylinders C; C° of the same length,

E (clh)(x)=E ( col )(x) ae,

and integrating gives (C) = (C9; sothat =

We will show that there must be an ergodic measure which has k and
n k unbounded a.e., and then it will follow that is ergodic.
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Another proofthat Isergodic

-

Suppose that in the preceding we assume not that is ergodic, just that
kin k! 1 with probability 1.
We have shown that then for any two cylinders C; C° of the same length,

E (clh)(x)=E ( col )(x) ae,

and integrating gives (C) = (C9; sothat =

We will show that there must be an ergodic measure which has k and
n k unbounded a.e., and then it will follow that is ergodic.

This constitutes a proof by the asymptotics of the Eulerian numbers, differ-

ent from the random-walk and supermartingale one.
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Supports of ergodic measures

o N

If an ergodic measure has, say, k bounded on a set of positive
measure, then it's bounded a.e., since each set fk K gis invariant.
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Supports of ergodic measures

-

If an ergodic measure has, say, k bounded on a set of positive
measure, then it's bounded a.e., since each setfk K gis invariant.

Let Ex = the set of ergodic measures fully supported on either
fx:kn(x) K forallngorfx:n ky(x) K forallng. If noergodic
measure has k and n  k unbounded a.e., then the set of ergodic
measures is [
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Supports of ergodic measures

-

If an ergodic measure has, say, k bounded on a set of positive
measure, then it's bounded a.e., since each setfk K gis invariant.

Let Ex = the set of ergodic measures fully supported on either
fx:kn(x) K forallngorfx:n ky(x) K forallng. If noergodic
measure has k and n  k unbounded a.e., then the set of ergodic
measures is [

Form the ergodic decomposition of
Z x Z

edP (e) = edP (e):
E K EK

Univ. Md. 3/20/05 — p.34/34



Supports of ergodic measures

-

If an ergodic measure has, say, k bounded on a set of positive
measure, then it's bounded a.e., since each setfk K gis invariant.

Let Ex = the set of ergodic measures fully supported on either
fx:kn(x) K forallngorfx:n ky(x) K forallng. If noergodic
measure has k and n  k unbounded a.e., then the set of ergodic
measures is [

E= Ex :

K
Form the ergodic decomposition of
Z x Z

edP (e) = edP (e):
E K EK

If S is the set of paths x for which both k and n  k are unbounded,
then (S) = 1 (for example from k,=n! 1=2in measure), while

e(S) = Ofor all ein any Ex . J
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