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Introduction A Lie algebra 91 is said to be 2 — step nilpotent if its commutator ideal [2,9] is
nontrivial and contained in the center of 9t. Such alieagebradtissaidto be of type (p,q) if theideal
[M,91] has dimension p and codimension g in 91. An inner product product (, ) on 9t determines
uniquely a left invariant Riemannian metric (, ) on the simply connected Lie group N with Lie
algebra M. The agebraic structure of 91,(, ) encodes the dynamical and geometric structure of
{N,{, )} and the quotients of N by discrete subgroupsr .

In this article we describe some of the structure of a standard, metric, 2-step nilpotent Lie algebra
{9, (,)} of type (p,q). Asa vector space 91 is the direct sum RY W, where W is a p-dimensional
subspace of so(q,R), the Lie algebraof g x q real, skew symmetric matrices. Let (, ) be the inner
product on RY W that keeps the factors orthogonal, agrees with the standard inner product on R4
and on W isgiven by (Z,Z"y = — trace (ZZ’). The 2-step nilpotent Lie bracket on 9t = RY W is
defined by the conditions that W lie in the center of 9t and ([v,w],Z) = (Z(v),w) for al v,w € R4
and Z € W. It is easy to see that [91,91] = W. Moreover W is the center of 91 < W hastrivial kernel
inRY9. The most interesting cases are the nongeneric ones where W has some extra structure such as
being a subalgebra of so(qg,R) or, more generaly, aLietriple systemin so(q, R). See section 1 for
adiscussion of Lietriple systems.

Every 2-step nilpotent Lie algebra 9t of type (p,q) is isomorphic to one of these standard metric
models, so we may think of the inner product {, ) defined above as a preferred inner product on 9.
Any other inner product (, )* on 9t can be obtained from (, ) , up to isometry, by changing (, ) only
on W, keeping the factors RY and W orthogonal and preserving the standard inner product on R9.

We briefly describe the contents of the article. An expanded version of the article may be found
on the author’s website.

After some preliminary information in the first section we address in section 2 the problem of
finding first integrals for the geodesic flow on a connected Lie group H with aleft invariant metric
(,)*. Theinner product (, }* on the Lie algebra §) and its extension to a left invariant metric (, )*
on H define Poisson structures on TH and $. We review briefly the definition and properties of
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these Poisson structures and discuss the Gauss map G : TH — 6, which is an anti Poisson map. If
E : § — R isthe energy function given by E(X) = (1/2) ( X, X )*, then the first integrals for the
Hamiltonian vector field X g on $ correspond one-oneto left invariant first integralsf : TH — R for
the geodesic flow on TH. In addition each element A of §) definesafirstintegral f o : TH — R for the
geodesic flow on TH, but thisfirst integral fa isnot aleft invariant function in general unless A lies
in the center of §. At the end of section 2 we describe some first integrals for the geodesic flow on
TN that are particular to the case that N is simply connected and 2-step nilpotent. The Ricci tensor
of {N,(,)*} playsan important rolein this part.

In section 3 we study the automorphisms and derivations of a 2-step nilpotent lie algebra 9t =
RI oW of type (p,g), and we derive canonical descriptions of Aut(9t) and Der(91). An important
feature in these descriptions is the stability group Gw = {g € GL(q,R) : g(W) = W} and its Lie
agebra By, where an element g of GL(q,R) acts on so(q,R) by g(Z) = gZg' for al Z € so(q,R).
At the end of this section we describe some recent work of J. Lauret on the existence of a new
family of Anosov diffeomorphisms for compact nilmanifolds. The existence of these is equivalent
to the algebraic problem of finding an automorphism ¢ of a nilpotent Lie algebra 9t that preserves
a Z structure on N, has determinant + 1 and has eigenvalues with modulus different from 1. We
present some additional nonexistence results for 2-step nilpotent Lie algebras 91 = R9®W in the
cases that Gy = R (almost always true for p >3), W = so(qg,R) and g is even or W is defined by a
representation on RY of the real, negative definite Clifford algebra C 4(p).

In section 4 we describe the moduli space 9t(p,q) of isomorphism classes of 2-step nilpotent Lie
algebras of type (p,q). The main result, proved in [E4], is that 9t(p,q) may be identified bijectively
with the orbit space G(p, so(q, R)) / GL(q,R), where G(p, so(q, R)) denotes the Grassmann manifold
of p-dimensional subspaces of so(qg,R). If 9t = RY e W is 2-step nilpotent of type (p,g), then its
equivalence class [91] is the orbit GL(g,R)(W) in so(q,R). The Lie algebra & of the isotropy
group Gw = {g € GL(q,R) : g(W) = W} is generically 1-dimensional except in a small number
of cases that we write down explicitly. In [E7] we compute &y in the nongeneric cases that W =
so(3,IR) C so(g,R) and qiseven or W is defined by a representation of the Clifford algebra C¢(p)
onRRY,

In section 5 we describe the space of equivalence classes of rational structures on a 2-step nilpo-
tent Lie algebra 91 = RY & W of type (p.g). A rationa structureon 9t isa Q - Lie agebradig =
Q - span(B), where B is a basis of 9t whose structure constants are rational. We say that two ratio-
nal structures Q - span(81) and Q - span(*B,) are equivalent if there is an automorphism of 9t that
carries one to the other. By aresult of Mal’ cev there is a one one correspondence between rational
structures on 9t and commensurability classes of lattices in N, the simply connected nilpotent Lie
group with Lie algebrat.

In order to have at least one rational structure on 9t = RY9 ¢&'W we may assume, without loss of
generality, that W is a standard rational subspace of so(q, R); that is W has a basis whose elements
haverational entries. Clearly the set of standard rational subspaces of so(q,R) isinvariant under the
action of GL(q,Q). Now let Go(W) denote the set of all standard rational p-dimensional subspaces
of so(q,R) that Liein the orbit G(W) , where G = GL(q,R). In section 5.5 we show that the space
of equivalence classes of rational structures on 9t = RY & W may be identified with the orbit space
Gg(W) / GL(9,Q). To understand properly the nature of this orbit space would seem to require, once
again, an understanding of the isotropy Lie algebra & and the isotropy group Gy .

In section 6 we consider some criteriafor theisotropy Lie algebra®y to be self adjoint, and some
consequences of self adjointness that are needed for the discussion of Anosov diffeomorphismsin
section 3. In particular if 9T = RY oW is 2-step nilpotent of type (p,q), then &y is self adjoint under
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either of the following conditions: 1) W is the Lie algebra of a compact subgroup G of SO(q,R) or
2) W is defined by a representation of the real, negative definite Clifford algebraC ¢(p) on R9. This
is equivalent to the condition that Z2 is a negative multiple of the identity for every nonzero element
Z of W. A much more detailed discussion of the structure of &y in special cases may be found in
[ET7].

In section 7 we relate special properties of the Ricci tensor of a 2-step nilpotent Lie algebra 9t
with a suitable inner product (, }* to closed orbits of the groups SL(q,R) and SL(g,R) x SL(p,R)
inV =so0(g,R)  RP . The action of GL(q,R) x GL(p,R) on V is given by (gvh)(XiN:lS Vi) =
N1 9(S) ®h(vi) , where g acts on so(q, R) by g(Z) = gZg'. A Zariski open subset V,, of V fibers
over G(p,so(q,R)), and GL(p,R) acts simply transitively on the fibers.

1. PRELIMINARIES

1.1. Definitionsand basic examples.
Definition. A finite dimensional Lie algebra $ is 2-step nilpotent if § is not abelian
and[9, [9, $H]] = {0}. ALiegroup H is 2-step nilpotent if its Lie algebra §) is 2-step nilpotent.
Clearly, a 2-step nilpotent Lie algebra $) has a nontrivial center that contains [, $]. It is reason-
able to study 2-step nilpotent Lie groups and Lie algebras. They are as close as possible to being
abelian, but the differences from Euclidean space are interesting and challenging. In addition, they
arisein other areas of mathematics that are not obviously related, for example as the horospheres of
symmetric spaces of strictly negative curvature ([EH, pp. 447-448]). See dso (6.1) of [E3] for other
examples of 2-step nilpotent Lie algebras.
In this article we will use the letter 9t to denote a nilpotent Lie algebra, typically 2- step, and N
will denote the corresponding simply connected nilpotent Lie group with Lie algebra 1.

Exponential and logarithm functions. It is known that if N is a simply connected nilpotent Lie
group with Lie algebrat, then exp : 91 — N is a diffeomorphism, where exp denotes the Lie group
exponential map. In this case we let log : N— 9t denote the inverse of the exponential function.

If N is 2-step nilpotent in addition, then the multiplication law in N can be expressed as follows
in terms of the exponential map.

exp(X) - exp(Y) =exp(X +Y + (1/2) ([X, Y]) foral X,Y e M.

From this formula one quickly obtains additional formulas. Let X,Y be any elements of 9t and
write ¢ = exp(X) and Y = exp(Y). Then

ao-W-o7t =exp (Y +[XY]).

b) [0, W] = ¢ -+ o~ y=t = exp([X, Y]).

¢) ¢ commutes with ) < X commutes with Y.

d) log(¢-y) =log ¢ +log Y + (1/2)[log ¢ , log Y]

1.2. Latticesinnilpotent Liegroups. Let N beasimply connected, nilpotent Lie group, not neces-
sarily with 2-steps, and let 9t denotethe Lie algebraof N. A discrete subgroupI' iscalled alatticein
N if thequotient spacel” \ N iscompact. The quotient spacel” \ N iscalled acompact nilmani fold,
andif N is 2-step nilpotent, then " \ N is called acompact 2 — step nilmani fold.

A criterionof Mal’ cev statesthat N admitsalatticel” < 9t admitsabasis 9 with rational structure
constants ([Malc]). If N admits alattice I, then 9o = Q-span (log I') is a Lie algebraover Q, and
any Q-basis 9B for 9 is also an R-basis for 9. Conversely, if 9B is a basis of 9t with rational
structure constants and if £ is avector lattice of 9t contained in Q-span (*8), then the subgroup I of
N generated by exp(£) isalattice in N. In this case Q-span(log I') = Q-span (*B).
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The correspondence between lattices in N and rationa structures in 9t is amost one-one. In
fact, if 1 and "> are two latticesin N, then Q - span(log ') = Q- span(log M) < My and Mo are
commensurable; that is, M1 NI hasfiniteindex inboth M1 and I'5.

A latticel in N iscalled afull lattice if log I' is a vector lattice in 9t ; that is, log ' = Q - span
(?B) for some basis % of 1. In this case the basis 8 must have rational structure constants since
Q-span (W) =Q-span (logN) isaLie agebraover Q. It isknown that for every lattice I of N
there exist full latticesTy and M suchthat T4 C T C T, M1 hasfiniteindex in ™ and I has finite
index in 2 (Theorem 5.4.2 of [CG]).

1.3. Lietriplesystems. We shall seein section 3 that if W isap-dimensional subspace of so(g, R),
the g x g real, skew symmetric matrices, then 9t = RY & W admits the structure of a 2-step nilpotent
Lie algebrain acanonical way. However, for ageneric choice of W, 91 = RY9 &W has no basis with
rational structure constants as we explain in section 5.

A subspace W of so(qg,R) iscalled aLietriple sysemif [[W,W], W] C W. Clearly asubalgebra
W of so(q,R) isaLietriple system. We defineZ(W) = {X ¢ W: [X,Y] =0foral Y € W}, and we
call Z(W) the center of W. We say that W has compact center if exp(Z(W)) is a compact subset of
SO(q,R), where exp : so(g,R) — SO(q,RR) is the matrix exponential map. Note that exp(Z(W)) is
always a connected, abelian subgroup of SO(q,R).

Lie triple systems have importance in Riemannian geometry. Let SO(q,R) be equipped with the
canonical bi-invariant metric (, ) such that ( Z, Z' ) = — trace (ZZ’) for al Z, Z' in so(q,R) =
TeSO(q,R). Then a subspace W of so(q,R) isaLietriple system < exp(W) is a totally geodesic
submanifold of {SO(q,R), (, )}. Moreover, every totally geodesic submanifold of {SO(q,R), (, )}
that contains the identity has the form exp(W) for some Lie triple system W of so(q, R).

Lie triple systems have importance also in the context of simply connected, 2-step nilpotent Lie
groups N since they produce examples that admit lattices I'. The next result is Proposition 4.3c of
[E5].

Proposition. Let Wbe a Lietriple systemin so(q, R) with compact center, and let 9t = RY ®W be
the corresponding 2-step nilpotent Lie algebra. Then 9t admits a basis B with rational structure
constants.

Examplesof Lietriplesystems. Themost interesting examplesof Lietriple systemsW inso(q, R)

arise from the representations of agebras, both Clifford algebras and compact semisimple Lie alge-

bras. The latter case corresponds precisely to the set of subalgebras W of so(q, R) that have trivial

center. Therepresentationsof Clifford algebraslead to the examplesHt = R ¢W of Heisenberg type,
and the representations of compact semisimple Lie algebras lead to examples 9t = R9 W that are
naturally reductive. We omit further details of these two main examples. For results about the ex-
amples of Heisenberg type see [BTV], [CD], [CDKR], [DR], [E1], [E5], [K1], [K2], [La5], [Pe]

and [R]. For results about the examples arising from representations of compact, semisimple Lie
algebras see [EH], [GO], [La4] and [La6]. We shall return to these examples later in the discussion
of the Ricci tensor.

A brief classification of Lie triple systems. The classification of Lie triple systems in so(q, R)
that have trivial center reducesto the problem of classifying involutive automorphisms of compact
semisimple Lie algebras. We explain this with three examples and a short result that ties them
together.

Example 1 W isasubalgebraof so(q, R).
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Example 2 Let ® be a subalgebra of so(q,R) with trivial center (i.e. a semisimple subalgebra).
Leto: & — & bean automorphism such that 62 = Id. If W C & isthe — 1 eigenspace of g, then W
isaLietriplesystemin so(q,R).

For a classification of these involutive automorphisms see, for example, [Hel, pp. 451-455].

Example 3 Let & be asemisimple subalgebraof so(q, R), and supposethat & = &1 ® &, , where
®, and &, aresemismpleidealsof &. Let W bethe — 1 eigenspace of an invol utive automorphism
0: Gy — &y ThenW = B1d Ws isalLietriple systeminso(q, R).

If W isalietriple system with trivial center in so(qg,R), then $ = W + [W,W] is a semisimple
subalgebraof so(q,R). See Lemma 1 inthe proof of Proposition 4.3c of [E5] for details. In fact, the
proof of Proposition 4.3c of [E5] |eads to the following result, whose proof we omit.

Proposition. Let W be a Lie triple system of so(qg, R) that hastrivial center. Then W arises asin
examplel, 2 or 3.

1.4. Themapsj(Z). Let 91 be a 2-step nilpotent Lie algebrawith a positive definite inner product
(,). Let N denote the simply connected, 2-step nilpotent Lie group with Lie algebra9t, and let (, )
also denote the left invariant Riemannian metric on N that is determined by the inner product (, ) on
= TeN.

Following Kaplan [K 1, 2] we decompose 91 into an orthogonal direct sum 9t =V & 3 where 3
denotes the center of 9t and V = 3. For each Z € 3 we define a skew symmetric linear transfor-
mationj(Z) : V — V by j(2)X = (ad X)*(Z), where (ad X)* denotesthetransposeof ad X : 91 — 3
determined by (, ).

Equivalently, j(Z) : V — V isthe uniquelinear map such that { j(Z)X,Y ) =([X, Y], Z) for al
XY eV andZe 3. Itisevidentthatj : 3 — so(V,(,)) isalinear map.

If askew symmetric transformation Z leaves invariant a subspace U of V , then Z leavesinvariant
the orthogonal complement U in V. Hence V' can always be written as an orthogonal direct sum
of subspaces invariant under j(3) = {j(Z) : Z € 3 }. We say that j(3) actsirreducibly on V if j(3)
leaves invariant no proper subspace of V .

In principle one can reduce the study of metric 2-step nilpotent Lie algebras 9t =V @ 3 to the
case that j(3) acts irreducibly on V. We shall not pursue this idea although we find it frequently
convenient in this article to assume that j(3) actsirreducibly.

Much of the geometry of N can be described by the maps j(3). See[K1, 2] and [E1] for further
details. We present one examplethat is particularly relevant for this article.

1.5. Ricci tensor. If M is any Riemannian manifold, then the Ricci tensor is a symmetric, bilinear
form on each tangent space of M defined by the formula Ric(v,w) = trace (R ), where (Rw)(2) =
R(z,v)w and R denotes the curvature tensor of M.

Let H be aconnected Lie group with aleft invariant metric (, ) arising from an inner product (, )
ontheLie algebra $. Then the Ricci tensor Ric, like the curvature tensor R, may be defined by its
values on left invariant vector fields of H, or equivalently, by its valuesin $ = T ¢H. Hence we may
regard the Ricci tensor as a symmetric, bilinear map Ric: $) x $ — R given by the formulaabove.

If the Lie algebra §) is 2-step nilpotent, then we can be more specific. See Proposition 2.5 of [E1]
for a proof of the next result.

Proposition. Let N be a simply connected, 2-step nilpotent Lie group with a left invariant metric
(,), and let M denote the Lie algebra of N. Write 91 = V & 3, where 3 denotes the center of 9t and
V = 31 denotes the orthogonal complement of 3. Then

1) Ric(X,Z) = Ofor all Xe V andall Z € 3.

2) For X,Ye V ,Ric(X,Y) = (T(X),Y),whereT:V =V isthe
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symmetric linear transformation givenby T= (1/2) 3, j(Z)? , where {Z4,...,Zp}
is any orthonormal basis of 3. In particular T is negative definiteon V .

3) For Z,7* € 3, Ric(Z, Z*) = — (1/4) trace(2) o j(Z*). In particular

Ric(Z, Z) > O0for all Z € 3 with equality & j(Z) =0.

Remark. The statement above says that the Ricci tensor is negative definite on V', and positive
semidefinite on 3. It follows from Proposition 2.7 of [E1] that the Ricci tensor is positive definite on
3if N hasno Euclidean de Rham factor. This meansthat the Ricci tensor of aleft invariant metric on
N can never by positive semidefinite or negative semidefinite. Comparison theorem techniques (cf.
[CE]), which have played a central role in studying Riemannian manifolds with sectional or Ricci
curvatures of a fixed sign, cannot be used to study the geometry of 2-step nilpotent Lie groups N
with aleft invariant metric. As a consequence the geometry of such groupsis an interesting mixture
of phenomenathat occur in spaces of positive, negative and zero sectional curvature.

Optimal Ricci tensors. Let {91,(, )} be a 2-step nilpotent, metric Lie algebra. Write M=V & 3
where 3 denotes the center of 91 and V = 3 | denotes the orthogonal complement of 3. The Ricci
tensor of {1, (, )} issaid to be optimal if there exist positive numbers A and p such that

1) Ric(X,Y) = — A%(X,Y) foral X,Y inV.

2) Ric(Z, Z*) = p?(Z,Z*) foral z, Z* in 3.

In view of the preceding remark and the proposition before it the use of the word optimal seems
appropriate. We shall see later in section 7 that 2-step nilpotent Lie algebras that admit metrics (, )
with an optimal Ricci tensor can be characterized by the closed orbits of SL(q,R) x SL(p,R) in the
vector spaceV =so(g,R)P =so(q,R) x ... x so(q,R) (p times).

Geodesic flow invariant Ricci tensors. Let {9, (, )} be a2-step nilpotent, metric Lie algebra, and
let {N, (, )} denote the corresponding simply connected, 2-step nilpotent Lie group with Lie algebra
9 and left invariant metric (, ) determined by the inner product (, ) on 91.

Let {g'} denote the geodesic flow of {N, {, )} in TN. We say that the Ricci tensor of {N, {, )} is
geodesic flow invariant if Ric(g'v, g'v) = Ric(v,v) for all vectorsv in TN and all real numberst.

We shall see later in section 7 that 2-step nilpotent Lie algebras that admit metrics (, ) with a
geodesic flow invariant Ricci tensor can be characterized by the closed orbits of SL(g,R) in the
vector space V =so(q,R)P.

2. POISSON STRUCTURE AND THE GEODESIC FLOW

We summarize some basic facts and examples about Poisson manifolds. For further information
see the survey article [E3] or one of the sourceslisted in the bibliography of that article (e.g. [MR],

[aom.
2.1. Définition and propertiesof the symplectic 2-form.

The symplectic 2-form on T*M. Let M be a C* manifold with tangent bundle TM and cotangent
bundle T* M. The cotangent bundle admits a canonical 1-form 6 defined by 8(&) = w(dT()), where
& isan eement of T,(T*M) and Tt T*M — M is the projection that assigns to an element w of
(TmM)* the base point m.

The 2- form Q = — dB isasymplectic formon T*M; that is, Q is nondegenerate at every point of
T*Mand Q A ... A Q (ntimes) isanonzero 2n - form at every point of T*M.
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The symplectic 2-form on TM. Now let M be a Riemannian manifold, and let (, ) m denote the
inner product on each tangent space T M. Thebilinear form (, ) defines an isomorphismf ,, between
TmM and TiyM* for each point m of M by f m(v)(w) = {v,w) for al vectorsv,w in TmM. Theresulting
diffeomorphismf =f , : TM — T*M alows one to pull back the 1-form 6 and the 2-form Q = — dé
on T*M. These pullbacks will also be denoted 8 and Q. It is routine to show

(1) 6(8) = (v, dm(&)) for every § € T\(TM)

wherett: TM — M denotes the projection map that sends avector v € T M to the base point m.

Since d commutes with pullbacks we also have

(2Q=-do

2.2. Poisson structureson a manifold.

Definition. A C* manifold P is called a Poisson manifold if thereisa structure {, } : C*(P) xC*(P)
— C%(P) that satisfies the following properties :

1) (Skew symmetry) {f,g} = —{g, f} for all f,g e C*(P)
2) (Bilinearity) {, } isR - bilinear
a) {af +bg,h} =a{f,h} +b{g,h} for ab e R andf,ghe C*(P)
b) {f,ag+bh} = a{f,g}+b{f,h} for a,b € R andf,g,h € C*(P)
3) (Leibniz) {f,g.h} = {f,g}-h+g-{f,h} for all f,g,h € C*(P)
4) (Jacobi Identity) {f,{g,h}}+{g,{h, f}}+{h,{f,g}}=0 for all f,g,h € C*(P)

Hamiltonian vector fields. If we are given a Poisson structure {,} on C®(P), then for each f €
C>(P) we may defineafunction X s : C*(P) — C*(P) by X¢(g) = {g, f}. The Leibniz property then
becomes the statement X (g - h) = (Xtg)-h+g- (X h) for al f, g, h € C*(P). In particular, each
map X ¢ is aderivation on C*(P) and consequently X ; defines an element of X(P), the space of C*
vector fields on P. The vector field X ¢ is called the Hamiltonian vector field on P determined by f.

Example (Geodesic vector field). Let M be a Riemannian manifold with Riemannian metric (, ).
Let Q = — d6 be the natural symplectic 2-form defined above. Let {,} be the Poisson structure on
the tangent bundle TM defined by Q asin Example 1 below. Let E: TM — R be the energy function
defined by E(v) = (1/2) (v,v). Then the Hamiltonian vector field X g is the vector field on M whose
flow transformations {g'} define the geodesic flow on TM ; that is, if v is any vector in TM and if
vv(t) denotes the geodesic of M with initial velocity v, thenyy’ (t) = gi(v) forall t € R.

Examples of Poisson manifolds.

Example 1. Let P be a C*manifold with a symplectic 2-form Q. For every point x in P and every
w € TyP* thereis aunique vector & € TxP such that w(&*) = Q(&,&*) for al &* € TyP ; this follows
from the fact that Q is nondegenerate at every point of P. In particular, for every f € C*(P) there
exists a unique C*vector field X ¢ such that Q(Xs,-) = df. Now define { f,g} = Q(Xt,Xg). It is not
difficult to check that {, } satisfies the Poisson axiomson P and X ¢ is the Hamiltonian vector field
associated to f by the Poisson structure {, }.

Example 2. Let § be afinite dimensional real Lie algebra. The Lie algebra $) may be regarded as
the subspace of linear functionsin C*($*) under the natural isomorphism between $ and ($H*)* :
given A € ) and w € H* define A(w) = w(A). Define {, } on C*(H*) by first requiring that {A,B} =
[A, B] fordl A, B in $). Thenthereisaunique extension of {, } from $ to al of C*($*). Note that
$ isaliesubagebraof C*(H*).
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Example 3. Let § be afinite dimensional real Lie algebra, and let (, ) be a nondegenerate, sym-
metric bilinear form on $. Let #: § — $* be the isomorphism defined by A#*(B) = (A, B) for all
AB € 9. Define {,}¥ on H* C C*($) by {A#,B*}# = [A, B]” for dl AB € . Then {,}* hasa
unigue extension to a Poisson structure on ). Asin the previous example, we note that H* isalie
subalgebra of C*($)).

Poisson maps and anti-Poisson maps. Let P, and P2 be Poisson manifoldswith Poisson structures
{{hhand{,}2. AC*map ¢ : P, — Py iscaled aPoissonmapif {f od,godp}1 ={f,g}, fordl f,g
€ C*(P,). If P1 = P, and ¢ is a diffeomorphism, then ¢ is called a Poisson automor phism.

We call aC”map ¢ : Py — P, an anti Poissonmap if {f od,god}1 = —{f,g}2 for al f,g
€ C?(Py).

2.3. Poisson structuresassociated to a Lie group.

Thetangent bundle TH and the Gaussmap G : TH — §. Let H bealie group with Lie algebra
£ and tangent bundle TH. Define the left trandlation L, on H by Lp(h*) = hh* for h,h* € H. This
definesanatural left action of H onitself. Identify H with T ¢H, the tangent spaceto H at the identity,
and identify TH with H x $ under the diffeomorphism (h,X) — dL n(X).

DefineG: TH = H x $ — 9 by G(h,X) = X, projection onto the second factor. Geometrically,
this amounts to the left trandation of a vector & € TH back to the identity. In the case that H isthe
abelian Lie group R3 with vector addition as the group operation, then the Gauss map defined here
is precisely the classical Gauss map used to study the geometry of surfacesin RS .

Now let H be aLie group with Lie algebra $ and let (, ) be a positive definite inner product on
$. From (, ) we obtain Poisson structures on $ (Example 3) and TH (Example 1). The Gauss map
G: TH — $ isan anti Poisson map for every choice of inner product (, ) on §. See Proposition A
of (4.4f) of [E3] for a proof.

Remark. The Gauss map G : TH — $ does not depend on a choice of (,) , and it acts as an
anti Poisson map for every choice of (, ). The Gauss map is an important tool for the study of the
geodesic flow on the unit tangent bundle SH of aLie group H with aleft invariant Riemannian metric
arising from a choice of positive definite inner product (, ) on $.

L eft invariant functionson TH. A functionf: TH — R will be called left invariant if f is constant
onal H-orbitsinTH=H x § ; that is, f(h, X) =f(e, X) fordl he Hand dl X € §.

The left invariant functions on TH may be identified with the functionson . If f : TH - Risa
left invariant function, then we may definef : $5 — R by f(X) = f(e, X), where e denotes the identity
in H. Conversdly, if weare given afunctionf : $ — R, then f arises from aleft invariant function f :
TH — R given by f(h,X) =f(X) for al (h,X) € H x §). Notethatf =f o G.

Example. Let E: TH — R be the energy function given by E(v) = (1/2) (v,v), where (, ) isthe left
invariant metric arising from an inner product (, ) on $. The function E is left invariant, and the
corresponding function E isjust the restriction of Eto §) = T ¢H.

Hamiltonian vector fields of left invariant functions.

Proposition. Let H bea connected Lie group with Lie algebraH and a left invariant metric (, ). Let
f: TH — R be a left invariant function with companion function f : $ — R. Let X; and X; denote
the Hamiltonian vector fields defined by the Poisson structureson TH and $. Let G: TH — $ be
the Gauss map. Then

G.(Xt(8)) = - X:(G(&)) for all € € TH.
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The minus sign that occurs is due to the fact that G : TH — § is an anti-Poisson map. This
result will be useful in looking for first integrals of the geodesic flow {g'} on TH. Recall that the
corresponding geodesic vector field is X g, where E is the energy function.

2.4. First integralsfor the geodesic flow. Let {¢'} denote aflow on amanifold X. For simplicity
we shall assume that both X and {¢'} are C*. A functionf: X — R issaid to be afirst integral for
the flow {¢'} if f(¢'(x)) = f(x) for al t € R. Finding nonconstant first integrals for aflow {¢'} is
an important tool for understanding the orbit structure of the flow. Clearly if f isafirst integral for
aflow {¢t} and f(x) # f(y) for pointsx,y in X, then x and y lie on different orbits of the flow. The
goal, whichisusually not realized, isto find afinite set of first integrals { f1, ... , fn} such that points
x,y of X liein the same orbit of {¢'} < fi(x) =fi(y) for L <i < N.

Now let H be a connected Lie group with Lie algebra §). Let (, ) denote an inner product on $
and also the corresponding left invariant metric on H. Let {,} denote the Poisson structure on both
TH and $) defined by (, ). Notethat if f : TH — R isa C® function, then the first integrals for the
Hamiltonian vector field X 1 are precisely the functionsg : TH — R such that {g, f} =0.

Geodesic flow in TH and $). We regard the geodesic vector field on TH as the Hamiltonian vector
field Xg , where E: TH — R is the energy function. We define the geodesic vector field in §) to
be the Hamiltonian vector field Xg , where E : $ — R istherestriction of E to $) = TeH. The flow
transformations of Xg and Xg will be called the geodesic flow in TH and $) respectively.

In the context of Hamiltonian vector fields there are two important types of first integrals for the
vector field Xg on TH. Although these examples provide alot of information about first integrals on
TH they seem to fall short of determining , except in very specia cases, when the geodesic flow on
TH is completely integrable.

1) Universal first integrals. Let 8 denote the canonical 1-form on TH pulled back from the canon-
ical 1-form on T*H by the Riemannian metric (, ). Let A : H — Diff(TH) be the homomorphism
such that Ap(v) = dLp(v), where Ly, : H — H denotes I eft trandlation by h. If X(TH) denotesthe Lie
algebraof C* vector fields on TH, then A defines a Lie algebraanti homomorphism A : § — X(TH)
such that the flow transformationsof A(A) in TH are {A ga} for al A € $.

The next result iswell known. See also sections 3.11 and 5.3 of [E3].

Proposition 2.4.1. Let f: TH — R be a left invariant C* function. For any A € § the function
ga=06(A(A)) : TH — Risafirstintegral for the Hamiltonian vector field X;.

In particular each function ga isafirst integral for the geodesic vector field X g. Thefunctionsga
are not left invariant in general unless A liesin the center of §.

2) Left invariant first integrals.

Proposition 2.4.2. Letf: TH = H x $ — R be aleft invariant function, and let f : $§ — R denote
itsrestrictionto §. Then fisafirst integral for the geodesic flow in TH < f isafirst integral for the
geodesic flowin $ < {f,E} = 0.

Proof. Sincethe Gaussmap G: TH — ) isan anti Poisson map it followsthat {f,E} = {foG,Eo0
G} = —{f,E} oG, whereE : $ — R denotestherestriction of Eto . Thefunctionf isafirst integral
for the geodesic flow in TH < {f,E} =0 & {f,E} = 0 & fisafirst integral for the geodesic flow
in$. O

The result above says that every first integral for the geodesic flow in $) produces aleft invariant
first integral for the geodesic flow in TH. See (5.3b) of [E3] for some discussion of first integrals
for the geodesic flow in $ when §) is an arbitrary Lie algebra with inner product (, ). In the most



10 PATRICK EBERLEIN

extreme case {f,E} = O for every C* functionf : § — R if § isaLieagebrawith negative definite
KillingformB and (, ) = — B.

2.5. First integrals for the geodesic flow in the 2-step nilpotent case. We describe some first
integrals for the geodesic flow on a simply connected, 2-step nilpotent Lie group N with a left
invariant Riemannian metric (, ). These results are discussed in more detail in (6.8) of [E3]. In this
section we use the decomposition 9t = V @ 3 described above in (1.4), where 3 denotes the center
of 9t and V denotes the orthogona complement of 3 in 9. We recall aso that each element Z of 3
defines askew symmetricmap j(Z) : V. — V givenby (j(Z)X,Y) = ([X,Y],Z) foral X,Y in V.

Nonsingular and almost nonsingular 2-step nilpotent Lie algebras. Let 9t be a 2-step nilpotent
Lie algebra. We say that 9t is nonsingular if ad & : 9t — 3 issurjectivefor all § € 9t — 3. We say
that 91 is almost nonsingular if there exists w € H1* such that if w o ad X isidentically zero on 9,
then X € 3, the center of 91.

Nonsingular and amost nonsingular Lie algebras9t are the most well behaved of all 2-step nilpo-
tent Lie algebras. It is easy to show that every nonsingular 2-step nilpotent Lie algebra is almost
nonsingular. See (6.8) of [E3] for further discussion.

Description of the geodesic flow. We first describe the geodesic flow {g!} of the geodesic vector
field Xg in TN by using the identification of TN with N x 9t that we described abovein (2.3). The
next result is a restatement of Proposition 3.2 of [E1].

Proposition 2.5.1. Let & = (n, C) € TN. Let yg(t) denote the geodesic of N with initial velocity &,
andwriteC= X+ Z,whereX € V and Z € 3. Theng'(n, C) = (ys(t) , 1@X + 2)for all t e R.

As a consequence of the result above and the proposition in (2.3) we obtain a description of the
geodesic flow maps {g'} of the geodesic vector field X g in 91.

Corollary 2.5.2. Let {g'} be the flow maps of the geodesic vector field Xg in 0. Then gt(X + Z) =
e ti@x+ zforall XeV,Ze 3andt € R.

We use the result above to describe the zero locus of the geodesic vector field X g in 1.

Corallary 2.5.3. Let Xg be the geodesic vector field in 9. Then Xg(§) = 0if § e V U 3. If 9is
nonsingular, thenV U3 = {§ € 91: Xg(§) =0}.

The canonical 3-valued first integral. Identifying TN with N x 9t as above we defineamap ¢ :
TN — 3 by
o, X+Z)=Zforne N, X eV andZ € 3.
It is clear from the previous proposition that ¢ is a 3-valued first integral for the geodesic flow
{g'}inTN.
The next result relates the first integral ¢ : TN — 3 to the universal first integrals defined in
Proposition 2.4.1. For details of the proof see (6.8b) of [E3].

Proposition 2.5.4. Let ¢ : TN — 3 be the canonical 3-valued first integral for the geodesic flow
{g'} in TN. Then ($(&),A) = B(A(A))(&) for all Ac 3andall € € TN.

Polynomial first integrals for the geodesic vector field in 9t. As a simple first step we look for
polynomial functionsf : 9t — R that are first integrals for the geodesic flow {g'} of the geodesic
vector Xg in 9. Equivalently, we look for polynomial functionsf : 9t — R such that {f,E} = 0. It
is not difficult to show that one may reduce to the case that f is homogeneous of a given degree. See
(5.3b) of [E3] for further details.
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Linear first integrals.

Proposition 2.5.5. Let 9 be a 2-step nilpotent Lie algebra with an inner product (, ), and let #:
M — N* be the canonical isomorphism given by A#(B) = (A, B) for AB € 9. For an element A of
Nletf=A?:9 = R Then

1) {f, E} = 0& A€ 3, thecenter of 9.

2) If {f,E} =0, thenfisa Casimir function; that is, {f,g} = Ofor all C* functionsg: 9t — R
, or equivalently the Hamiltonian vector field X; isidentically zero in 91.

Quadraticfirst integrals. We consider next the homogeneous polynomials of degree 2. Any such
polynomial function f : 9t — R can be expressed as f(§) = (S(§),&) , where S: 9t — His alinear
map that is symmetric relative to (, ). By the discussion in (5.3b) of [E3] the polynomial is afirst
integral for the geodesic flow g' in N <
(*)  (S(A),vaA) =0foral A e .
Let A e 9tandwriteA =X +Z, where X €V and Z € 3. From (2.2) of [E1] it follows that
VAA = —[(2)X.

Example The Ricci tensor. The Ricci tensor Ric : 91 — R is a quadratic polynomia function
defined by Ric(€) = Ric(&,§) = (T(§),&) , where T: 9t — Dt is a symmetric linear transformation.
By thediscussionin (1.4) the map T leavesinvariant both V and 3.

The next result leads to a necessary and sufficient condition for Ric: 91 — R to be afirst integral
for the geodesic flow in 9t.

Proposition 2.5.6. Let 91 be a 2-step nilpotent Lie algebra. Let S: 9t — 91 be a symmetric linear
transformation and define f : 91 — R by f(x) = (S(§),&) for all & € 91. Then f is a first integral for
the geodesic flow {g!} in 91 if both of the following conditions hold
DSV)CV andS3)C3.
2) Scommuteswith j(Z2) on 'V for all Z € 3.
Conversely, if 9 isalmost nonsingular and f is a first integral for the geodesic flow gt in 9, then
Ssatisfies conditions 1) and 2).

Remark. Thisresult is stated dlightly differently in (6.8) of [E3], but the proof of that result proves
the statement above as well.

First integralsand the Ricci tensor. Asan application of the result above we obtain

Proposition 25.7. Let M=V @3 andlet T= (U2) 3, j(Z)?, where {Z1,...,Zp} isan orthonor-
mal basisfor 3. The Ricci tensorsRic: 91— RandRic: TN — R arefirst integralsfor the geodesic
flow in 9t and TN respectively < T commuteswith j(Z) on V for all Z € 3.

Proof. By Proposition 2.4.2 Ric : 9t — R is afirst integral for the geodesic flow in 9t < Ric: TN
— Risafirst integral for the geodesic flow in TN. By the discussion in (1.4) Ric(&,n) = (T(§),n)
fordl &,n eV, whereT is defined above.

If T commuteswith j(Z) onV for al Z € 3, thenRic: 91 — R isafirst integral for the geodesic
flow in 91 by Proposition 2.5.6 and the remarks preceding it.

Suppose now that Ric : 9t — R is afirst integral for the geodesic flow in 1. To prove that T
commuteswith j(Z) on V for al Z € 3 we will need the following

Lemma. Let N be a simply connected, 2-step nilpotent Lie group with a left invariant metric (, ).
Let c(t) be a geodesic of N with ¢(0) = e, the identity of N, and ¢’ (0) = X+ Z, where X € V and Z
€3. Letd=j@:V = V. Then

Ric(c'(t), €' () = (TeVX, VX)) — (1/4) trace J°.
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We suppose for the moment that the lemma has been proved, and we complete the proof of the
proposition. Let c(t) be a geodesic as in the statement of the lemma and assume furthermore that
both X and Z are nonzero. By differentiating the identity in the lemma and evaulating at t = 0 we
obtain

(*)0=(TIX,X) +(TX,IX) = {((TI-IT)X,X)

since J is skew symmetric. Note that [T,J] = TJ —JT is symmetric since T is symmetric and J
is skew symmetric. Hence every eigenvalue of [T,J] is zero by (*), which proves that TJ = JT and
completes the proof of the proposition.

We now provethelemma. Let c(t) be ageodesic asin the statement of thelemma, and let J=j(Z).
By Proposition 2.5.1 we know that ¢’ (t) = dL o) (eYX + Z) for al t. Hence by the propositionin (1.5)
weobtainRic (¢’ (t), ¢’ (t)) = Ric(eVX + Z, VX + Z) = Ric(eV X, éYX) + Ric(Z,Z) = (TeVX, eV X) —
(1/4) trace . O

Proposition 2.5.8. Let 91 =V @ 3 and suppose that j(3) actsirreducibly on V. The Ricci tensors
Ric: 9t - Rand Ric: TN — R arefirst integrals for the geodesic flow in 9t and TN respectively
&ST= zi":lj(zi)z is a negative multiple of the identity for any orthonormal basis {Z1,...,Z,} of 3.

Proof. The transformation T = (1/2) 3P, j(Z)? is negative definite and symmetric, and hence any
linear transformation on V' that commutes with T must leave invariant each of its eigenspaces. The
result now follows immediately from the irreducibility of j(3) and the preceding resullt. O

Polynomial first integrals of Butler. L. Butler in [Bu] exhibited the following polynomial first
integrals for the geodesic flow in 91. See (6.8b) of [E3] for an independent proof.

Proposition 2.5.9. (L. Butler) For each integer i with 1 <i < (1/2) dimV, definef; : 9 — R by
fiX+ 2) = (X,j(2)%X) for all X € V and Z € 3. Then each f; is a first integral for the geodesic
flowin 91.

3. AUTOMORPHISMS AND DERIVATIONS OF 2-STEP NILPOTENT LIE ALGEBRAS

3.1. 2-step nilpotent Lie algebras of type (p,q). A 2-step nilpotent Lie algebra 9t is said to be of
type (p,q) if the commutator ideal [91, 91] has dimension p and codimension g, where p and q are
positive integers.

Adapted bases and structurespaces. Let 9t bea 2-step nilpotent Lie algebraof type (p,g). A basis
B = {Xq,...,Xq,Z1,...,Zp} Of N is said to be adapted if {Z3,...,Z,} is a basis of the commutator
ideal [91, 91]. Adapted bases for 91 always exist since [91, 9] is a subspace of 1.

Define skew symmetric g x g matrices C1, ... , CP by the bracket relations [X;, X;j] = y¢_; CK Z.
It is not difficult to show that the matrices {C, ...,CP} are linearly independent in so(q, R) ; see for
examplethelemmain the proof of Proposition 2.6in [E5]. If W =span {C?,...,CP} C so(q, R), then
we call W the structure space determined by the adapted basis 8.

The subspace W in the construction above obviously depends upon the choice of an adapted basis
of 91. However, the set of subspaces W that arise from all possible choices of an adapted basis of 9t
is precisely the set {gWg' : g € GL(p,R)}. See Proposition 3.1 of [E4] for details of the proof.

Standard, metric, 2-step nilpotent Lie algebras of type (p,q). We describe a simple family of
examples of type (p,q) and then show that every 2- step nilpotent Lie algebrais isomorphic to one of
these.
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Let so(q,R) denote the Lie algebraof g x q skew symmetric matrices with real entries. Let ()
denote the positive definite inner product on so(qg,R) given by (Z,Z') = — trace (ZZ'). Wecall (,)
the canonical inner product on so(q, R).

If gisan element of the orthogonal group O(n,R), then conjugation by g on so(q, R) preserves
the inner product (, ). It is not difficult to show that any positive definite inner product on so(q, R)
that is invariant under conjugation by elements of O(n,R) is a positive multiple of (, ).

Let W be ap-dimensional subspace of so(q, R), and | et the vector space 9t = RY ®W be equipped
with the inner product (, )* such that (R9,W)* =0, (,)* =(,) onW and (, )* is the standard inner
product on RY for which the natural basis {ey, ...,eq} is orthonormal. Let [ , ] be the unique bracket
structure on 9t such that W lies in the center of 9t and ([X,Y],2Z)* = (Z(X),Y)* for arbitrary vectors
X,Y inRY and Z in W. It is easy to see 91 is a 2-step nilpotent Lie algebra such that [9T, 9] =W. In
particular 9t = RY W is of type (p,q) for every p-dimensional subspace W of so(g, R).

We call 91 = RY @ Wa standard metric 2-step nilpotent Lie algebra of type (p,q).

Reduction to standard form.

Proposition 3.1.1. Let 91 be a 2-step nilpotent Lie algebra of type (p,q). Then there exists a p-
dimensional subspace W of so(q,R) such that 91 is isomorphic as a Lie algebra to the standard
metric 2-step nilpotent Lie algebra 9t = RY o W.

Proof. Let B = {X1,...,Xg,Z1,...,Zp} be an adapted basis of 9, and define skew symmetricq x q
matrices C?, ..., CP as above by the bracket relations [Xi, X;] = 3 f_, CKZ«. Let {p1,...,pp} bethe
basis of W = span {C!,...,CP} such that (C',p;) = — &ij, where (, ) is the canonical inner product
onso(qg,R) defined above. Let T : 91 — RY & W be the linear isomorphism such that T(X;) = g for
1<i<gandT(Zj)=pjforl<j<p. If 91 =RIBW isgiven the standard metric 2-step nilpotent
Lie algebra structure above, then it is routine to check that T isalso aLie algebraisomorphism. O

We may sharpen the result above to show that any metric, 2-step nilpotent Lie algebra can be
regarded as a small metric modification of a standard, metric, 2-step nilpotent Lie algebra

Proposition 3.1.2. Let {91*,(, )*} be a metric 2-step nilpotent Lie algebra of type (p,q). Then there
exists a standard, metric, 2-step nilpotent Lie algebra {9 = R oW, (, )} and an additional inner
product (, )’ on 9t such that

1) (, ) isthe standard inner product on RY .

2) RY and W are orthogonal relativeto (., )'.

3) Thereexistsalinear isometry T: {91*,(, )*} — {9, (,)'} thatisalso a Lie algebra isomor-
phism.

Proof. Let®B = {Xy,...,Xq,21, ...,Zp} bean adapted basis of 9t* that is orthonormal relativeto (, )*.
If {C1,...,Cp},W,{p1,...,pp} and T : M* — RIpW are defined as in the proof of Proposition 3.1.1,
then we know aready that T is a Lie algebraisomorphism.

Now let {, ) betheinner product on 9t = RY&W suchthat T: {0, (, )*} — {M,(, )} isalinear
isometry. If V. = span {Xy,...,Xq} and 20 = span {Zy,...,Zp}, then RY = T(V) and W = T(20) are
orthogonal relativeto (, ). Moreover, {ey, ...,&q} isan orthonormal basis of RY relativeto (, ) since
{X1,...,Xq} isan orthonormal basis of V relativeto (, ) *. Hence (, )" agrees with the standard inner
product on RY , and the proof is complete. O

I somorphism classes. The next result, which is Corollary 3.5¢ of [E4], gives a necessary and suffi-
cient condition for two standard, metric, 2-step nilpotent Lie algebras of type (p,q) to beisomorphic.
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Proposition 3.1.3. Let Wy and W, be p-dimensional subspaces of so(q,R), and let 91, = R oW
and 91, = RY W, be the corresponding standard, metric 2-step nilpotent Lie algebras. Then 91 is
isomorphic to 91, < there exists g € GL(q,R) such that W» = g(W1) = gwWid'.

For integers p > 2 and g > 3 we let G(p, so(q,R)) denote the Grassmann manifold of p-
dimensional subspaces of so(q,R). For later use we compare the orbits of G = GL(q,R) and G
= SL(q,R) on G(p, so(q, R)).

Proposition 3.1.4. Fix an element a of G with det o < 0. For any W € G(p, so(qg,R)) we have
G(W) = G(W) U G(a(W))

Proof. Let g€ G. If det g > 0, then g = Ah for A € (0,00) and h € G. It follows that g(W) =
h(W). If detg < O, then det (g —%) > 0and g=Aha for A € (0,%) and h € G. In this case g(W) =
h(al(W). 0

Corollary 3.1.5. Let W € G(p, so(q,R)). Then G(W) = G(W) < thereexistsa € G withdeta < 0
such that o (W) = W, In particular, G(W) = G(W) for all W € G(p, so(q,R)) if gis odd.

Proof. Let W € G(p, so(q,R)) be given. If there exists a € G with det a < 0 such that a(W) =W,
then G(W) = G(W) by Proposition 3.1.4. Now suppose that G(W) = G(W). Let g € G be given with
det g < 0, and choose h € G so that g(W) = h(W). If a = h—g, then a(W) = W and det a < 0.

If gisodd and a = — Id, then det a < 0 and a(W) = W for all W € G(p, so(g,R)) . This
completesthe proof of the corollary. O

3.2. The actions of GL(q,R) and End(R%) on so(q,RR). If g € GL(q,R), then g acts as an in-
vertible linear transformation p(g) on so(q,R) by p(g)(Z) = gzZg! for al Z € so(g,R). The map
p:GL(gq,R) — GL(so(q,R)) isagroup homomorphism whose kernel consists of {+Id} for q > 3.
If X € End(RY), the Lie algebra of GL(q,RR), then we get a corresponding action on so(q, R) by
defining dp(X)(Z) = XZ + ZX! for all X € End(R%) and all Z € so(qg,R). The map dp : End(RY) —
End(so(g,R)) isaLie agebrahomomorphismthat isinjectivefor g > 3.
In the sequel we will typically suppress the notations p and dp unless the context is unclear.
Some of the metric properties of elementsgor X acting on R are preserved by the elements p(g)
or dp(X) acting on so(q, R).
Proposition. Let g € GL(g,R) and X € End(RY) be any elements. Let g' or X! denote the metric
transpose of g or X acting on RY with the standard inner product. Let p(g)T or dp(X)" denote the
metric transpose of p(g) or dp(X) acting on so(q, R) with respect to the canonical inner product (, )
suchthat (Z,Z') = —trace(ZZ'). Then
1) p(g) = p(g)" anddp(X") = dp(X)" ; thatis, (p(9)(2),Z') = (Z,p(g')(Z')) and
(dp(X)(2),Z') = (Z,dp(X")(Z))) for all Z, Z' € so(q, R).
2) If his a positive definite, symmetric transformation on RY , then the extensions p(h) and
dp(h) to so(q,R) are positive definite and symmetric.

Proof. We omit the proof of 1), which follows routinely.

If hisasymmetric linear transformation on RY , then its extensions p(h) and dp(h) to so(q, R)
are symmetric by 1). If his adiagonal matrix with positive entries, then it is routine to show that
(p(h)(2),2) is positive for any nonzero element Z of so(q,R). If hisan arbitrary positive definite
symmetric transformation on RY , then there exist an element g in O(g,R) and a diagonal matrix b’
with positive entries such that h = g~'h'g = g'g. If Z is any nonzero element of so(q, R), then
(p(n)(2),2) = (p(gN'9)(2).2) = (p(N)(p(9)(2)).P(0)(2)), which is positive as noted above. A
similar argument shows that (dp(h)(Z),Z) is positive for any nonzero element Z of so(q, R). O
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3.3. Free2-step nilpotent Lie algebras.

Univer sal mapping definition. If we choose W =so(q, R) in the construction above, then the met-
ric 2-step nilpotent Lie algebra 2(q) = RY @ so(q, R) has the following universal property, which
characterizesit up to isomorphism : Let 9 be any 2-step nilpotent Lie algebra, and let {y1,...,yq}
be any g pointsin 91, not necessarily distinct. Let {x1,...,Xq} be any basis of R . Then there exists
aunique Lie algebrahomomorphism T : F2(q) — 9t such that T(xi) = yi for 1 <i < g. See (2.3) of
[E4] for details. We call §2(q) the free 2— step nilpotent Lie algebra on g generators. Clearly §2(q)
hastype (D,q), where D = (1/2)q(g-1).

The definition of §2(g) above is the most convenient for our purposes, but it is not the most
intrinsic since it comes with a preferred inner product. We may also define the bracket [ , ] directly
on F2(g) = RY @ so(q,R) by requiring that so(q,R) lie in the center of F2(q) and [x, y] = — (1/2)
{xyt—yx'} for al x,y € R9 , wherex , y are regarded as q x 1 column vectors.

Alternate definition of §2(q). Themap ¢ : RY x RY — so(qR) given by ¢(x,y) = — (1/2) {xy'—
yx'} is an alternating, bilinear map, and it induces an isomorphism T : A?(RY) — so(q, R) such that
T(xAY) = — (1/2) {xy!— yx'} for al x,y in R9 . Define a 2-step nilpotent Lie algebra F2(q)* =
RY © A?(RY) such that A?(RY) lies in the center of §2(g)* and [x,y] = xAvy foral x,y inRY . It
is not difficult to show that themap F : F2(0)* — §2(q) given by F(x,Z2) = (x,T(2)) isaLie agebra
isomorphism.

Automorphismsand derivations. Theresult below is provedin (2.5) of [E4].

Proposition. Let §2(q) = RY@so(q,R) bethe free 2-step nilpotent Lie algebra on q generators. For
every automor phism¢ of F,(q) there exist unique elementsg of GL(q,R) and Sof Hom (RY,so(q, R))
such that
a) d(v) = g(v) + Sv) forallve RY.
b) $(Z) = gZg' for all Z € so(qR).
Conversely , given (9,9 € GL(q,R) x Hom (R%,so(q,R)) there exists a unique automor phism ¢
of §2(q) such that a) and b) are satisfied.

If § isaLieagebra, then an element A € End($) isaderivation of § if A[X,y] = [AX,Y] + [X, AY]
for al x,y € 9. The set Der($)) of derivations of § is the Lie algebra of Aut($)). From the result
above we now obtain the following

Corallary. Let §2(q) = RY 4 so(qg,R) be the free 2-step nilpotent Lie algebra on q generators. For
every derivation D of §2(q) there exist unique elements A of End(RY) and B of Hom (RY,so(q, R))
such that
a) D(v) =A(v) +B(v) for all ve RY.
b) D(2) = AZ+ ZA! for all Z € so(q, R).
Conversely , given (A,B) € End(RY) x Hom (RY,so(qR)) there exists a unique derivation D of
$2(q) such that a) and b) are satisfied.

3.4. Automorphisms and derivations of arbitrary 2-step nilpotent Lie algebras. Let F2(q) =
RY%so0(qg,R) bethefree 2-step nilpotent Liealgebraon q generators. Let 91 = R9&W beastandard,
metric, 2-step nilpotent Lie algebra of type (p,q), where W is a p-dimensional subspace of so(q, R).
Let t: F2(q) — 9 be the unique Lie algebra homomorphism such that Ti(e;) = g for 1 <i < q. It
is not difficult to show that Ttis surjective, Ttis the identity on RY and Ker t= W+, the orthogonal
complement of W in so(q,R) relativeto the canonical inner product (, ). Hence 91 isisomorphic to
J2(q)/W. See (3.4) of [E4] for details.
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Let¢:91=RISW — 91 beany Lie algebraautomorphism, and let {v1,...,vq} be any vectorsin
52(q) = RI®so(q, R) suchthat i(v;) = ¢ (&) for 1 < i < g. Then there existsa unique automorphism
¢’ : F2(q) = F2(q) suchthat ¢’ (g) =vifor L<i < qand o ¢’ = g o Tt (Seefor example Proposition
2.2d of [E4]). It follows immediately that ¢’ leaves invariant Ker 1= W, Conversdly, if ¢’ is an
automorphism of F»(q) that leaves invariant W, then there exists a unique automorphism ¢ of
M =RIPW such that o ¢’ = dp o Tt It iseasy to see that ¢ istheidentity on 9t < ¢’ has the form
(Id, S) in the notation of (3.3), where S € Hom (RY,W). We summarize this discussion as follows.

Proposition 3.4.1. Let 9t = RY®W bea standard, metric, 2-step nilpotent Lie algebra of type (p,q),
where Wis a p-dimensional subspace of so(q, R). Let Gy = {¢' € Aut(F2(q)) : ¢'(WL) =W} and
let Hiy = {¢" € Aut(32(a)) :

a) ¢’ (V) = v+ S(v) for all v e RY and some S€ Hom(RY,W+)

b) ¢’ = Id onso(g,RY)}.

Let F : G{, — Aut(91) be the unique map such that o ¢’ = F(¢’) o Tt Then
1) F is a surjective homomor phismwith kernel Hyy,.
2) H{y, may be bijectively identified with Hom (R9,W+).

Reduction to SL(g,R). Asin (3.1) welet G and G denote GL(g,R) and SL(q,R) respectwely We
let Gw = {ge G: 9(2) = gZgt eWforal Ze W} andwelet Gy = {ge€ G: g(Z) = gZdg' € W for
adl ZeW}. Welet & By , & and By denote the corresponding Lie algebras. In particular, & and
®w are the subalgebras of ® and &y consisting of those elements with trace zero.

The groups Gw and G,,. are isomorphic under the involution o : g — (g')~. Clearly o(Gw) =
Gy aso. One can show that the groups Gw and Gy have finitely many connected components.
In genera for all W in a dense, open subset O of G(p, so(g,R)) the group Gy is finite and (Gw)o
consists of al positive multiples of the identity. See (4.3) below for a more precise statement.

The group Gw has a 1-dimensional central subgroup isomorphicto R* = R— {0} that consists of
the nonzero multiples of the identity. Similarly the set of multiples of theidentity isa 1-dimensional
central subspace of By. Clearly Gy = R*- Gy (direct product) and &y = R® &y (direct sum).

It is usualy more convenient to work with Gw C SL(q,R) and &w C d(qg,R) rather than with
Gw and &y, and no information is lost in doing so. Thiswill frequently be our point of view. Asan
example we observe that By is self adjoint < &y, is self adjoint.

Canonical decomposition of Aut(91). Let9t=R$pW. Itisuseful to haveamoreintrinsic descrip-
tion of Aut(9t) than that given by Proposition 3.4.1. We show that Aut(?) is a semidirect product U
-H , where U is a normal, abelian, unipotent subgroup of Aut(9?) and H is a subgroup of Aut(?)
isomorphicto Gy, . .

The unipotent subgroup U. For every element A € Hom(RY,W) we define ua € End(91) by ua(v)
=v+ A(v) forv € RY and ua(Z) = Z for al Z € W. It is not difficult to see that ua € Aut(9t) and
UpoUg = UgoUp = ua,g foral A,B € Hom(RY9,W). Moreover, if 9B isabasis of 91 that is aunion of
bases from RY and W, then it is evident that each element ua has alower triangular matrix with 1's
on the diagonal relative to the basis B. Hence, if U = {ua: A € Hom(RY,W)}, then U is an abelian
unipotent subgroup of Aut(N).

Themap T : End(RY) — End(M). For g € End(RY) define T(g) € End(D?) by T(g)(v) = g(v) for all
v € R% and T(g)(2) = (gZg') for al Z € W, where Tt: F2(q) — N is the projection homomorphism
with Ker =W+, The map T is one-one, but the restriction T : GL(RY) — GL (1) is not a group
homomorphism. However, we have the following :
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Lemma. Themap T: G,. — GL(M) isa group homomorphismwhose image liesin Aut(9t). For g
€ G the element T(g) liesin Aut(91) < g € Gy ...

Proof. Let g € G be given and define T(g) € Aut(F2(g)) by T(g)(v) = g(v) for al v € RY and
T(9)(Z) = gZd' for al Z € so(q,R). Since T(g) leavesinvariant W' = Ker Ttit follows that there
existsan element ¢ € Aut(91) such that ¢ o 1= Tt T(g) . From the definitionsit followsimmediately
that ¢ = T(g). Since T : GL(q,R) — Aut(F2(q)) is a homomorphism we conclude that T : G, —
Aut(9) is ahomomorphism.

The discussion above shows that T(g) € Aut(M) if g € G,y.. We omit the proof that g € G if
T(g) € Aut(M). O

Proposition 3.4.2. LetH =T(G,.) andletU = {ua: A€ HomRIW)}. ThenUNH = {1}, U is
anormal, abelian unipotent subgroup of Aut(91) and Aut(?) is the semidirect product U -H.

Proof. Itisevidentthat U N H = {1}, and we already observed that U is abelian and unipotent. Itis
routine to show that H normalizes U. Hence it remains only to show that every element ¢ of Aut(9?)
can be written uniquely as ua o T(g) for suitable elements A € Hom(R9,W) and g € G,.. The
unigqueness of this expression is easy to show and we only prove the existence. Given ¢ € Aut(9t)
it follows from the discussion at the beginning of (3.4) that there exists an element ¢ of Aut(F2(q))
such that ¢ o t= 10 §. By the proposition in (3.3) we may choose elementsg € GL(q,R) and S €
Hom(R%,so(q,R) such that §(v) = g(v) + S(v) for al v € RY and §(Z) = gZg' for all Z € so(q, R).
It follows from the condition ¢ o Tt= Tto § that g must leave invariant Ker t=W+ ;i.e ge G-
For v € RY we have ¢(v) = ($ o T)(v) = (110 §)(v) = T(g(V) + S(V)) = g(v) + A(g(V)), where A
=ToSog~t € Hom(RY,W). Similarly, for Z € W wehave ¢(Z) = (¢ o11)(Z) = (110 §)(Z) = 11(gZg").
It follows that ¢ = uao T(g) since these two elements of Aut(9) have the same values on RY and
W. O

Remark. We notethat H = {¢ € Aut(9?) : ¢(RY) = RY}. Thisfollows easily from the proposition
above, and we omit the details.

Maximal compact subgroups of Aut(91)p. Because U is unipotent it contains no compact sub-
groups except {1}. It follows from the result above that every maximal compact subgroup K
of Aut(), is conjugate by an element of U to a maximal compact subgroup of Ho. Since T :
(Gyw)o — Ho isan isomorphism the maximal compact subgroups of H, are isomorphic to the max-
imal compact subgroups of (G, )o. We omit the details.

Aut(1) in thegeneric case. Let 91 = RY W be a standard, metric, 2-step nilpotent Lie algebra of
type (p,q). With afew exceptions, as noted below in (4.3), there exists a dense open subset O of G(p,
so(q,R)) such that if W liesin O then &y = {0}. For W € O the group Gy is finite since Gy is
algebraic and therefore has only finitely many connected components. It followsthat Gy, isfinite
since G, isisomorphicto Gy under the map that sends g to (g~ In particular, by the discussion
above, the identity component H , of H consists of the positive multiples of the identity.

Now let W € O, and let ¢ be an automorphism of the standard, metric, 2-step nilpotent Lie
agebrat = RI W of type (p,g). Since Aut(91) has finitely many componentsit followsthat ¢ N ¢
Aut(N)o, = U -H, for some positive integer N. Write 9N = u-Ald, whereu € U and A € (0, ). If
P =Ald € Hy, C End(?), then = Ald on RY and ¢y = A?ld on W. It followsthat det() = A9+2P_ I
det(¢) = +1, then A = 1 since u is unipotent and A is positive. Note that the eigenvalues of ¢ N are
Nt powers of the eigenvalues of ¢ . We have proved
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Proposition 3.4.3. Let 91 = R &W be a standard, metric, 2-step nilpotent Lie algebra of type (p,q),
and assume that (p,q) does not belong to the list in (4.3). Then there exists a dense open subset O
of G(p,so(q, R)) such that if Wliesin O then every element of Aut(9t) with determinant +1 has all
eigenvalues of modulus 1.

Canonical decomposition of Der (9%). We recall from (3.2) that an element A of End(RY) extends
to an element of End(so(q, R) by defining A(Z) = AZ + ZA' for al Z € so(q, R).

Proposition 3.4.4. Let 9 = RY ®W be a standard, metric, 2-step nilpotent Lie algebra of type (p,q).
Let 1t: F2(q) — N denote the orthogonal projection homomorphism with kernel W, Let D be a
derivation of 91. Then there exist unique elements A of End(RY) and B of Hom(R%,W) such that
1) A(WL) C W,
2) D(v) = A(v) + B(v) for all v e RY.
D(Z) = (AZ + ZAY) for all Z € W.

Proof. If D is a derivation of F»(q) that leaves invariant W+ = Ker T, then there exists a unique
element D of End(91) such that D o 1= 110 D. It follows routinely that D is a derivation of 91. Let
® denote the vector space of al derivations of 9t that arise in this manner. It is easy to check that
D consists of the elements of End(9?) that are described above. If &,,,. = {A € End(RY) : AW) C
W}, then &, isthe Lie algebraof G,.. Hence from Proposition 3.4.2 we obtain dim ® = dim
&L+ dim Hom(R9,W) = dim Gy, + dim Hom(R%,W) = dim Aut(9t) = dim Der(N). It follows
that © = Der(M). O

It will beuseful to rephrasethe result abovein away that is parallel to proposition 3.4.2. Definea
Lie algebrahomomorphismdT : &, — Der(9) asfollows: for A € &,,. define dT(A)(v) = A(v)
foral v e RY and dT(A)(Z) = T(AZ + ZA!) for all Z € W. Let § = dT(SyL).

For each element B € Hom(R%,W) define ug € Der(M) by ug(v) = B(v) for al v € RY and ug(Z)
=0foral Z e W. If 4= {ug:Be Hom(RY,W)} , then ug ouy = 0 for al elements ug,uy € 4.
Clearly 81 C Der(9t) by the proposition above, and it is easy to see that il is the Lie algebra of the
normal, abelian unipotent subgroup U of Proposition 3.4.2. Hence we obtain

Proposition 3.4.5. Let 9t = RY ¢ W. Then Der(9) = §H @ 4, where il is an abelian, nilpotent ideal
of Der(91) and ) is a subalgebra of Der (M) that isisomorphic to &,y . .

3.5. Anosov diffeomor phisms. The study of Anosov diffeomorphismson tori has received consid-
erable attention over the years, and it isanatural ideato extend this research by considering Anosov
diffeomorphisms on compact nilmanifolds. Let N be a simply connected, nilpotent Lie group that
admits a lattice I'. By analogy with tori one looks for automorphisms of N that leave invariant the
lattice I', and one then obtains an induced diffeomorphism on the compact quotient ' \ N. Such
diffeomorphismsof I \ N are called algebraic, and the goal is to find algebraic Anosov diffeomor-
phisms. A result of Manning [Man] says that any Anosov diffeomorphismonT \ N istopologically
conjugate to an algebraic Anosov diffeomorphism. Moreover, if I 1 and I, arelatticesin N such that
1N hasfiniteindex in both M1 and I, then M1\ N admits an Anosov diffeomorphism < M2\ N
admits an Anosov diffeomorphism. See for example[Da]. Hence by the discussion in (1.2) one may
restrict attention to full lattices " in N, namely, those for which log I is a vector lattice in the Lie
algebra9t. To find automorphisms ¢ of N that leave I' invariant reduces to the problem of finding
automorphismsdé of 91 that leavelog I' invariant.

Let B beabasisfor 9t that isalso aZ -basisfor log I'. One can show that the structure constants
of B liein Z. The problem of finding an algebraic Anosov diffeomorphism of I \ N thus becomes
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the problem of finding an automorphism d¢d of 9t with no eigenvalues of modulus 1 whose matrix
relativeto B hasinteger entries and determinant 1 or — 1.

This apparently simple reformulation of the Anosov diffeomorphism problem for compact nil-
manifolds conceals its difficulty. Although there are a number of examples of Anosov diffeomor-
phisms on compact nilmanifolds that have been found by various techniques, there is still no com-
prehensive theory. See[Lal] for a brief history of the efforts on this problem and aso the articles
[Da], [DeK], [DeKM] and [Malf 1,2].

Existenceresults. In the context of nilmanifolds, one must begin with a Lie algebra9t that admits
a basis % with rational structure constants in order to obtain a lattice I' in the simply connected
nilpotent Lie group N with Lie algebra9t. These Lie algebras 9t are already rare in a probabilistic
sense as explained in (5.3) below, even for 2-step nilpotent Lie algebras. However, there are till
plenty of examples.

Let 91 be a 2-step nilpotent Lie algebrathat admits a basis 95 with rational structure constants. A
subspace W of 9t issaid to berational if it hasabasisin Q-span(®8). A rational Liealgebraftissad
to be graded if it can be written as adirect sum 9t = 91 & ... & Ny of rational subspaces {MN;} such
that [91;,9%;] C N for al i, j. Itisnot difficult to see that any rational 2-step nilpotent Lie algebra
N isgraded if one sets I, = [, ] and chooses N4 to be a suitable vector space complement of 912
in 9.

Recently J. Lauret in [La2] proved the following result :

Theorem 3.5.1. Let 9t be a graded nilpotent Lie algebra. Then the direct sum 9t & 9t admits an
Anosov automor phism.

The proof is elementary, but the result has powerful consequences that settle several previously
open problems. See [La2] for further discussion.

Nonexistence resultsin the 2-step nilpotent case.

Nonexistence resultsin the generic 2-step nilpotent case. For a generic 2-step nilpotent Lie al-
gebrat = RY @ W of type (p,q) we showed in Proposition 3.4.3 that if (p,q) does not belong to a
small list found in (4.3) then every automorphism of 9t with determinant + 1 has all eigenval ues of
modulus 1. In particular 9t admits no Anosov automorphismsin this case.

Eveninthe generic case one can easily find examples of 2-step nilpotent Liealgebras = R9aW
with rational structures. Simply choose W to be a p-dimensional subspace of so(q, R) that is spanned
by elements of so(q, R) that have rational entries.

Nonexistenceresultsin the Lietriple system examples. It isnatura to look for Anosov automor-
phismsin standard, metric, 2-step nilpotent Liealgebras9t = RY W whereW isaLietriple system
with compact center. These Lie algebras are known to admit rational structures by Proposition 4.3¢
of [E5], and they contain a lot of algebraic structure that one would expect to improve the odds of
success. Althoughthe situation is not yet clear in this context there are some partial results, including
nonexistence results. We present one of these.

Proposition 3.5.2. Let 91 = RY W be a standard, metric, 2-step nilpotent Lie algebra such that W
is a subspace of so(q, R) that satisfies one of the following conditions:
1) W is of Clifford type ; that is, Z2 is a negative multiple of the identity for every nonzero
element Z of W.
2) W=s0(3,R) and g is even.
If ¢ is any automorphism of 9t with det(¢) = + 1, then ¢(W) C Wand all eigenvalues of ¢ on W
have modulus 1. In particular, 9t admits no Anosov automor phisms.
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Proof. Let Gy = {g € GL(q,R) : g(W) = W}, where g acts on so(q,R) by g(Z) = gZg' for all
Z € so(q,R). By Proposition 6.1.2 below the Lie group Gy is self adjoint in either case, and in
particular Gw = Gy, by the remarks following Proposition 3.4.5.

Let (,) denote the canonical inner product on 9t = RY ®W. Let ¢ be any automorphism of 91.
By Propositions 3.4.2 and 6.2.2 ¢ can be written as a compositiond = ¢ 10 b0 3, where o1,
and ¢3 are automorphisms of 9t such that ¢1 € U is unipotent, ¢, is orthogonal relativeto (, ) and
d3 is symmetric and positive definite relativeto (, ). Since det(¢p) = + 1it followsthat det($ 3) = 1.

We note that (W) = W for all ¢ € Aut() since W = [N, N]. Let & € WE be anonzero vector
such that ¢ (&) = A& for some A € C. We observe that ¢; = Id on W€ by the definition of U and
¢3 = I1d on WE by (6.2.2) and (6.2.4) below. Hence A& = ¢(&) = ¢ 2(€) and it followsthat | A |= 1
since ¢, is orthogonal . O

4. THE MODULI SPACE 9t(P,Q) OF 2-STEP NILPOTENT LIE ALGEBRAS OF TYPE (P,Q)

We retain the notation of section 3. We explain how to identify the set 9t(p,q) of isomorphism
classes of 2-step nilpotent Lie algebras of type (p,q) with the orbit space of a natural action of
GL(g,R) on the Grassmann manifold G(p, so(q,RR)). Thereis a natural bijection between 9(p,q)
and 9N(D—p,q), whereD = (1/2)q(q—1).

4.1. Quotients of free 2-step nilpotent Lie algebras. Let G(p, so(qg,R)) denote the Grassmann
manifold of p-dimensional subspaces of so(g,R). The group GL(q,R) acts on so(q,R) by g(2)
= gZgd' for al g € GL(q,R) and al Z € so(q,R)). This action extends to an action of GL(q,R) on
G(p, so(q,R)). Let X(p,q) = G(p, so(q,R)) / GL(q,R) and let P: G(p, so(g,R)) — X(p,q) denote
the projection map.

If W e G(p, so(q,R)), then the standard, metric, 2-step nilpotent Lie algebradt = R9 W of type
(p,q) isisomorphic to F2(q) / W aswe observed in (3.4). If W1, W; € G(p, so(q,R)) are arbitrary,
then 9 = RI W4 and M, = R & W, are isomorphic < g(W5) = Wy for some g € GL(q,R).
Moreover, g(W;i) = W3 < h(W;) = W, where h = (g') ~. Hence we obtain

(*)  S2(aq)/ Wy isisomorphic asalLie agebrato F2(q) / Wy
& F2(q)/ Wy isisomorphic asaLie agebrato F2(q) / W»

See Proposition 3.5b and Corollary 3.5c of [E4] for details.

If 91 is 2-step nilpotent of type (p,q), then we let [9T] denote the isomorphism class of 9t. We
define 91(p,q) to be the set of isomorphism classes of 2-step nilpotent Lie algebras of type (p,q).

Proposition. Let F: X(p,q) — 9(p,q) be the map given by F(P(W)) = [§ 2(q) /W=]. Then F iswell
defined and a bijection. The spaces X(p,q) and X(D—p,q), D = (1/2)q(g—1), are homeomorphic
under the map that sends P(W) to P(W™).

The second statement in the result above is a consequence of (*). We call the corresponding
bijection between 9t(p,q) and 9Y(D—p,q) duality and the pairs (p,q) and (D—p,q) dual pairs. For a
proof of the proposition see (5.2) of [E4].

Remark. Let G=GL(q,R) and G = SL(q,R). If W € G(p,so(q, R)), then by Proposition 3.1.4 either
G(W) = G(W) or G(W) = G(W) U G(a(W)), where a is any element of G with det a < 0. In either
case the codimension in G(p,so(q, R)) of the orbits G(W) and G(W) is the same. It is considerably
easier to work with the action of the semisimple group SL(q,R) than with GL(q,R). Thisisthe point
of view of [E4], and we continueto follow that point of view inthis article.

If Y(p,a) = G(p, so(q,R)) / SL(q,R), then there is an obvious surjective map from Y (p,q) to
X(p,q) = G(p, so(q,R)) / GL(q,R), and each fiber contains either one point or two.
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4.2. Computing isotropy groups of SL(g,R) acting on G(p, so(q,R)). The space Y (p,q) = G(p,
so(q,RR)) / SL(q,R) has a natural topology, the quotient topology. However, this topology is not
Hausdorff since not al orbitsof G = SL(q,R) are closed in G(p, so(q, R)). For example, if W’ liesin
the closure of an orbit G(W), then any open set in Y (p,q) that contains G(W’) also contains G(W).

Following the philosophy of geometric invariant theory we would like to study the space Y (p,q)
by first determining the closed orbits of G in G(p, so(g, R)). At present we have no progressto report
on this problem athough we have some information on alinearized version of it (see the discussion
next and in section 7). In any event thefirst step in studying the orbit structure of G on G(p, so(q, R))
isto determinethe stabilizer in G at W of an orbit G(W), where W € G(p, so(q,R)). Thisisthe goal
in the remainder of section 4.

If W e G(p, so(q,RR)), then the orbit G(W) in G(p, so(q,R)) is bijectively equivalent to G/ Gy
, where Gw = {g € G: g(W) = W}. To determine Gy it is convenient to replace the action of G =
SL(q,R) on G(p, so(q,R)) by alinear action of G x H = SL(q,R) x GL(p,R) on the real vector space
V =s0(q,R)P = so(q,R) X ... x so(q,R) (p-times). Let S= (S%,...,SP) be an element of V. For an
element g of G = SL(q,R) we define g(S) = (g(SY), ... , 9(SP)), where g(Z) = gZg' as usual. For an
element h of H = GL(p,R) we defineh(S) =S = (S%, ..., S7"), where S o5 = h((S')ap, ---, (SP)ap)
fori<a,p<q.

We may also identify V with so(qg, R) ® RP under the linear isomorphism that maps S = (S%, ...,
SP) totheelement 57, S ® &, where {ey, ...,ep} isthe natural basis of RP . With thisidentification
the group G x H actson V = so(g,R) ® RP by (g,h) (Z ® v) = g(Z) ® h(v) for all (g,h) € GxH, Z
€so(g,R) and v € RP. Inthisformulation it is clear that the actions of G and H commute on V.

LetV =so(q,R)P,andlet Vo = {S=(S,...,SP) : {S, ..., SP} arelinearly independent elements

of so(g,R) }. Itiseasy to seethat V isinvariant under G x H. Moreover, V o isaZariski open subset
of V andin particular V, is open and densein the Euclidean topol ogy of V. We defineaC* surjective
map Q : Vo — G(p, so(q,R) by Q(S) = span {S%,...,SP}. Note that afiber Q~ (W) consists of all
bases {S',...,SP} of W and H = GL(p,R) acts smply transitively on each fiber of Q. We are now
ready to state a result that can be used to compute the stability group Gw = {g€ G = SL(q,R) :
g(W) =W},
Proposition. Let G= 9.(q,R) andH = GL(p,R). Givenan element W of G(p, so(q,R)), and abasis
{s},...,.P} of Wweset S= (S}, ..., SP) €V = so(q, R)P. Let Ty : G xH — G be projection on the
first factor. Then 1 is an isomorphism from (G x H)s onto Gy , where (G x H)s = {(g,h) € GxH :
CHICERS]

Proof. Let(g,h)(S)=S. SinceH leavesinvariant thefiber Q1(g(W)) it followsthat {g(St), ...,g(SP)}
isabasisof W. In particular g(W) = W, which provesthat 111(G x H)s C Gy. Conversely, if g € Gy,
then {g(Sh),...,g(SP)} isabasis of W and there exists a unique element h of H = GL(p,R) such that
h(g(S)) = S. This shows that (g,h) € (G x H)s , which proves that 113 is surjective. Since H acts
simply transitively on the fibers of Q it followsthat 111 isinjective. O

4.3. Isotropy groups of SL(q,R) of minimal dimension. Let SL(g,R) act on G(p, so(q,R)) as
above, and let d(W) be the dimension of the isotropy group SL(q,R)w. Let d(p,g) = min {d(W) :
W e G(p,so(q,R))}. Itiswell known that there exists a dense open subset O of G(p, so(qg, R)) such
that d(W) = d(p,q) for al W in O. If p > 3, then in general d(p,q) = 0. In the table below we present
acomplete list of the pairs (p,q) for which d(p,q) is positive. The integer d is aways the same for
"dua” pairs (p,q) and (D—p,q), where D = (1/2)g(g—1). See (5.4d) of [E4] for further details.

Remark. If d(p,q) = O, then the isotropy group SL(q,R)w is finite for al W in a dense open subset
of G(p, so(q,R)) since SL(q,R)w isarea agebraic group.
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TABLE
d(p,q) = 0 except in the following cases
(p:0) d(p,q)
1) (1,0) (1/2)q(a+1)
(D - 17 Q)
2) (D,q) g? — 1 (free 2-step on g generators)
3) (2,2k+1) 2k+4
(D—2,2k+1)
4) (2,4) 7
(4,4)
5) (2,2k) k>3 3k
(D - 2,2Kk)
6) (3,4) (sl f dual) 6
7 (3,5) 3
(7.5)
8) (3,6) 1
(12,6)

5. RATIONAL STRUCTURES IN 2-STEP NILPOTENT LIE ALGEBRAS

5.1. Rational structuresin nilpotent Liealgebras. If §jisafinitedimensional Liealgebraover R,
then §) is said to have arational structure if there exists abasis B = {€ 1, ...,&n} for $ with rational
structure constants; thet is, [&i,&;] = zﬂzlcikjék , where Cikj € Qforali,jk. Equivalently, if Ho =
Q-span(B), then ) isaLie agebraover Q.

Let 2B,,B, betwo bases of § with rational structure constants. We declare therational structures
Q - span (!B1) and Q - span (2B2) to be equivalent if there exists an automorphism ¢ of §) such that
¢ (Q - span (B1)) = (Q - span (By). We are interested in the problem of describing the space of
equivalence classes of rational structures on a 2-step nilpotent Lie algebra 1.

5.2. Scarcity of rational structures. When a simply connected nilpotent Lie group N admits a
lattice I, then one can study dynamics on the compact quotient I' \ N, or geometry if one equips N
with aleft invariant Riemannian metric. If the Lie algebra 9t arises from a Lie triple system, then
we know from (1.3) that 9t admits arational structure and N admits a lattice.

However, arandomly chosen group N will in general not admit alatticel". Thisiseasy to explain
even for 2-step nilpotent Lie groups N. Fix positive integers p and g, and consider the space 9t(p,q)
of isomorphism classes of 2-step nilpotent Lie algebras of type (p,q). By the discussion in (4.1)
M(p,q) can be identified bijectively with the orbit space X(p,q) = G(p, so(q,R)) / GL(q,R). Since
therational numbersare countablethe Mal’ cev criterion (see (1.2)) saysthat there are only countably
many isomorphism classesin 91(p,q) that admit rational structures. However, if p > 3, thenitiseasy
to see that for q sufficiently large the codimension of any GL(q,R) orbit in G(p,so(q,RR)) will be
positive. See Proposition B in (5.4d) of [E4] for details. In particular, arandom orbit will not be one
of the countably many that correspond to Lie algebras 9t with rationa structures.

Although the set of 2-step nilpotent Lie algebras of type (p,q) with arational structureisacount-
able subset of 9t(p,q) it is nevertheless dense in 91(p,q) as we explain in the next section.

5.3. Density of rational structures.
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Definition. A p-dimensional subspace W of so(qg,R) will be called standard rational if W has a
basiswith elementsin so(q, Q).

It is easy to see that if W is a standard rational subspace of so(q,R), then the corresponding
standard, metric, 2-step nilpotent Lie algebra®t = RY & W admitsarational structure. If {Za,...,Zp}
are elements of so(q,Q) that form abasis of W, then B = {ey, ...,eq,24,...,Zp} isabasis of 9 with
rational structure constants. The next result gives a converseto this observation.

Proposition 5.3.1. Let 91 be a 2-step nilpotent Lie algebra of type (p,q).

1) If 9t has arational structure, then 9t isisomorphic to a standard, metric, 2-step nilpotent Lie
algebra 9t = RY W where Wis a p-dimensional standard rational subspace of so(q, R).

2) Let W be a p-dimensional subspace of so(q,R) and let 91 = RY ¢ W be the corresponding
standard, metric, 2-step nilpotent Lie algebra of type (p,q). Then 9t admits a rational structure <
gWg! is a standard rational subspace of so(q, R) for some g € GL(q,R).

Since any subspace W of so(q,R) isalimitin G(p, so(q,R)) of standard rational subspaces {W}
we immediately obtain the following
Corollary 5.3.2. Let 91 be any 2-step nilpotent Lie algebra of type (p,q), and let [1] denote its
isomorphism class in 9t(p,q) = X(p,q) = G(p, so(q,R)) / GL(g,R). In any neighborhood O of [N]
in X(p,q) one can find a 2-step nilpotent Lie algebra 91" of type (p,q) with a rational structure.

Proof. 1) Let 9t admit arational structure. We show that 9t admits a basis 93 with rational structure
constants {Cikj } that is adapted in theterminology of (3.1). The proof of Proposition 3.1.1 then shows
that 91 is isomorphic to RY & W, where W = span {C*,...,CP} is a standard rational p-dimensional
subspace of so(q, R).

By hypothesis 9t admits a basis B8’ such that 9tg = Q - span(B’) isaLie algebraover Q. Let
B ={Xq,...,.Xy,21,...,Zy } beaQ - basis of Ng such that {Zy,...,Zy} isaQ - basis of [Ng,Ng].
Since dimgNg = dimpM it followsthat {Zy,...,Zy} isan R - basis of [M,N]. In particular p=p’,
g=q and B isthe desired adapted basis with rational structure constants.

2) Let W1 and W be p-dimensional subspaces of so(qg,R), and let 911 = RT W and 91, =
RY & W, be the corresponding standard, metric, 2-step nilpotent Lie algebras of type (p,q). By
Proposition 3.1 of [E4] 91 and N, are isomorphic as Lie algebras < W, = gWig' for some g €
GL(g,R). The desired result now follows from 1). O

5.4. Equivalence of rational structuresin 2-step nilpotent Lie algebras of type (p,q). Let 91t be
a 2-step nilpotent Lie algebra of type (p,g) that has a rational structure. We wish to describe the
space of equivalence classes of rational structures on 9t in a way that will make this space more
computable. By the discussion in (5.3) we may assume that 9t is a standard, metric, 2-step nilpotent
Liealgebradt = R W where W is ap-dimensional standard rational subspace of so(q, R).

Rational bases. Let B, denotethestandard basis{e,...,ep} of R9. Let Bw = {Zy,...,Zp} beaba
sisof W consisting of elementsin so(q, Q). Henceforth we call such abasis By astandard rational
basis of W and the basis B = B, U By astandard rational basis of 9t = R4 pW.

More generally, a basis B4 of RY will be called a rational basis of RY if there exists a basis
Bw = {Zy,...,Zp} of W such that B = BqU Bw is abasis of N with rationa structure constants.
Equivalently, a basis B4 of RY is a rational basis of RY & [Bq,Bq] C Q - span(Bw). The next
observation shows that the basis B of W is uniquely determined by arational basis 84 of R, up
to the action of an element of GL(q,Q).

Proposition 5.4.1. Fix arational basisB 4 of RY . If By isabasis of Wand B = B4U By , then
B hasrational structure constants < By isa Q - basis of Q - span [Bq, Bg] .
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Proof. First, let By be abasis of W such that B = B4 U Bw hasrational structure constants. Then
Q - span [Bg,Bg] € Q - span(Bw), and equality holds since both Q - span [B4,Bq] and Q -
span(By) have the same dimension over Q, namely p = dimpW. We use the fact that [Bq, Bq] is
an R - spanning set for W since [91,91] = [RY,R%] = W. It follows that By isaQ - basis of Q -
span[Bq, Bg]. Conversely, if By isaQ - basisof Q - span [Bq, B, then [Bq, Bq] C Q - span(Bw)
and B = By U By isabasis of N with rational structure constants. O

For g € GL(q,R) we let B4 denote the basis {g(e1), ...,g(eq) } of RY . Clearly every basis of R4
can be uniquely expressed as 9B 4 for an element g of GL(q,R).

Proposition 5.4.2. Let 9%t = R4 &W where Wis a standard rational subspace of so(q,R). For g €
GL(q,R) the basis By isarational basis of RY < g'Wg is a standard rational subspace of so(q, R).

Proof. Let {Cl,...,CP} beastandard rational basisof W. Let {Z, ...,Z,} bethe basis of W such that
(z,,Cly = — &, where (, ) denotes the canonical inner product on so(q,R). A routine calculation
(cf. Proposition 3.2b of [E4]) shows that [ei,ej] = y¢_;CKZ. Let g€ GL(q,R) be given. Then
By = {V1,...,Vq}, Wherev; = g(&) = 3_, g for 1 <i < q.

Supposefirst that B isarational basisfor RY. Let {Z},...,Z,} beabasisof W such that [vi, v;] =
Y k1 D Z«, where {D} C Q. ThenW’ = span {D*,...,DP} is clearly a standard rational subspace
of so(g,R). Proposition (3.1) of [E4] showsthat W' = g'Wag.

Next, suppose that W’ = g'Wg is a standard rational subspace of so(q, R), and let {D%,...,DP} be
astandard rational basisof W '. Since {C1,...,CP} isabasisof W thereexistsh € GL (p,R) such that
o'C'g= 3§, heDy. Defineabasis {7}, ...,Z,} for W by Zj = S, heZ for 1 < k < p. Assertion
3) in the proof of Proposition 3.1 of [E4] now shows that [vi,vj] = yi_, DZ for al i,j. Hence
[%g,%g] g@'span {le""az;)}' U

Equivalence of rational bases.
Definition. Let B1,%, berational basesfor 91 = RY&W. Let Nigp = Q - span(Bi) ®Q - span([Bi, Bi])
for i = 1,2. We say that B, and B, are equivalent if there exists an automorphism¢ : 91 — 9t such
that ¢(N1g) = Nag-
By the discussion above both 9t; and 9t are Lie algebras over Q.

Proposition 5.4.3. Let 9t = RY oW, where W is a standard rational subspace of R% . Let 91,98
be rational bases of 91. Then 93, and B, are equivalent < there exists g € GL(q, R) such that

1) 9(Q - span(B1)) = Q - span(B2)

2) g'Wg = W.

Proof. Supposefirst that 95, and 93, are equivalent rational bases, and let ¢ € Aut(dt) be an element
such that §(N1g) = Nag. We provethat properties 1) and 2) hold.

Let F2(q) = RY @ so(q,R) be the free 2-step nilpotent Lie algebra discussed in (3.2) , and let
Tt: F2(g) — Dt be the unique Lie algebrahomomorphism such that Ti(ej) = g for 1 < i < g. Hencemt
is the identity on RY. The automorphism ¢ of 9t may be lifted to an automorphism ¢ of F2(q) such
that 1o § = ¢ o T, see for example Proposition 2.2d of [E4] for further details. By the discussion in
(3.3) there exist elements g in GL(g,R) and Sin Hom (R, so(q,R)) such that

@ ¢(v) =g(v) +9(v) foralveR
$(2) = gzg' for al Z € so(q, R).

For 1< i < qweobservethat d(e)) = (9 o) (@) = (o) (&) = T(g(@) + S(e)) = g(@) + Z,

where Zj = 1i(S(e)) € W. We have shown
(b) d(v) =9g(v) +T(v) foralveRY, whereT = 1m0 S€ Hom(RY ,W).
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IfB1={va,...,Vp}, thend(vi) =g(vi) + T (vi) € ¢(B1) C ${Q - span(B1) & Q - span([B1, B1])}
= Q- span(B2) ® Q - span ([B2,B>]). This proves

(©) g(vi) € Q - span(B2) and T(vi) € Q - span ([Ba, B for 1 < i < q.

From thefirst assertion in (c) we obtain

(d) 9(Q - span(B1)) C Q - span(B2)

and equality holds since Q - span(231) and Q - span(B2) have the same dimension over Q. This
provesthe first assertion of the Proposition.

We observed earlier that if {C,...,CP} isany basisof W and {Z1,...,Zp} is the basis of W such
that (z;,C1) = —&j, then [e,j] = y§_;CKZ for 1 < ijj < gand 1 < k < p. It follows from
Proposition 3.4 of [E4] that Ker(r) = W+, the orthogonal complement of W in so(q,R), By the
definition of § it is evident that § leaves invariant Ker(r) = W+. From (a) above it follows that
g(W+) = W', where g(2) = gZg' for al Z in so(g,R). Hence (g')~1(W) = W, which proves the
second assertion of the proposition.

Next, suppose that 931 and 9B are rational bases for RY such that conditions 1) and 2) of the
proposition hold. By the discussion in (3.3) we may define an automorphism & : §2(q) — F2(Q)
uniquely by the conditionsthat ¢ = gon RY and §(Z) = g(Z) = gZg' foral Zinso(q,R)). Condition
2) says that g'(W) = W and hence g(W+) = W+ = Ker (1), where 1t: F2(q) — 9t is the unique
Lie algebra homomorphism such that Ti(v) = v for al v € RY9. Hence ¢ induces an isomorphism
¢:9M — Nsuchthat o d=¢ot

For v € RY we have ¢(v) = (¢ o 1) (V) = (TI0 §) (V) = T(g(V)) = g(V). Thisprovesthat ¢ = g on
RY . We obtain

() 6(Q - span(B1)) = Q - span(By)

since ¢(Q - span(B1)) = Q - span(¢(B1)) = Q - span(g(B1)) = g(Q - span(B1)) = Q - span(B2)
by condition 1) of the proposition.

Since ¢ € Aut(M) it follows that ¢(Q - span([B1,B1])) = Q - span([¢(B1),$(B1)]) € Q -
span([B2,B2]) by (a), and equality holds since Q - span[25 1,B1]) and Q - span[252, B>]) have the
same dimension over Q. Hence we obtain

(b) 6(Q - span([B1,B1])) = Q - span([B2, Bz])

Since Mg = Q - span(Bi)  Q - span([Bi,Bi]) for i = 1,2 it follows from (a) and (b) that
6 (M) = N2g. O

Proposition 5.4.4. Let 9t = RY oW, where W is a standard rational subspace of RY . Let g,
g2 be elements of GL(q,R) such that By, = {g1(€1),...,01(&q)} and By, = {g2(e1),...,02(eq) } are
rational bases of RY . Then the following statements are equivalent.

(1) By, and B, are equivalent rational bases of RY.

(2) There exist elements h € GL(q,R) and ¢ € GL(q,Q) such that h ogy = gz o ¢ and htWh = W.

(3) There exists Y € GL(q,Q) such that Y(g5 W) =g} Was.

Proof. Tosimplify notation wewrite 81 = Bg,, B2 = By, and B, = {ey, ..., &}, the standard basis
of RY. We also write B = gi(Bo) = {gi(e1),...,0i(eq) } fori =1,2.

(1) = (2). If B1 and B, are equivalent rational bases of RY , then by Proposition 5.4.3 there
exists h € GL(q,R) such that h'Wh = W and Q - span(82) = h(Q - span(B1)) = Q - span(h(B1)).
If ¢ = g, thgy, then §(Q-span(B,)) = g, *Q - span(h(B1)) = Q - span(B,). Hence ¢ € GL(q,Q) and
the assertions of 2) hold.

(2) = (3). If hand ¢ arethe elements of (2), thenset P = 1.

(3) = (2). Let Y betheelement of (3) and set ¢ = Y' and h = ggq;gil.
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(2) = (1). If (2) holds, then by the proof of Proposition 5.4.3 there exists § € Aut(9t) such that
Y =honRY. SinceB1= g1(B,) weobtain

(@ W(B1) = (9200)(Bo)

Note that ¢(Q - span(B,)) = Q - span(B,) since ¢ € GL(g,Q). From (&) we now obtain

(b) P(Q - span(B1) = Q - span(P(B1)) = Q - span(By)

Since Y € Aut(9) it follows from (b) that Y(Q - span[B 1,B1]) = Q - span[P(B1), P(B1)] C (Q
-span[B5, B5]) and equality holds since Q - span[B1,B1]) and Q - span[B,,B,]) have the same
dimension over Q. Hence P(N1g) = Mag, which proves (1). O

5.5. The space of rational structuresin a 2-step nilpotent Lie algebra. Let 9t = R9¢ W, where
W is a standard rational p-dimensional subspace of so(q, R). Let G denote GL(g,R) and let G (W)
denote the set of all standard rational p-dimensional subspaces of so(qg,R) that lie in the orbit G(W).

Let Bo(RY,W) denote the set of bases B in RY that are rational relative to W. Let [ ] denote
the equivalence relation defined above in B o(RY,W), and let [®B] denote the equivalence class in
Bo(RY,W) of an element B. For an element W’ = g(W) in Go(W) let [W’] denote its equivalence
classin Gg(W) / GL(q,Q).

The next result shows that we may identify the orbit space Gg(W) / GL(q,Q) with the space
of equivalence classes of rational structures on 9t = R9 W , where W is any standard rational
p-dimensional subspace of so(q,R). If one has a good understanding of the structure of G, the
stabilizer of G a W, then there is hope for determining the orbit space G (W) / GL(q,Q), possibly
with methods involving Galois cohomology. In [E7] we investigate the structure of Gy and its Lie
algebra &,y in various special cases, including those cases where W is a Lie subalgebra of so(q, R)
or aLietriple system that arises from a representation of areal negative definite Clifford algebra.

Proposition. Let 9t = R W where Wis a standard rational p-dimensional subspace of so(q, R).
Let T: Bo(RI,W) /[ ] — Go(W) / GL(q,Q) be the map such that T([B]) = [g'(W)], where g is
the unique element of G = GL(qg,R) such that B = B in the terminology above. Then T is a well
defined bijection.

Proof. T iswell defined and injective by Proposition 5.4.4. Themap T is surjective by 5.4.2. O

6. STRUCTURE OF STABILIZER LIE ALGEBRAS gw

6.1. Criteriafor By tobeself adjoint. Let &y = {X € End(RY) : trace(X) = 0 and X(W) CW}.
Thisisthe Lie algebraof the isotropy group Gy, where G = SL(q,R).

Themain goal of this sectionisthe next result, whose proof may be found in the expanded version
of this article on the author’s website.

Proposition 6.1.1. Let 91 = RY dW. Then &y is self adjoint if either of the following conditions
holds:

a) W= @&, the Lie algebra of a compact connected subgroup G of SO(q,R).

b) Wis a subspace of so(q, R) such that Z? is a negative multiple of the identity for each nonzero
element Z of W,

Remark. Examples of @) arise when G is a compact connected Lie group and p : G — End(RY) is
arepresentation of G. In this case W = dp(®) is the Lie algebra of p(G) and W is a subalgebra of
so(q,R) if RY is endowed with a p(G)-invariant metric.

Examples of b) arise & W = j(RP), wherej : C4(p) — End(R9) is a representation of the real
negative definite Clifford algebra C4(p) determined by RP . In this case q must be divisible by a
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certain integer d(p), where d(8k) = 2%, d(8k+1) = 2%+1, d(8k+2) = d(8k+3) = 2%+2 and d(8k+a) =
2%+3if 4 < a< 7. See the proof of Theorem 2.4 of [E6].

6.2. Consequences of the self adjointness of Gy .

Structure of Aut(91) and Der (N). If (Gw)o C GL(q,R) is self adjoint, then we can sharpen the
statements of the canonical decompositions of Aut(9t) , and Der(M) in (3.4). In the next result we
suppress the notation p and dp used in (3.2) for the actions of GL(q,R) and End(R %) on so(q, R).

Proposition 6.2.1. Let 91 = RY @ Wand suppose that (Gw ), is self adjoint.
a) Let ¢ € Aut(1),. Then there exist unique elements g of GL(q,R) and A of Hom(R9 ,W) such
that

1) g(W) C Wanddetg > 0onRY where g € GL(so(q, R))
2) $(v) = g(v) + A(9(V)) for all v e RY.
¢(2) = gzg' for all Z e W.

Conversely, every element of GL(91) that has the form above liesin Aut(1) o.
b) Let D be a derivation of 9. Then there exist unique elements A of End(RY) and B of
Hom(RY ,W) such that

1) AW) CW where A € End(so(q,R))
2) D(v) = A(V) + B(V) for all v e RY.
D(2) = AZ+ ZA! forall Ze W.

Conversely, every element D of End(91) that has the form above is a derivation of 1.

Proof. For an arbitrary subspace W of so(q, R) an element g of GL(q,R) liesin (Gw)o < ¢ liesin
(G )o- Hence when (Gw ), is self adjoint it followsthat (Gw)o = (Gyy . )o- This meansthat in the
canonical decompositions of Aut(9t) and Der(9t), described above in Propositions 3.4.2, 3.4.4 and
their proofs, we may omit the projection homomorphism 1t: §2(q) — 9. Proposition 3.4.2 shows
that Aut(M), = U - H, (semidirect product), where Ho = T((Gyy1)o) = T((Gw)o). The result now
followsimmediately. O

Compatibility of self adjointness with the KP decomposition. The remaining resultsin this sec-
tion are needed for the discussion in (3.6). Thefirst is the group analogue of the fact that if & vy is
self adjoint, then &y contains the symmetric and skew symmetric parts of each of its elements.
Proposition 6.2.2. Let 9t = RY ¢ Wand suppose that (Gw ), is self adjoint. For every g € (Gw)o let
k,p be the unique elements of GL(qg,R) such that g = kp, wherek € O(n,R) and p is a positive definite
symmetric element of GL(q,R). Thenk € (Gw)o and p € (Gw )o.

Proof. We shall need the following elementary observation

Lemma6.2.3. Let V beareal, finite dimensional inner product space, and let h be a positive definite,
symmetric linear transformation on V. Then

1) h and h? have the same eigenvectorsin V.

2) If Wis a subspace of V such that h2(W) = W, then h(W) = W,

Proof of the lemma. Clearly any eigenvector of h is an eigenvector of h2. If h2(v) = A v for some
positive number A, then write v = v1 + ... + vy where h(v;) = A; v; for positive real numbers
{M1,..An}. It followsthat v is the sum of those v; such that Aj = VA, This proves1).

If W is a subspace of V invariant under h?, then W admits an orthonormal basis {w1, ..., wp} of
eigenvectorsof h?. By 1) thisis also a basis of eigenvectors of h, which proves 2). O
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Proof of the proposition. Let g be an element of (Gw ), and write g = kp as above. Then g'g = p?,
andp? € (Gw)o since (Gw ), isself adjoint. Since p and p? are positive definite and symmetric on RY
they are also positive definite and symmetric on so(q, R) by the propositionin (3.2). Since p (W) C
W it follows from 2) of the lemma above that p(W) C W; that is, p € Gw. It remains only to show
that p € (Gw)o , for thenk = gp~ € (Gw)o.

Since g € (Gw)o there exists a continuous curve g(t) in (Gw)o such that g(0) = Id and g(1) = g.
Let g(t) = k(t)p(t) be the corresponding KP decomposition of g(t). The argument above shows that
p(t) € (Gw)o for al t. Since p(0) = Id and p(1) = pit followsthat p € (Gw)o. O

The structure of symmetric elements of (Gw)o- The structure of the symmetric and skew sym-
metric elements of Gy is studied in much greater detail in [E7]. Here we present only a result that
is needed for Proposition 3.5.2.

Proposition 6.2.4. Let 9t = RY W, where (Gw), is self adjoint. Suppose that every nonzero
element of Wisinvertible. Let p be a symmetric positive definite element of (Gw ), such that det(p)
= 1. Then

1) pistheidentity on W, where p(Z) = pZp! = pZp for all Zin W.

2) If W acts irreducibly on RY, then there exists a positive real number A such that RY =
Vi @ V1)) , where Vy and V) denotethe A and 1/A eigenspacesof pin RY.

Proof. 1) By the propositionin (3.2) the action of p on W is positive definite and symmetric relative
to the canonical inner product (,) on so(q,RR). Since p(W) C W it follows that there exists an
orthonormal basis {Z, ...,Zp} of W and positivereal numbers{A1,...,Ap} suchthat p(Z;) = AiZ for
eachi. It sufficesto provethat Aj = 1 for eachi.

We are giventhat A\iZj = p(Z;) = pZ p' = pZip for eachi. Since Z; isinvertibleit follows that A;
Id = Z71pZ;p and taking determinants yields A = (det p)® = 1. Hence Aj = 1 for eachii since \; is
positive.

2) Let A be an eigenvaluefor pin RY, and let v be anonzero vector in RY such that p(v) = Av. If
Z isany element of W, then by 1) we know that p(Z(v)) = Zp ~(v) = Z((/A\)v) = (U/A) Z(v). Hence
Z(Vy) €V and Z(Vyy) C V) foral Zin W. The subspace V), @ Vy, isinvariant under W and
therefore must be equal to RY since W actsirreducibly on R9. O

7. MINIMAL VECTORS, CLOSED ORBITS AND THE RICCI TENSOR

7.1. Minimal vectorsand closed orbitsof reductivegroups. A Liegroup Gisreductiveif theLie
algebra & isthe direct sum of the center 3 and asemissmple subalgebra®’. Let G C GL(q,R) bea
reductive, real algebraic group. It follows from the main result of[M o] that there exists an element g
of GL(q,R) suchthat gGg ! is self adjoint with respect to (, ). Conversely, any self adjoint subgroup
G of GL(q,R) iseasily seen to be reductive.

Let {V,(,)} beared, finite dimensional, inner product space. Let G C GL(V) be a connected
subgroup that is self adjoint relativeto (, ), and let  denotetheLie algebraof G. Write & = A& 3,
where £ is the subal gebra of skew symmetric elements of & and ‘3 is the subspace consisting of the
symmetric elements of &. Let K be the connected subgroup of SO(V,(, }) whose Lie algebrais {.
The group K is amaximal compact subgroup of G, and any other maximal compact subgroup of G
isconjugatetoK in G.

A vector v of V is said to be minimal for the group G if | g(v) | > | v| for al g € G. Clearly the
zero vector is always minimal. For each nonzero vector v define a smooth functionpy : G — R by
pv(9) = | g(v) |2. Let M denote the set of minimal vectorsin V. Clearly 9%t isinvariant under K. Note
also that M1 isinvariant under multiplication by real numbers.
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There is an important relationship between the orbits G(v) that are closed in VV and the vectors v
that areminimal in V. The proof of the following result may be found in [RS]. The topology referred
to below and in [RS] is the classical topology of V and not the Zariski topology. If A C V isany
subset, then A denotes the closure of A in V.

Theorem. Let {V,(,)} and G be as above. Let v be a nonzero vector of V. Then
1) The vector visminimal < py : G — R hasacritical point at the identity of G.
2) If v e 91, then G(v) N Mt = K(v).
3) The orbit G(v) isclosed in V < G(v) N 9t is nonempty.
4) For any nonzero vector v there exists a nonzero element A of 8 such that vo = lim_,. €4(v)

€ G(v) N <M. Hence K(vo) = G(v) N M.

Remark. The vector v, in 4) may be the zero vector, and determining when this is the case is
typically an important problem.

See [La3] aswell as[RS] for applications of the result above. In thisarticle we will use the result
to study the Ricci tensor of a standard, metric, 2-step nilpotent Lie algebradt = R9 & Wof type (p,q).

Fix positiveintegersq > 2and p > 2and let V = so(q,R)? = so(q,R) X ... X so(q,R) (p times).
Let (, ) denote the standard inner product on so(q,R), and let (, ) aso denote the extension to V
givenby ( (C%, ... CP), (D%, ... DP) ) = 3P ,(C',D'). Asin (4.2) we identify V with so(q, R) @ RP
under thelinear isomorphismthat maps S= (S, ..., SP) totheelement 5P, S® &, where {e, ..., ep}
isthe natural basis of RP.

Recall that with thisidentification the group GL(g,R) x GL(p,R) becomesa subgroup of GL (V) if
one defines (g,h) (Z ® v) = g(Z) ® h(v) , whereZ € so(q,R),v € RP, h(v) has the obvious definition
and g(Z) = gZg'. Asin (4.2) we note that the actions of GL(q,R) and GL(p,R) commute on V.
TheLieagebragl(q,R) x gl (p, R) becomes a subalgebra of End(V) if one defines (X,Y)(Z ® v) =
X(Z) ® Y(v) , where Z € so(q,R), v € RP , Y (v) has the obvious definition and X (Z) = XZ + ZX".
Similarly, the actions of gl (g, R) and gl (p, R) commute on V.

Note that the metric transpose operationsin End(R%) and End(V) are compatible with these ac-
tions of GL(q,R) x GL(p,R) and gl(q,R) x gl(p,R) on V ; that is, {(g,h)(C),D) = (C,(g",ht)D)
for CD inV and (g,h) in GL(q,R) x GL(p,R) or gl(g,R) x gl(p,R). We omit the proofs of these
assertions. In particular £ and 3 act on V by skew symmetric and symmetric linear transformations
respectively.

7.2. Closed orbitsof SL(g,R) and SL(qg,R) x SL(p,R) on V =so(qg,R)P. By thetheoremin (7.1)
the group G = GL(q,R) has no closed orbits other than {0} in VV since G has no nonzero minimal
vectorsinV ; if visany nonzero vector in V and g(t) = (1+t) Id , thenfort > —1itisclear that g(t)
€ Gand|g(t)v|= (1+1) | v]|. Similarly, GL(q,R) x GL(p,R) or GL(q,R) x SL(p,R) has no closed
orbitsin V other than {0}.

However, for the smaller groups G = SL(q,R) and SL(qg,R) x SL(p,R) the situation is quite dif-
ferent, as we show in the next three results. We relate these results to the Ricci tensor in (7.3) -
(7.6).

Proposition 7.2.1. LetC= (C}, ..., CP) be an element of V = so(q,R) P. Then C isminimal for the
actionof G= 9 (q,R) onV & zipzl(C' )2 is a negative multiple of the identity.

Proposition 7.2.2. Let C = (C1, ..., CP) be an element of V = so(q, R)P. Then Cisminimal for the
action of H = SL(p,R) onV < there exists a positive constant ¢ such that (C',C!) = ¢ §;; for 1 <1,
i<p

As an immediate consequence of the preceding two results we obtain
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Proposition 7.2.3. Let C = (C1, ... CP) be an element of V = so(qg,R)P. Then C is minimal for the
action of .(q,R) x SL(p,R) onV &

a) yP ,(C")? isa negative multiple of the identity.

b) There exists a positive constant ¢ such that (C',Cl) = ¢ & for 1 <i,j < p.

Remark. Thethird result has been provedin [Lal] by adifferent method as aspecial case of amore
general result.

Proof of Proposition 7.2.1Let & = 9 (q,R) denotetheLieagebraof G,andlet X €  actonC =
(CL, ..., CP) € V by X(C) = (X(C1), ... X(CP)), where X(S) = XS+ SX! for S € so(q, R). It follows
that C=(C1, ..., CP) isminimal for G <> (X(C),C) = Oforal X € & = A&, where & = so(q, R)
and 3 is the set of symmetric elements of dl(g,R). Thiscondition isautomatically satisfied if X € &
since the elements of K act skew symmetrically on V. Hence we conclude

(*)C=(C}, ..., CP)isminimal for G & (X(C),C) =0foral X € B.

Lemma. LetXePandC=(CL .., CP) e V.LetC =3P ;(C)2 Then

1) (X(C),C) = — 2 trace (XC)

2)1fD =a~!Ca = (a~Clq,...,a 1CPa) and Y = aXa~ for somea € O(q,R), then (X(D),D) =
(Y(C),C).

Proof of the lemma Thefirst assertion follows from the fact that (X(C),C) = 32, (X(C'),C') and
(X(CH,C') = (XC' +C'X,C') = — 2trace (X(C")?). The second assertion followsimmediately from
the first and the fact that D = o —Ca. O

We now complete the proof of the proposition. First, let C = (C1, ... , CP) be a nonzero minimal
vector for GinV. Wewishtoshow that C = 3” , (C')? isanegativemultiple of theidentity. Note that
C is symmetric and negative semidefinite since each C' is skew symmetric. Moreover, C is nonzero
since C is nonzero. It suffices to show that any two eigenvalues of C are equal.

Let {va,V,} be orthogonal unit vectorsin RY such that Cvy = A;v; and Cv, = A,V for somereal
numbers A1,A2. We show that A1 = A2. Choose a € O(q,R) so that a(e1) = vi and a(ez) = vo,
where {e;, e} arethefirst two elements of the standard orthonormal basis {ey, ...,e;} of RY. Let D
=a~1Ca = (a~1Clq,...,a~1CPa) € V. Hence D = (D%, ... DP), where D' = a~'Cla for1 <i < p.
Let X =diag (1, —1,0,..0) ¢ Pandlet Y = aXa =1 e P.

Using the lemma and the minimality of C we obtain 0 = (Y(C),C) = (X(D),D) = — 2 trace
(XD), where D = 3” ,(D')2 = a~'Ca. From the definition of X and D it follows immediately
that (XD)(e1) = A1e1, (XD)(&2) = —A262 and (XD)(ex) = 0 for k > 3. Hence 0 = — 2 trace (XD)
= —2(A1—A2). We have proved that C is a negative multiple of the identity if C isminimal for G =
SL(q,R).

Conversely, suppose that C is a negative multiple of the identity for some nonzero element C of
V. Thenfor X € we have (X(C),C) = — 2 trace (XC) = (const) trace (X) = 0, which proves that
Cisminimal for G. d

Proof of Proposition 7.2.2 Let § = ¢ (p,R) denotethe Lie algebraof H = SL(p,R). Let C=(C?,
.. , CP) € V. If we identify V with so(q,R) ® RP, thenC = 5P ,C'® g and H actson V by h(C)
=3P ,C'®h(e). In particular, h(S ®v) = S@ h(v) for S € so(g,R) and v € RP. Hence $ acts on
V by X(S®v) = S® X(v) for X € $,S€ so(q,R) and v € RP.

IfC=3,C'we andD =37 ;DI ® e are elements of V, then from the definition of the
inner product on V we have 3, (C',D') = (C,D) = 3/,_,(C'®&,D ®ej). By choosing C, D
appropriately it followsthat (S e, T ® €j) = (S T)&;j for al ST € so(q,R) and dl i,j with1 <]
< p. Hence (S®@v, T @w) = (S T)(v,w) foral ST € so(q,R) and al v,w € RP.
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Wewrite § = d(p,R) = & @B, where & = so(p,R) and P’ = {X € § : X issymmetric}. As

in the proof of Proposition 7.2.1 we know that C = 3, C' ® & isminimal for H = SL(p,R) <
(*)0=(X(C),C) = 3,_1(C',CI)(X(e), &) for adll X € P’

First we suppose that C isaminimal vector for H. Fix i #j with1 <i,j <p. Let X € B’ bethat

element such that X (&) = ej,X(ej) = & and X(ex) = 0for k # i and k # j. Then (*) becomes
1) 0=2(C',Cl) forali#jwith1<i,j<p.

Now fix i with1 <i < p,andlet X € P’ bethat element such that X(g)) = &,X(6+1) = —641

and X(ex) = 0for k # i and k # i+1. Then (*) becomes
2) 0= (C',C') — (C*1,C*1) foral i with 1 < i < p—1.

It follows that there exists a real number ¢ such that (C',C') = c for al i with1 < i < p. The
constant ¢ must be positive since C' # 0 for somei. If C = (C1, ..., CP) isminimal, then from 1) and
2) weobtain

(**) (C',CJ) = ¢ i for some positive constant ¢

Conversely, if (**) holdsfor C = (C1, ... , CP), then 1) and 2) above are satisfied. We conclude
from the discussion above that (X(C),C) = 0if X € B’ is either of the two types considered in 1)
and 2). However, elements X € B’ of these two types span ', and it follows that (X(C),C) = 0 for
al X € P'. By (*) we concludethat C = (C%, ..., CP) isminimal. O

7.3. Minimal SL(q,R) vectorsand geodesic flow invariant Ricci tensors. Let {0, (, )} beamet-
ric 2-step nilpotent Lie algebra, and let {N, {, )} denote the simply connected, 2-step nilpotent Lie
group with the corresponding left invariant metric (, ). For al v € TN let Ric(v) = Ric(v,v), where
Ric (-,-) denotesthe Ricci tensor. Let {g'} denote the geodesic flow in TN.

We recall from (1.5) that {0, (, )} has ageodesic flow invariant Ricci tensor if Ric(g'v) = Ric(v)
foralte Randall ve TN. Inother words {9, (, )} has ageodesic flow invariant Ricci tensor <
Ric: TN € Risafirst integral for the geodesic flow.

For convenience we restate Proposition 2.5.8, which is important for the discussion here. We use
the notation from (1.4).

Proposition 7.3.1. Let {91,(, )} be a metric 2-step nilpotent Lie algebra, and write =V ¢ 3,
where 3 is the center of 9t and V = Z+. Suppose that j(3) acts irreducibly on V. Then the Ricci
tensor on {9, (, )} isgeodesic flow invariant < zip:l j(Zi)? is a negative multiple of the identity for
any orthonormal basis {Z1, ...,Z,} of 3.

Standard 2-step exampleswith modified inner productson W. We now consider standard, met-
ric, 2-step nilpotent Lie algebras 9t = RY W of type (p,q) equipped as usual with the standard inner
product on RY and the canonical inner product (, ) on so(q,R) givenby (Z,Z") = — trace (ZZ’). In
what follows we sometimes need to replace the inner product (, ) on W by an arbitrary inner product
(,)* on W. We then extend this inner product to an inner product (, )* on 9t = RY ¢&W such that
(,)* isthe standard inner product on RY and the factors RY and W are orthogonal. We call thisthe
extension of (, )* on W to M. Asin (1.4) we then define alinear map j* : 3 — so(RY, (, )}*) by
(I*(@) X, Y )* =([X,Y],2)* for Z € W and X,Y € RY

Proposition 7.3.2. Let W be a p-dimensional subspace of so(qg,R). Then the following statements
are equivalent.
1) W admits a basis {C1, ...,CP} such that
P, (C)2=-N1d for some positive number A.
2) Let 91 = RY ¢ Whe the standard, metric, 2-step nilpotent Lie algebra determined by W. Then
a) Wisthe center of 91.
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b) W admits an inner product (, )* such that {91,(, )*} has geodesic flow invariant Ricci
tensor, where (, )* denotes the extension of (, )* to 91.
3) W admits a basis {C!, ...,CP} such that C = (C%, ... , CP) isa minimal vector for S.(g,R)
actingonV = so(g,R)P =so(q,R) x... xso(q,RR) (p times).

Proof. The equivalence of 1) and 3) is Proposition 7.2.1. Hence we need only prove the equivalence
of 1) and 2).

1) = 2). Clearly W =[9t,91] liesin the center of 91, and it is straightforward to show that equality
holds < W hastrivia kernel in RY. Supposethat 1) holdsand Z(v) =0 for al Zin W and somev in
R9. Then —A%v =3P, (C")?(v) = 0 for some positive number A. Hence v = 0, which proves a).

We proveb). Let (, ) denote the canonical inner product on so(q, R). Let {C?,...,CP} beabasis
for Wasin 1), andlet {pg,...,pp} bethebasisin W such that <C‘,pj) = — &j. By Proposition 3.2b
in [E4] we have

() [e e = 31 CK px

where {ey,...,eq} is the standard orthonormal basis of R. Now let (, )* be the inner product
on W that makes {ps,...,pp} an orthonormal basis of W relative to (, )*, and let (, )* also denote
the extension of (,)* to M =RIBW. If j* : W =3 — so(RY,(, }*) is the linear map defined by
(*(@2) X, Y )* = ([X,Y],2)* for all Z € W and X,Y € RY , then from the definitions and (i) we
obtain

(ii) j* (pk) has matrix —CX relative to {ey, w6t forL<k<p.

Finally, from (ii) and the hypothesis of 1) it followsthat 3§, j*(pk)? isanegative multiple of the
identity. From Proposition 7.3.1 it follows that {1, (, }*} has geodesic flow invariant Ricci tensor,
which completes the proof of 1) = 2).

We prove 2) = 1), essentially by reversing the argument of 1) = 2). Let 91 = R9GW be a
standard, metric, 2-step nilpotent Lie algebra satisfying @) and b) of 2). By a) we know that W
= 3, the center of M. Let (, )* be the metric on W with the properties of 2b), and let {p1,...,pp}
be a basis of W that is orthonormal with respect to (, )*. Let {C%,...,CP} be a basis for W such
that (C',pj) = — &, where (, ) denotes the canonical inner product in so(q,R). By the choice of
{C1,...,CP} itfollowsasin (i) above that

l&, el =3k, Cf

If j* : 3 — so(RY,(, )*) is defined as above, then it is straightforward to check that j*(pk) has
matrix —CX relative to {e;, ..,&q} for 1 < k < p. By the hypothesis 2b) and Proposition 7.3.1 we
know that 3P, j*(pk)? = — A2 Id for some positive number A. Hence 3P (C¥)2=—A?1d. O

7.4. Closed SL(g,R) orbitsand geodesic flow invariant Ricci tensor.

Proposition 7.4.1. Let 9.(g,R) actonV =so(q,R)P = so(q,R) X ... xso(qg, R) (p times) as defined
at the end of (7.1). Let W be a p-dimensional subspace of so(g,R). Then the following statements
are equivalent.
1) For some basis {C1,...,CP} of W the orbit S.(q,R)(C) is closed in V, where C = (C1, ...,
CP).
2) For every basis {C,...,CP} of W the orbit S.(q,R)(C) is closed in V, where C = (C, ... ,
CP).
3) Let 9t = RY oW be the standard, metric, 2-step nilpotent Lie algebra determined by W.
Then
a) Wisthe center of 91.
b) 91 admits an inner product (, )* such that {9,(, )*} has geodesic flow invariant Ricci
tensor.
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4) Thereexistsg € S.(q,IR) suchthatif W = g(W) = gWg', thenW admitsabasis {D?,...,DP}
suchthat 3 ,(D")? = — A2 Id for some positive number A.

Proof. We provethisresult by showing 4) = 3), 3) = 1), 1) = 2) and 2) = 4).

4) = 3). Let M =RIpW and D’ = RYpW’ bethe standard, metric, 2-step nilpotent Lie algebras
defined by the subspaces W and W’. By Proposition 7.3.29t" admits an inner product (, )’ such that
{9, (, )’} has geodesic flow invariant Ricci tensor. By Proposition 3.1.3 there exists a Lie algebra
isomorphism T : 91 — 9", Let (,)* be the inner product on 91 that makes T an isometry. Then
{91, (, )*} has geodesic flow invariant Ricci tensor, which provesb) in 3).

It mains only to prove a). By the proof of Proposition 7.3.2 the subspace W' hastrivial kernel in
RY , which provesthat W' is the center of 9. In particular, 9" has p-dimensional center, and the
sameistruefor theisomorphic Lie agebra9t. Since W = [91,91] is a p-dimensional subspace of the
center of 91 it follows that W is the center of N.

3) = 1). Supposefirst that 9t = RY W admits some metric (, )* whose Ricci tensor is geodesic
flow invariant. By Proposition 3.1.2 there exists a standard, metric, 2-step nilpotent Lie algebra
N =RI pW’' and an additional inner product {, )’ on T’ suchthat (, )’ isthe standard inner product
onRY, the subspaces W and RY are orthogonal relativeto (, )’ and {9, (, )*} is both isometric and
Lie algebraisomorphicto {97, {, )’ }. It follows from Proposition 3.1.3 that W' = g(W) = gwg! for
someg € GL(q,R) sinceDt = RIGW and ' = RY W’ areisomorphic.

By the implication 2) = 1) in Proposition 7.3.2 it follows that W’ has abasis {E *,...,EP} such
that 3P, (E")2 = — A2 1d for some positive number A. Hence E = (E1, ... , EP) isaminimal vector
for SL(g,R) in V =so(q,R)P by Proposition 7.2.1. It follows from 3) of the theorem in (7.1) that
the orbit SL(q,R)(E) isclosed in V. If C' = g %(E') for 1 <i < p, then {C1,...,CP} is abasis for
g lW)=W.LetC=(CL ..., CP)e V.

Proposition 3.1.4 shows that the element g € GL(q,R) can be chosen so that g(W) = W’ and one
of the following conditionsis satisfied.

a) g € SL(q.R).
b) g=ha , whereh € SL(q,R) anda € GL(q,R) with det a < 0.

In the first case SL(g,R)(C) = SL(q,R)(g~*E) = SL(q,R)(E), and in the second case SL(q,R)(C)
= SL(q,R)(a (h 1E)) = a~1SL(g,R)(h 1E) = a~1SL(q,R)(E). In either case the orbit SL(q,R)(C)
isclosedinV since SL(q,R)(E) is closed in V. This completes the proof of 3) = 1).

1) = 2). Let {C,...,CP} be a basis of W such that if C = (C, ... , CP) € V, then the orbit
SL(g.R)(C) isclosedin V. Let {D*,...,DP} beany basisof W and let D = (D%, ..., DP) € V. Choose
g € GL(p,R) suchthat g(C') =D' for 1 <i < p. Henceg(C) =D.

Since the actions of GL(g,R) and GL(p,R) on V commute by the discussion aboveit follows that
SL(q,R)(D) = SL(g,R)(g(C)) = g SL(q,R)(C) isclosed in V since SL(q,R)(C) isclosed in V. This
provesthat 1) = 2).

2) = 4). Let {C1,...,CP} be any basis of W, and let C = (C%, ... , CP) € V. Then SL(q,R)(C) is
closed in V by the hypothesis of 2). By the theorem in (7.1) there exists g € SL(g,R) such g(C) =
D = (D%, ..., DP) isaminimal vector for SL(q,R). Sinceg(C') = D' for 1 < i < p it follows that
{D1,...,DP} isabasisfor g(W) = W'. By Proposition 7.2.1 3P , (D")? is a negative multiple of the
identity. This completes the proof of 2) = 4). O

Proposition 7.4.2. Let 91 bea 2-step nilpotent Lie algebra of type (p,q). Let B = {v1,...,Vg,Z1,...,Zp}
be an adapted basis of 91 (cf. (3.1)), and define structure matrices {C?,...,CP} inso(q, R) by
Vi, Vil = 3o 1 C Z for all i, j.
Let Cy = (CL,...,CP) € V = so(q, R)P. Then the following statements are equivalent.
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1) Theorbit S.(g,R)(Css ) isclosed in V for some adapted basis B.
2) The orbit SL(q,R)(Cy ) isclosed in V for every adapted basis B.
3) @) [9T,71] isthe center of M.
b) 91 admits an inner product (, ) whose Ricci tensor is geodesic flow invariant.

Proof. We shall prove2) = 1), 1) = 3) and 3) = 2). Thefirst of these implicationsis obvious.

We prove 1) = 3). Let B be an adapted basis with structure matrices {C?,...,CP} such that the
orbit SL(q,R)(Cx) is closed in V. Let W = span {C%,...,CP} C so(qg,R). Then 9 is Lie algebra
isomorphic to the standard, metric, 2-step nilpotent Lie algebradt’ = RY9 W by the proof of Propo-
sition 3.1.1. By Proposition 7.4.1 we see that [9T, 9] = W is the center of 1", and OV admits an
inner product whose Ricci tensor is geodesic flow invariant. Hence the same is true for 91, which is
isomorphicto 9.

We prove 3) = 2). Let B be an adapted basis of 9t with structure matrices {C!,...,CP} C
so(q,R), and let W = span {C1,...,CP}. By the proof of Proposition 3.1.1 9t is isomorphic to the
standard, metric, 2-step nilpotent Lie algebra9t’ = R & W. By hypothesis [9t,97] is the center of
N, and N admits an inner product (, ) whose Ricci tensor is geodesic flow invariant. Hence [T,
'] = W is the center of 9T, and 9" admits an inner product whose Ricci tensor is geodesic flow
invariant. From the implication 3) = 2) in Proposition 7.4.1 we conclude that the orbit SL(q,R)(C)
isclosedinV = so(qg,R)P, whereC = (C%, ... ,CP) € V. O

7.5. Minimal SL(q,R) x SL (p,R) vectorsand optimal Ricci tensor.

Standard 2-step examples with modified inner productson W.

Proposition. Let W be a p-dimensional subspace of so(q,R). Then the following statements are
equivalent.
1) W admits a basis {C1, ...,CP} such that
a)yP,(C)2=-21d for some positive number A.
b) (C',Cl) = — trace(C'C)) = |2 &;; for some positive number .
2) Let 9t = RY W be the standard, metric, 2-step nilpotent Lie algebra determined by W. Then
a) Wisthe center of 91.
b) W admits an inner product (, }* such that {91, (, )*} has optimal Ricci tensor, where
(,)* denotesthe extension of (, )* to M.
3) W admits a basis {C?,...,CP} such that C = (C%, ... , CP) isa minimal vector for S.(q,R) x
S (p,R) actingon V = so(q, R)P = so(qg,R) x... xso(g,R) (ptimes).

Proof. The equivalence of 1) and 3) is Proposition 7.2.3. Hence we need only prove the equivalence
of 1) and 2).

1) = 2). We need to modify only dlightly the proof of 1) = 2) in Proposition 7.3.2. The
verification of 2a) is the same . To verify 2b) let {C1,...,.CP}, {p1,...,pp}, (,)* and j* : W
=3 — so(RY,(, )*) have the same meaning as in the proof of 1) = 2) in Proposition 7.3.2. As
before it follows that j*(pk) has matrix — CX relative to {ey,...,ep} for 1 < k < p, and 3,
j*(Px)? = — A2 Id, where A is the positive constant that occursin 1a). HenceRic(X,Y) = (1/2)(3F,
*(PK)?X,Y) = — (1/2) A2 (X,Y) forall X,Y inRY by (1.5).

By (1.5) we also have Ric(pi,px) = — (1/4) trace j*(pi) j*(px) = — (1/4) trace C'CX = (1/4)
(C',CKy = (U/4) 12 &k, where pis the positive constant that occursin 1b). Since {p1,...,pp} isan
orthonormal basis for W relativeto (, )* it followsthat Ric(Z, Z*) = (1/4) u?(z,Zx) foral Z, Z* in
W. By definition this provesthat the Ricci tensor of {0, (, }*} isoptimal.
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2) = 1). The proof is the same as in the proof of 2) = 1) in Proposition 7.3.2 except for dight
and obvious changes. O

7.6. Closed SL(g,R) x SL(p,R) orbits and optimal Ricci tensor.

Proposition 7.6.1. Let SL(q,R) x . (p,R) act onV =so(q,R) P = so(q,R) X ... xso(q,R) (p times)
as defined at the end of (7.1). Let W be a p-dimensional subspace of so(qg,R). Then the following
statements are equivalent.
1) For some basis {C?,...,CP} of W the orbit SL(q,R) x SL(p,R)(C) is closed in V, where C =
(CL, ..., CP).
2) For every basis {C?,...,CP} of Wthe orbit SL(q,R) x SL(p,R)(C) is closed in V, where C =
(CL, ..., CP).
3) Let 9t = RY oW be the standard, metric, 2-step nilpotent Lie algebra determined by W.
Then
a) Wisthe center of 91.
b) N admits an inner product (, )* such that {91, (, )* } has optimal Ricci tensor.
4) Thereexistsg € SL(q,R) suchthatif W = g(W) = gWg' , then W admitsabasis {D?,...,DP}
such that
a) P, (D)?=-AId for some positive number A.
b) (D',D}) = — trace (D' D)) = |2 &; for some positive number .

Proof. This is very similar to the proof of Proposition 7.4.1, but here we use the Proposition in
7.5 instead of Proposition 7.3.2 and Proposition 7.2.3 instead of Proposition 7.2.1. We omit the
details. O

Proposition 7.6.2. Let 9t bea 2-step nilpotent Lie algebraof type (p,g). LetB = {v1,...,vq,Z1,...,Zp}
be an adapted basis of 9t (cf. (3.1)), and define structure matrices {C1,...,CP} in so(qg, R) by

Vi, vil = 3k 1 CK Z for alli,j.

Let Cy = (C1,...,CP) € V = so(g, R)P. Then the following statements are equivalent.

1) The orbit SL(q,R) x SL(p,R)(Cx ) isclosedin V for some adapted basis B.

2) Theorbit SL(q,R) x SL(p,R)(Css ) isclosedin V for every adapted basis ‘B.

3) @) [91,91] isthe center of M.

b) 91 admits an inner product (, ) whose Ricci tensor is optimal.

Proof. This proof also is very similar to the proof of Proposition 7.4.2, but here we use Proposition
7.6.1instead of Proposition 7.4.1. We omit the details. O
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