Canonical inner productson C2(n) and M(n,K)

LetK=R, C or H, and let M(n,K) denote the n x n matrices with elements in K.
Let Cl(n) denote the Clifford algebra determined[Fb'S'/with the canonical inner product
<, >. We first describe canonical inner products on bdim)and M(n,K). We then
show that if : CL(n) — M(p,K) is an algebra isomorphism such thpgk)* = ¢ (x) for all
x O CL(n), theny is a linear isometry with respect to the canonical inner products on
Cl(n) and M(p,K).

Elsewhere, we show that for every positive integed+3 there exists a positive
integer p and an algebra isomorphismCl(n) -» M(p,K) forK=R, C or H. Ifn=
4k+3, then @(n) = Al@ A2, where Aiand Aé are two sided commuting ideals of @)
that are both algebra isomorphic té(6-1) = M(p,K). In this case ,%EB A2 and
M(p,K) EM(p,K) both have canonical inner products induced from the factors, and there
exists an algebra isomorphism: Cl(n) = Al@ A2 - M(p,K) EM(p,K) such thatp(x)*
= (x) for all xJ CL(n) andy is also a linear isometry with respect to these inner
products.

Canonical inner productson C2(n)

Proposition 1 There exists a unique inner product <, > such that

1)<1,1>=1.

2) L(x)* = L(x) for all x O C2(n).

2) R(x)* = R(X) for all x 0 C&(n).
Remark L(x) and R(x) denote left and right translation by x, and * denotes the metric
transpose operation.
Proof (Existence) Define < x, y > = Re xfpr all x,yd Cl(n). We show that <, > is an
inner product that satisfies 1), 2) and 3). We begin by showing that <, > is an inner
product.

Real part of an element of C2(n)

Let {el, ey %} denote the standard orthonormal basi®f Let 3 K denote the
set of multi-indices | = gi, s ik), Where'1< i2 <..< ik. For each multi-index
| = (il, s ik) in ‘:fk let e denote the producple qz- et eik. Recall that a vector space
basis for @(n) is given byB = {1, g : | O ‘:§k, 1<k<n}. Foran element x of &n) we
write X = a +2 a6, where the sum is over all multi-indices$] I‘Sk, 1<k<n,and a, gare
real numbers. The leading term a we calrdatpart of X, denoted Re x. Note that Re x



would be the same if we had chosen a different orthonormal bilsis ,{%} of R"to

define the multiplication in @n).

Lemma 1 Re xy = Re yx for all x,y in @(n).

Proof If x = a+Za] e andy=b 2 b & . then Rexy = Re(abZra] b,e, eJ) By
inspection pe;= + & for some multi-index K unless I = J. If I = J, thqreje; q =11

Hence Re xy = ab E a bI - 2 where the sum is over all multi-indice$] I3 K l<k<n.

This expression is symmetric in the components of x and y, so we obtain Re xy = Re yx.

Lemma2<, >is an inner product onl@) for which the standard bask above is
orthonormal. The canonical automorphigrreserves this inner product.
Proof If x = a+Za] g andy= b+ZbI ., then Rexy: Re (ab +Za] b,e € ) As
above ?e =7 & for some multi-index K unless 1 =J. If 1=, thqrep N(q ) =
Hence Re x ab +2 a bl. This is clearly a symmetric, positive definRe- bilinear
form, and by inspection the ba$isis orthonormal.

It remains only to check thatpreserves the inner product. Note thatiReg =
Re x for all xd C!(n) sincea fixes the real numbers. Let X,yC!(n) be given. Then
<a(x), aly) > = Rea(x) a(y) = Re a(x) a(y) = Rea(xy) = ReXy=<Xx,y >

Next we verify that properties 1), 2) and 3) of the Proposition are satisfied by <, >.

1) Itis obvious from the definition that< 1,1 >=1.

For 2) and 3) let elements x,y and £/ (n) be given.

2)<L(X)y,z>=<xy,z>=Rexy.zOnthe otherhand <y, D >=<y, xz >
=Rey (xz)= Re yzx =Re xy zby Lemma 1.

3) <RX)y,z>=<yx,z>=Reyxand<y,R()kz>=<y,zx = Rey(_)(

Reyxz

(Uniqueness) We now prove the unigueness of the inner product <, > satisfying
properties 1), 2) and 3). We let <1,d=enote the inner product defined above with < x, y > =
Re x yfor all x,y 0 C(n). Let <, > be any other inner product ori @) that satisfies 1),

2) and 3). Since <,_3*s nondegenerate there exists a nonsingular linear transformation
S: Cl(n) - CL(n) such that < x, y3= < SX,y 3 for all x,yJ CL(n). Itis routine to

check that S is positive definite and symmetric with respect to bottf angx< , > We

show that S is the identity.

Lemma3 x S(y) = S(xy) = S(x) y for all x,j1 CL(n).



Proof Let arbitrary elements x,y andzC!(n) be given. Then < S(xy), Z=<Xy,z3
=<R(y)x,z>2= <X, R(y)z>2=<S(x), R(yz>1=<R(y)S(x),ZT:<S(x)y,zi.
This proves

(1) S(xy) =S(x)y for all x,yJ Ci(n).
Next, <S(xy),z3=<xy,z3=<L(X)y,z>=<y, L6<)2>2=<S(y), L(_>§z>1:
<L(X) S(y), z > =<x S(y), z 3 which proves

(2) S(xy) =xS(y) forallx,ylCl(n).
The proof of the lemma is compIeDte.

Lemma4 If a = S(1), theru lies in the center of &n), and S(x) =x = xa for all x [
Cl(n).

Proof We note that S(y) ay for all y J C(n) by substituting x = 1 in equation (1) of
the proof of Lemma 3. Similarly, we observe that S(xp=for all x J CL(n) by
substituting y = 1 in equation (2) of the proof of LemmDa 3.

We now complete the proof of the uniqueness assertion of the Proposition by
showing thatt = 1. By the hypotheses and Lemma 4 we have 1 = <21,:1<>S(1), 1 3
= <a,1>=Re.

Next we show thatt = 0. Let elements x,il Cl(n) be given arbitrarily. Note that
<X Y=< S(x),y 5 =<a Xy > =_Rea_x§. Similarly, <x,y 3 =<y, x>, =
Reayx=Re (tyX) =Re xya = Rea x . Hence<o(x,y>1 = ReO(xy:<x,y>2
= Reaxy=<ax,y > for all x,yd C2(n). It follows thato x = a x for all x[J
Cl(n), and we conclude that= a by setting x = 1.

Finally, we show thatt = 1 by analyzing the center o (). The case n = 4k+3
requires special consideration. In the discussion below we refer to results in the handout
" Two sided ideals in Clifford algebras".

If n = 4k or 4k+2, then by Proposition 1 and its proof the cented ¢f)3ds R. In
this case it is clear that= 1 since Rex = 1.

To describe the center off() when n is odd we need to consider the central
element z = £ e e O CL(n). If n = 4k+1 then the center off (1) consists of {a +
bz : a,b00 R} by Lemma 1b and the proof of Proposition 1. It is not difficult to show that
z =-2z. Hence ifa = a + bz for suitable ajd R, thena = a— bz. Sincen =a it follows
that b = 0. Since a = Re=1 we conclude that = 1.

We now consider the case n = 4k+3. Here the centet (@f) @lso consists of
{a+ bz :a,bd R} by Lemma 1b and the proof of Proposition 1. Moreover, Proposition 1
shows thatZ= 1. However, in this case it is not difficult to show that z and this



means we cannot apply the argument used in the case n = 4k+1. Instead we use
Proposition 2 to complete the proof when n = 4k+3.

In the case n = 4k+3{@n) admits exactly two proper two sided ideaka\ahd Aé
Both are isomorphic as algebras to(-1) and QG (n) = Al@AZ. Moreover, if e =
(1/2)(1-z) and e' = (1/2)(1+2) thenlAF e A (n) and Aé =e' A (n). Note that xy =yx =0
if x O A1 and y[J A2 since Al and Aé are disjoint two sided ideals inl(h). Moreover %
and Aé are closed under conjugation since e and e= e'. We note that L(x) and L(x)* =
L(x) leave Ai invariant and are zero orbAor all xd A1‘ Similarly, L(y) and L(y)* = L(y
leave AQ invariant and are zero or&#or allyd A2.

It suffices to prove that iAand Aé are orthogonal with respect to both 9 and
<, >, It then follows that < £ <,>,0n both Aiand Aé by the discussion above for the
case n = 4k+2. This will complete the proof in the case n = 4k+3.

We write arbitrary elements oflland Aé as e x and e'y, where x and y are arbitrary
elements of €(4k+3). Since =z and Z=1weobtain<ex e Y=
(1/4)<(1—z)x,(1+z)y>1:(1/4){<x,y>1+<x,zy>1—<zx,y>1—<zx,zy>1}:
(1/4){<x,y>1+<zx,y>l —<zZX,y> —<zzx,y>1}:0. In proving that Al\and
A2 are orthogonal with respect to < we used only the fact that L(z)* = L(avhich holds
also for <, > by hypothesis. Hencelland Aé are orthogonal with respect to < Sand
the proof of the Proposition in the case n = 4k+3 is comBIete.

Canonical inner productson M(n,K)

LetK=R, C or H, and let M(n,K) denote the n x n matrices with elements in K.
Let * denote the conjugate transpose operation on M(n,K), and also the metric transpose
operation on M(n,K) with respect to an inner product <, >. Let L(A) and R(A) denote left
and right translation by Al M(n,K).
Proposition 2 There exists a unique inner product <, > on M(n,K) such that

1)<1,1>=1.

2) L(A)* = L(A*)) for all A OO M(n,K).

3) R(A)* = R(A*) for all A O M(n,K).

We shall consider only the hardest case whenlK =The proofs in the other two
cases are essentially identical but easier dhesdC are commutative.

Existenceof <, >
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Define < A, B > = (1/n) Re trace (AB*). We show that <, > satisfies 1), 2) and 3).
This definition makes sense for all of the casesK £ or H.
Lemmal If x,y O H, then Re xy = Re yx.
Proof Let x:xo+x1i+ x2j+x3kandy:)6+y1i+ y2j+y3k. Then Re xy =
XoYo =X Y1 X YT X5V, = Reyx
Lemma2 IfAB O M(n H), then Re trace (AB) = Re trace (BA).

Proof Trace (AB) = Z (AB); _E §1 By Ay - and similarly trace (BA) =
|Zl lg Ayi By = |Zl kil Ay By interchanging i and k. Since Re (B, ) =
Re (Aik i ) by lemma 1 it follows that Re trace (AB) = Re trace (I%A).
We now are ready to prove that <, > satisfies 1), 2) and 3). We show first that <, >
is a positive definite inner product on Mh), Clearly, <, > idR-bilinear. We show first
that <, > |s symmetric. If A Bl M(n I]-I) then <A, B>=(1/n) Re trace (AB*) =

(1/n) Re (Z (AB*) ;) = (1/n) Re E Ay ) = (1/n)Re (Z |k Ay )=

n -
(1/n) Re(Z (B Kk Ay = (1/n) Re (Z Z Ay By )=<B,A>. Flnally,< > is

positive definite since < A, A > = (1/n) R?_Eg kgl A Ay )=Re (z Dx =0

with equality < Ay =0 for all i,k.

Assertion 1) of the Proposition clearly holds. We prove 2) and 3). Let A,Band C
0O M(n,H) be given. We compute <B, L(A)*C>=<L(A)B,C>=<AB,C>=
(1/n) Re trace (ABC*). Next, < B, L(A*)C > =< B, A*C > = (1/n) Re trace B(A*C)* =
(1/n) Re trace BC*A = (1/n) Re trace ABC* = < B, L(A)*C > by Lemma 2. Hence L(A)*
= L(A*) for all A OM(n,H), which proves 2).

Similarly, < B, R(A)*C > =< R(A)B, C > =< BA, C > = (1/n) Re trace BAC* while
< B, R(A*)C > = < B, CA* > = (1/n) Re trace B(CA*)* = (1/n) Re trace BAC* =
< B, R(A)*C >. Hence R(A)* = R(A*) for all AOM(n,H), which proves 3).

Uniqueness of <, >

Define the inner product < 2N M(n,H) by <A, B > = (1/n) Re trace AB*. We
showed above that < 1satisfies properties 1), 2) and 3) of the proposition. Next, suppose
that <, > is another inner product on M) that satisfies properties 1), 2) and 3). Write
<A B >, =< S(A), B >1for all A,.BOM(n,H), where S : M(nt) - M(n,H) is R-linear
and invertible. Itis easy to see that S is symmetric and positive definite with respect to both

< . > <. >
,land '3



Lemma 1l AS(B) = S(AB) = S(A)B for all A,BO M(n,H).
Proof Let A, B, ClOM(n,H). Since property 2) holds for both <1,a=nd <,z we have
<AS(B), C > =< S(B), A*C > =< B, A*C >, =< AB, C > =< S(AB), C 5 This
proves that AS(B) = S(AB) for all A,BI M(n,H).

Since property 3) holds for both <1,aznd <,z we have < S(A)B, C1>:
<R(B)S(A), C 53=< S(A), R(B*)C > = <A, R(B*)C >, =< R(B)A, C >=<AB,C>,=
<S(AB), C > This proves that S(A)B = S(AB) for all ABM(n, I]-I).D
Lemma2Lleta = S(ld). Thera=AId and S =\ Id for some real numbe.

Proof Using the equality AS(B) = S(AB) and setting B = Id yields AS(A) for all Al
M(n,H). Using the equality S(AB) = S(A)B and setting A = Id yields S(B)B=for all B
(0M(n,H). This shows that lies in the center of M(if} ), which equaldRid. If a =

A Id for some real numbey, then S =\ Id since S(A) =0 A for all A O M(n,H) by the
discussion abovg.

We now show that < ,>= <, > . Since <, >and <, > both satisfy 1) we use
Lemma 2 to conclude 1 =< Id, I(}: < S(Id), Id 3= A<lId, Id > =A. Hence S =1d,
which proves that < =<0 >
Proposition Let : Cl(n) - M(p,K) be an algebra isomorphism for K5 C
or H such thatp(x)* = ¢(x) for all x 0 C2(n). Let<,>and <, >* be the canonical inner
products on €(n) and M(p,K) defined by < x, y > = Re %gr all x,y 0 C2(n) and
<A, B >*=(1/n) Re trace AB* for all A,B] M(p,K). Then <@(x), ®p(y) >* =<x,y > for
all x,y 0 CL(n).

Proof Let <, > denote the canonical inner product é(n{; and let <, >' be the inner
product on M(p,K) such that €(x), @(y) >' = <x, y > for all x,yJ Cl(n). We assert that
<,>*=<,>' By Proposition 2 it suffices to show that <, >' satisfies the three conditions
stated in Proposition 2. Clearly <Id, Id >' = 1, so condition 1) holds.

Let A,B,C be elements of M(p,K), and let x,y,z be those element&(a) Such that
P(x) = A, p(y) = B andy(z) = C.

We verify condition 2) : L(A)* = L(A*) for all ALl M(p,K). We compute
<L(A)B, C>=<AB, C>=<p(xy), p(2) > = <xy,z>=<y,x>=<9(y), p(X)¢(z) >
=<9y), 9(X)*9(2) >' =< B, A*C>'=<B, L(A)C >".

We verify condition 3) : R(A)* = R(A*) for all AJ M(p,K). We compute
<R(A)B, C > =<BA,C>=9(yx), p(2) > =<yx, 2> =<y, z% = <@(y), 9(2)p(x) >
=<9(y), p@)p(x)* > =<B, CA*>'=<B, R(A")C >

We conclude that <, >* = <, >' since <, >' satisfies the three conditions stated in
Proposition 2. The proof of the Proposition is compIDete.



