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Abstract We extend the original Cachazo—Douglas—Seiberg—Witten conjecture on
the structure of the chiral ring of classical supersymmetric Yang-Mills theory to sym-
metric spaces.

1 Introduction

Let g be a (finite-dimensional) semisimple Lie algebra over the complex numbers C
and let o be an involution (i.e., an automorphism of order 2) of g. Let £ (resp. p) be
the +1 (resp. —1) eigenspace of 0. Then, ¢ is a Lie subalgebra of g and p is a £-module
under the adjoint action. In this paper we only consider those involutions o such that
p is an irreducible €-module.

We fix a g-invariant nondegenerate (symmetric) bilinear form ( , ) on g. Then, the
decomposition

g=tdp

is an orthogonal decomposition.

Let R := A(p & p) be the exterior algebra on two copies of p. To distinguish, we
denote the first copy of p by p; and the second copy by p». It is bigraded by declaring
p1 (resp. p) to have bidegree (1,0) (resp. (0,1)). Choose any basis {e;} of p and let
{fi} be the dual basis of p, i.e.,

(ei, fj) =0ij.
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68 S. Kumar

Define a £-module map (under the adjoint action)

3t p®p, ) =D x4l fi

(Observe that p ® p is viewed as a subspace of R as p; ® p2.)

It is easy to see that c3 does not depend upon the choice of the basis {e; }. Projected
onto A2(p), we get a ¢-module map ¢ — A% (p). This map is denoted by ¢| considered
as amap £ — AZ(p;), and similarly for ¢ : € — A%(p2). We denote the image of
ci by C;. Let J be the (bigraded) ideal of R generated by C; & C> & C3 and let us
consider the quotient algebra

A:=R/J.

The algebra A is a t-algebra (induced from the adjoint action of €) and let A® be
the subalgebra of £-invariants. The algebra A" contains the element S := >ei® fi
in bidegree (1,1).

The aim of this paper is to understand the structure of the algebra A*.

In the case when g = s @ s for a simple Lie algebra s and o is the involution which
switches the two factors, the study of the structure of A® was initiated by Cachazo—
Douglas—Seiberg—Witten who made the following conjecture. (Observe that in this
case t and p both can be identified with s and the adjoint action of £ on p under this
identification is nothing but the adjoint action of s on itself.) We will refer to this as
the diagonal case.

Conjecture 1.1 [2] (i) The subalgebra At of t-invariants in A is generated, as an
algebra, by the element S.

(i) S" =o.
(iii) $"—1 #£0,

where h is the dual Coxeter number of £ = s.

They proved the conjecture for s = sly in [2], and Witten proved it for s = spy
in [16]. He also proved parts (i) and (ii) of the conjecture for s = sop in [16]. Sub-
sequently, Etingof—Kac proved the conjecture for s of type G, by using the theory of
abelian ideals and Etingof proved it for any classical s. Kumar proved part (i) of the
conjecture uniformly in [13] using geometric and topological methods.

Returning to the general case of any involution o, we prove the following analogous
result (cf. Theorem 4.8) which is the main result of this paper.

Theorem 1.2 Let o be any involution of a simple Lie algebra g such that p is an irre-
ducible module under the adjoint action of . Then, the subalgebra A® of t-invariants
in A is generated, as an algebra, by the element S.

Analogous to our proof in the diagonal case, we need to consider the algebra
B := R/(C1 @ C3). We show (cf. Theorem 3.1) that the subalgebra BY of ¢-invariants
of B is graded isomorphic with the singular cohomology with complex coefficients
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A generalization of Cachazo—Douglas—Seiberg—Witten conjecture 69

H*(Y) of a certain finite-dimensional projective subvariety ) of the twisted affine
Grassmannian X, (cf. Sect. 2 for the definitions of X; and )’). The definition of the
subvariety ) is motivated from the theory of abelian subspaces of p. The main ingre-
dients in our proof of Theorem 3.1 are: result of Garland—Lepowsky on the Lie algebra
cohomology of the nil-radical 11, of a maximal parabolic subalgebra of twisted affine
Kac-Moody Lie algebras; the ‘diagonal’ cohomology of i1, introduced by Kostant;
certain results of Han and Cellini—Frajria—Papi on abelian subspaces of p; and a certain
deformation of the singular cohomology of &, introduced by Belkale—Kumar.

Having identified the algebra BY with H*())), we next use the fact that H*(X,)
surjects onto H*())) under the restriction map. We study the cohomology algebra
H*(X;) in Sect. 4. The results here are more involved than in the diagonal case. One
mazor difficulty arises from the fact that the fibration

7(Go) = Q°(Go) /Ky = Go/K,

is nontrivial (cf. Sect. 4 for various notation). To complete the proof of our Theo-
rem 4.8, we show that all but one of the algebra generators of H*(X,) go to zero
under the canonical projection map B — A% and the remaining one generator goes
to S.

Finally, analogous to the Cachazo—Douglas—Seiberg—Witten Conjecture, we make
the following conjecture under the assumption of Theorem 1.2.

Conjecture 1.3 S"*! = 0and " # 0in A%, where h = hg — hy (hg being the dual
Coxeter number of g).

It is easy to verify that the above conjecture is true in the case g is the Lie algebra
5072, and o is the involution of g such that ¢ = s02,_1. In thiscase h = 1.

Unless otherwise stated, by the cohomology H*(X) of a topological space X we
mean the singular cohomology H* (X, C) with complex coefficients.

2 Preliminaries and notation
2.1 Twisted affine Lie algebras

Let g be a (finite-dimensional) simple Lie algebra over C and let o be an involution
of g. Let £ C g be the +1 eigenspace of o (which is a reductive subalgebra of g) and
let p be the —1 eigenspace of o, which is a &-module under the adjoint action. As in
the introduction, we only consider those involutions o such that p is an irreducible
€-module. This will be our tacit assumption on o throughout the paper.

Fix a Cartan subalgebra b, and a Borel subalgebra b, D bh, of €. Let n, be the
nil-radical of b, . Associated to the pair (g, o) we have the twisted affine Kac—Moody
Lie algebra

fo = (Zgi ® t’) ® Ce @ Cd,

i€l
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where gp; := € and gp;+ := p for any i € Z. The bracket in §, is defined as follows:

[x Q1" + he + pd, x' ® " +)Jc+,ufd]
= ([x, X1@ " 4 oum'x’ @ " — 1Wmx ® tm) +m 8y, (x, x)e,
where (, ) is the normalized g-invariant bilinear form on g, normalized so that the
induced form on h* satisfies (9,0) = 2, where h C g is a Cartan subalgebra and

0 € bh* is the highest root of g (with respect to any choice of positive roots).
The Lie algebra g, is a subalgebra of the affine Kac-Moody algebra

ﬁ::(Zg@ti)@CcéB(Cd
i€Z

with the bracket defined by the same formula as above.
We define the following subalgebras of §, called the standard Cartan, standard
Borel and the standard maximal parabolic subalgebra respectively:

ho := by ®1°® Cc @ Cd,

by : ba®t0®(zgi®ti)®Cc®Cd,and

i>0

fo =D ai®r | ®CcaCd.

i>0

We also have the nil-radicals i, of b, and {i, of f, and the Levi subalgebra t, of
Po defined as follows:

=
S
I

fiy - na®t°®(29i®t"),
i>0

Uy : Zgi@)ti,and

i>0

t, =@t ® Cco Cd.

The evaluation at 1 gives rise to a Lie algebra homomorphism
ev) i go — g® Cc @ Cd,

where ¢ and d are central in the right side.

Associated to the twisted affine Kac-Moody Lie algebra g, and its subalgebras
po and b, we have the twisted affine Kac-Moody group G, the standard maximal
parabolic subgroup P, and the standard Borel subgroup B, respectively (cf. [12,
Chapter 6]).
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A generalization of Cachazo—Douglas—Seiberg—Witten conjecture 71

Let VY(, be theA(ﬁnite) AWeyl group of (¢, h,) and let W, be the (affine) Weyl group
of (@,,, h(,). Let AT C (ho)* be the set of positive roots of g, i.e., the set of roots for

the subalgebra fi, with respect to the adjoint action of b,. We set A; = —AF. For
any w € W,, define
O (w) := A: Nw &;, and

fio(w) = P (80), -

aed(w)

where (ﬁg)a denotes the root space of g, corresponding to the root «. Since each root
in ®(w) is real, (§,),, is one-dimensional for each o € ®(w).

2.2 Abelian subspaces of p

Let W, C W, be the set of minimal coset representatives in the cosets Wy / W
Following [4], we call an element w € W, minuscule if

fi,(w Hcper.

Let us denote the set of minuscule elements in Wy by YWmint Then, it is easy to
see that WM™ < W/ and, clearly, it is a finite set.
We recall the following result from [4, Theorem 3.2] (also see [6]).

Theorem 2.3 There is a bijection between Wf,ni““ and the set E of b, -stable abelian
subspaces of p given by w — evi (R, (w™")). In particular, the cardinality pymn| =

=
=

We recall the Bruhat decomposition (cf. [12, Corollary 6.1.20]) of the projective
ind-variety

Xy = ga/Pcr = I_l B(rwptr/Pa,
weW),

where the Bruhat cell C(w) := B, wPy /Py is isomorphic to the affine space C*™)

(¢(w) being the length of w in the Coxeter group W ). Moreover, for any w € W,,
the Zariski closure

Cw= |] cw.

veW, and
v<w
Define a subset ) of G, /P, by
y= || cw.
weWminu
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Then, ) is a (finite-dimensional) projective subvariety of G, /P, . This follows from
the following.

Lemma 2.4 For w € WM™ and any u € W), such that u < w, we have u € YWmin,

Proof (due to P. Frajria and P. Papi) By the definition, an element u € W, is minus-
cule iff B(d) = 1 forall B € ®u~"). By the L-shellability of the Bruhat order in
W, , we can assume that w = us,, where o € Af{ is areal root and s, is the reflection
through a: seA = A — (A, V) for A € (60)*. Since u < w, we have wa € A;, and
hence « € ®(w~1). In particular, «(d) = 1. Since u € W., we have B(d) # 0 for
any B € ®(u~"). Thus, it suffices to prove that for any g € A;‘ such that g(d) > 1,
we have uf € A}. Observe that since S(d) > 1, wg € Af.
There are three cases to consider:

Casel: 5,8 ¢€A;.
In this case, {8, «) > 0. Thus,

up = wisef) = w(B — (B, a”)a) = wp — (B, a")wa € AT,

since wa € A
Case IL: 5,8 € Af and s,8(d) # 1.

In this case, 5,8 ¢ ®(w™"), i.c., uf = wsyf € AT
Case Ill:s,8 € AF and s, B(d) = 1.

In this case,

saB(d) = B(d) — (B, ") a(d)
=Bd) — (B,a") =1, sincea(d) = 1.

Thus, (8, aV) = ,BA(d) -1 >0 (siAnce B(d) > 1) and hence up = wsyf =
wh — (B, aV)(wa) € A}, since wa € A . This proves the lemma. m|

3 Topological identification of the algebra B*

Consider the Z-graded -algebra
_ A ®AG)
(GG ]
where C| and C; are defined in the Introduction.

Following is the first main result of this paper.

Theorem 3.1 The singular cohomology H*(), C) of Y with complex coefficients is
isomorphic as a 7, -graded algebra with the graded algebra of t-invariants BE.

Before we come to the proof of the theorem, we need to recall the following results.
The first theorem is a special case of a result due to Garland—Lepowsky and the second
theorem is due to Han.
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A generalization of Cachazo—Douglas—Seiberg—Witten conjecture 73

Theorem 3.2 [12, Theorem 3.2.7 and Identity (3.2.11.3)] As a module for t,,

HP(f,,C)~ @ Lw™'p—p),

weW,

Lw)=p
where ( is any element of (60)* satisfying p(a;”) = 1 for all the simple coroots
{ag,....a)} C 65 of 85 and L(w™'p — p) denotes the irreducible t,-module with

highest weight w™' p — p. Similarly, by [12, Theorem 3.2.7],

HP (i, C) = P Lw™'p—p).
weW,,
Lw)=p
where i :== > o8 ®1'.

For any b, -stable abelian subspace I C p of dimension n, A" ([) is a b, -stable line
in A"(p) and hence generates an irreducible -submodule V; of A”(p) with highest
weight space A" (I). Thus, we get a £-module map

PV = Am) — AD)/(CL).

lIeZ

If I corresponds via Theorem 2.3 to the element w € W;}‘i““, then V; has highest
weight (w™!'p — Py, -

Theorem 3.3 [9, Theorem (4.7)] The above t-module map

PV - /(1)

Ied

is an isomorphism. Moreover, by [14, Theorem 4.13(2)], the €-module @163 Vi is
multiplicity free.

For any w € W/, define the Schubert cohomology class ¢ € H 2w (x,, 7) by
e ([C(u)]) — 8y foru € W,

where [C(1)] € Ha¢u)(Xo, Z) denotes the fundamental homology class of C (u).
Following Belkale and Kumar [1, §6], we define a new product ®¢ in H*(X,, Z)
as follows. Express the standard cup product

Now, define
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where
v, = (u—lﬁ folp—wlp— ,a) ).
The product ©g descends to a product in H*(Y, Z) under the restriction map
Lemma 3.4 The product ©¢ coincides with the standard cup product in H* (Y, Z).

Proof For any w € W;, by [12, Corollary 1.3.22],
|®(w)| = p —wp,

where

)= > B

ped(w)

Thus, for any w € Wf,ni““, by its definition,

(1 (P —w'p)d) = L(w).
To prove the lemma, it suffices to show that whenever CZ),U #0foru,v,w e Wf,nin“,
d;, =0.But, ¢, # 0 gives

(2) L(w) = L) + £(v).
Thus,

dr,=(p=p+vp—p— (- 5)) @
—E(u) — L) + L(w) by (1)
=0 by(2).

O

Proof of Theorem 3.1 The cohomology modules H? (i) and H” (1)) acquire a grad-
ing coming from the total degree of 7 in AP (li, ) and AP (1)) respectively. This decom-
poses

HP (fip) = @ HL,, ({o),

m€Z+

where H(p_ m)(ﬁg) denotes the space of elements of H?(1i,) of total t-degree —m.
Define the diagonal cohomology

Hp (o) = P HE, o),
PEly

which is a subalgebra of H*(li,), and similarly define H;;(ii;).
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Let ¢ : AP(p) — H(’:p)(ﬁa) be the map induced from the map d_) AP (p) >
cl ) (o),

d_’(xl/\"'/\xp)(yl®t/\"'/\yp®t)Zdet(<xiv)’j>)i’j,

(forx;, y; € p) by taking the cohomology class of the image, where C {1 » (1) denotes
the space of p-cochains on {i, with total 7-degree — p. Clearly, ¢ (x; A- - - Ax p)isacocy-
cle and, moreover, ¢ (and hence ¢) is surjective. Itis easy to see that Ker (¢|A2(p)) =Cj.

Now, take any w € c? (ua). We can write

(= p)
N

_ i i
i=1

for some | € C (1_2) (iiy) and @) € CI”7 , ({i,). Then,

(= p+2)

N
Sw = Z(awj) A wb,

i=1

since wlz are §-closed, where § is the standard differential of the cochain complex
C*(liy).

From this it is easy to see that Ker¢ = (Cjp). Thus, we get a graded algebra
isomorphism commuting with the #-module structures:

AP
(€

In exactly the same way, we get an isomorphism of graded algebras commuting with
the £-module structures:

@

)]

Hp (o).

A*(p)

(C2)
In particular, w&i% is a self-dual £-module for any p > 0.

Combining (1)-(2), we get an isomorphism (for any p, g > 0)

[ AP (p) ® A (p)
(C1)NAP(p) — (Co) N AY(p)
A (p)

Since & T is multiplicity free (by Theorem 3.3) and

~ Hj ().

13
3) } ~ [HD () ® HY @)

Tf(p) is self-dual for any
p > 0, the left side of (3) is nonzero only if p = g. Moreover, ¢ acts trivially on
H} (i) ® H})(1i;) and d acts via the multiplication by g — p. Thus, we have a graded
algebra isomorphism:

[A*(m o A*(p)T

) ©cy | T Hble) @ Hy@o ]

“)
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By Theorem 3.2, we get

5) Hp(lo) = Hp(i) = P Lw™'p—p).
weyyminu
Lw)=p

as t,-modules. Combining (4)—(5), we get the isomorphism

* * 4 .
©) [A €] % A (p)} ~

< © e D [L(w‘lﬁ—m@L(w—lﬁ—ﬁ)*]t“.

we)Yminu

Now, by a similar argument to that given in [13, Section 2.4], the proof of Theo-
rem 3.1 follows. We omit the details. O

4 Structure of the algebra A*

Let G be a connected, simply-connected complex algebraic group with Lie algebra g.
The involution o of g, of course, induces an involution of G. Choose a maximal com-
pact subgroup G, of G which is stable under o and such that the subgroup K, := G¢
of o-invariants is a maximal compact subgroup of K := G° (cf. [10, Chapter 6, §2]).
Moreover, as is well known, K is connected and hence so is K,,.

Let °(G,) be the space of all continuous maps f : S! — G, which are o-equi-
variant, i.e.,

f(=2) =0 (f(z)) forallze S'.

We put the compact-open topology on Q7 (G,). Clearly, the subspace of constant
loops can be identified with K,. Equivalently, we can view Q27(G,) as the space of
continuous maps f : [0, 2wr] — G, such that

ft+m)=0(f(@t)), forall0<t<um.

_In particqlar, f@2m) = 02(f(0)) = £(0). The correspondence [ ~~ fis given by
() = f(e'"),for0 <t < 2.
Consider the fibration

Q7(G,) = Q°(G,)/Ky —> Go/K,,

where y (fK,) = f(1)K, for f € Q7(G,) and Qf (G,) is the subspace of Q7 (G,)
consisting of those f such that f(1) = 1.
of course, Q7 (G,) can be identified with the based loop space 21(G,) of G, under

|~ fl[o,n]'
Define the t-module map ¢ : € — AZ(p)* by (¢f)(x A y) = f([x,y]), for
x,y € p. This gives rise to the algebra homomorphism (still denoted by)

c: S — A(p)*.
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Consider the restriction of ¢ to the subring of €-invariants
c: S - C(a.® = [AM",
where C (g, £) is the standard cochain complex for the Lie algebra pair (g, ).
Then, the map c is the Chern—Weil homomorphism with respect to a G,-invariant
connection on the G,-equivariant principle K,-bundle G, — G,/K,.

Observe that since € is the 41 eigenspace of an involution of g, the differential
8 =0on C*(g, £). Thus,

C*(g,®) ~ H*(g,¥) ~ H*(G,/K,).
Thus, in our case, we can think of ¢ as the map ¢ : SEHt - H*(g,t) =~
H*(Go/K,).

We now recall the following result due to H. Cartan on the cohomology of G,/ K,
with complex coefficients (cf. [3, Sect. 10]).

Theorem 4.1 There exists a finite-dimensional graded subspace V. C H*(G,/K,)
concentrated in odd degrees such that, as graded algebras,

H*(G,/K,) ~ A(V) ® Ime.

Corollary 4.2 Consider the map y : Q°(G,)/K, — G,/K, defined earlier
(obtained from the evaluation at 1). Then, the induced map in cohomology

y* i H (Go/Ko) — H*(Q°(Gy)/Ko),
under the identification
H*(Gy/Ky) ~ AN(V)®Imc

of the above theorem, satisfies

=

<*
I
o

In particular, Im(y™) = y*(Im¢).

Proof This follows immediately from the fact that H*(22°(G,)/K,) is concentrated
in even degrees only and V lies in odd cohomological degrees. O

Let L7 (g) be the twisted loop algebra @, .7 gi ® t',i.e., L° (g) is the space of all
algebraic maps f : C* — g satisfying f(—z) = o(f(z)) for all z € C*, and the Lie
algebra structure is obtained by taking the pointwise bracket. This is a subalgebra of
the loop algebra

L(g) :==g®C[t,t7'].
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Let L (g) be the kernel of the evaluation map L°(g) — gatl : x ® at) —
a(1) x. Similarly, by L{ (G,), we mean the set of algebraic maps f : s!' - G, with
f(—=2) =0 (f(z)) forallz € S' and f(1) = 1 (where we callamap f : S! — G,
algebraic if it extends to an algebraic map f : C* — G).

We recall the following result from [11, Theorem 1.6].

Theorem 4.3 Appropriately defined, the integration map defines an algebra isomor-
phism in cohomology

H*(L7(9), ¥) >~ H*(Xy).
Similarly, we have an algebra isomorphism
H*(L7(9)) =~ H*(L](G,)),

where LS (G,) is endowed with the Hausdorff topology induced from an ind-variety
structure.

Analogous to the result of Garland and Raghunathan [8], we have the following.

Theorem 4.4 The inclusion LS (G,) — Q7 (G,) is a homotopy equivalence, where
L{(G,) is endowed with the Hausdorff topology as in the previous theorem and
Q7 (G,) is equipped with the compact-open topology.

Similarly, the projective ind-variety Xy under the Hausdorff topology is homotop-
ically equivalent with the space Q2°(G,)/K,.

For any invariant homogeneous polynomial P € S?*!(g*)9 of degree d+1(d > 1),
define the map

op : AF(L(g) - C

T

Pp(Vo AVI A A1) = = / Dp(vo AVy A AV2g-1),
0=0

where ®p : AX(L(g)) — Q! is the map defined by

Dp (Vo AVL A A1) = z e(w) P (vu)s [vuys vu ]+ - - -
HES

[vnd=3)s Vud-2)] - dvpea-1) -

Here Q! is the space of algebraic 1-forms on C*, d(x ® a(r)) = x @ a’(¢)dt (f_or
x € ganda(r) € C[t, t~']) and in the integral fgn:() we make the substitution ¢ = ¢?.
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A generalization of Cachazo—Douglas—Seiberg—Witten conjecture 79

Let ¢ : g — ¢ be the projection under the decomposition g = ¢ & p. We similarly
define 7. Define the £-invariant map (for any P e §at1(g*)9)
¢p: A (L7(9)/8) > C
by
Gp(To A~ Abaa—1) = pp(W§ A+ AV,
where v; 1= v; +t € L?(g)/t and v := v; — v;(1). Then, qu can be viewed as a
cochain for the Lie algebra pair (L7 (g), £).

Lemma 4.5 Let P € St (g*)9. Then, for the differential § in the standard cochain
complex of the pair (L° (g), %), §¢p descends to a cocycle for the Lie algebra pair
(g, ®) under the evaluation map L° (g) — g at 1.

Proof Observe first that, by [7], the following diagram is commutative up to a nonzero

scalar multiple (i.e.,d o Bp = 771 ®pa, for some z € C*).

B
A (L(g) —— Q°

I J#

A (L) —— Q'
@p
where

Bp(uo A -+ Avg) i= z e(w) P (v [veys ve] - -
MES2G+1

[vea-1) vueay]) -
Q0 is the space of algebraic functions on C*, d is the standard deRham differential,

and 9 is the standard differential in the chain complex of the Lie algebra L(g). Thus,
for v; € L(g),

1 b
Bpp)(vo AV A= Avgg) = — / Dp (0(vg AvE A -+ Av2g))
6=0
= i / d(Bp(vo AVvL A+ A2g))
Tl
0=0
= = (Br@o(=D) A ... Av2(=1)
(D —Bpo(1) A--- Avzq(1))).
We next show that for any vy, ..., vag € L7 (g),
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@ (B@p)(To A -+ A D2a) = (BPp)(VG A=+ A V3,

where v; and v{ are defined above the statement of this lemma. For any x, y € L(g),
(3) [x, ¥1° =[x, y°1 = [x(1), y’T + [x°, y(D].

Thus,

Bhp) (@0 A -+ A D2a) = 8Pp (VG A -+ AV3,)

=S (=) gp (([ui, vi1° — [vf, vj]) AV A AT A

i<j
/?7 o
/\vj/\"'/\v2d)

=D (=" gp (i (1), v91+ [v, v (D)
i<j

/\vg/\-~-/\vl‘.’/\~-~/\v;?/\-~-/\v§d), by (3)

= > D o (10D T A G A AT A AT A A )

i<j
+ (=D pp ([v?,vi(l)]AvSA-~-A1;§?A~-~A1;?A-~-Av’2’d)
i>j

= > (=D (i (1) - ¢p) (ug A AVO A A ugd)
i
=0, since ¢p is g-invariant.

This proves (2).
In particular, for any vg € L (g) such that vg(1) = 0and vy, ..., vag € L (g), we
get (by using (1)-(2))

8¢p (T A -+ Avag) = 8pp (Vo A V] A -+ A VS
- “ Bp (vo(=1) AV (=1) A=~ A V9, (=1)), sincevo(1) =0
Tl

=0, sincevg(—1) = o (vg(1)) = 0.

This proves the lemma. O

By Identity (1) of the above lemma, the restriction ¢_> p of ¢p to /\%Cd (LY (@) is a
cocycle (for the Lie algebra L{ (g)).

As is well known, S(g*)@ is freely generated by certain homogeneous polynomials
Pi,..., ng of degrees my + 1, my + 1, coemeg + 1 respectively, where £ is the
rank of gand m; =1 <mp < --- < my, are the exponents of g.

The following result is obtained by combining [15, Proposition 4.11.3] and Theo-
rems 4.3 and 4.4.

Theorem 4.6 The cohomology classes [¢_3p, 1,..., [¢_>p[g 1 € H*(LS (9)) freely gener-
ate the algebra

H* (LT (g) = H* (L{(Gp) = H" (27 (Go))
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Define the differential graded algebra (for short DGA)
D= H"(L](9) ® C*(g,®)

under the graded tensor product algebra structure. We define the differential d in D as
follows: Take d|.. , ,, as the standard differential § of the cochain complex C*(g, ®) of

the Lie algebra pair (g, £) and d ([¢ pl) = 8(]3 p; (cf. Lemma 4.5). There is a differential
graded algebra homomorphism p : D — C*(L?(g), £) defined by

n(l¢p]) = o,

and Kl g.e) is the canonical inclusion j : C*(g, ¥) C C*(L°(g), £) under the evalu-
ation map at 1.
Applying the Hirsch lemma to the fibration given in the beginning of this section:

Q7(G,) = Q7 (G,)/Ky — Go/K,,

(cf. [5, Lemma 3.1]), and using Theorems 4.3, 4.4 and 4.6, we get the following.

Theorem 4.7 The map 11 induces a graded algebra isomorphism in cohomology
[1]: H*(D) — H*(Xp).

In particular, by Corollary 4.2, any cohomology class [x] € H*(X,) can be repre-
sented by a cocycle x € C*(L° (g), £) of the form

x= > Q) @) (Bry)

.. , ¢
i=(iy,..., l(B)EZ+g

for some Q; € S where ¢ - S(*)t — C (g, ©) is the Chern—Weil homomorphism
defined in the beginning of this section.

Finally, we are ready to prove the second main theorem of this paper.

Theorem 4.8 Let g be a simple Lie algebra and let o be an involution of g with
+1 (resp. —1) eigenspace t (resp. p). Assume that p is an irreducible ¢-module. Then,
the algebra At of t-invariants of A is generated (as an algebra) by the element S,
where A and S are defined in the Introduction.
In particular, (A%P4 =0 ifp #q.

Proof By Theorem 3.1, the algebra Btis graded isomorphic with the singular coho-
mology H*())), where B := %. Moreover, the inclusiona : Y C X, induces a
surjection in cohomology, since X, is obtained from ) by attaching real even-dimen-
sional cells (by virtue of the Bruhat decomposition). Thus, we have

. £
H*(X,) S H* (V) —=> Bt L5 At

where i : BY — A% is the standard quotient map.
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By Theorem 4.7, any cohomology class [x] € H*(X,) can be represented by a
cocycle x € C*(L? (g), ¢) of the form

x= > je@))@p)" e (Pry) e,
i (i1,eenigg €L
for some Q; € S(£%)E.
If Q; has constant term 0, from the definition of the Chern—Weil homomorphism
¢, it is clear that under the composite map §) := 1 o & o a*, j(c(Q;)) goes to zero.
Further, by an argument similar to the proof of Theorem 2.8 in [13], we see that ¢p,

goes to zero under y) for any 2 < i < £4. We briefly recall the main argument here.
Forany u € S>5 and P € S‘H‘l(g*)g (d > 2), consider the linear form

bp.: @K (L7 (9)/8) — C,
defined by

Gpu (o@D @ ® Dog_1)

T
_ 0 0 0 0 0 0
= / P (”u(or [vu(l)’ ”u@)] R [vu(Zd—3)’ Uu(2d—2)] ,ded_l)) ’
6=0
where v; := v; + . For the notational convenience, assume ©(1) < ©(2). For any

fixed
U01 U17 ) i}/_,l,(l)v MR i}p,(z)v MR U2d—1 € La(g)3

consider the restriction ¢p , of the function qu, u to
T 2p+1 2p+1 -~
Vo XV X XBpez | 92p+1O1 X X Bpez \92p+1 O 1 XX Vg1,

where the two copies of @ ¢z (gg,,_H ® t2p+1) are placed in the ©(1) and p(2)th
slots. Then, under the identification g, ® t” = (g, ® t”)* induced from the bilinear
form (, ),

(‘5})7“ = Z filn) ® fj(m) / P (UZ(O), [e,-(n)o, ej(m)(’] , I:UZG), UZ(4):| s

i,j,m,n 0=0

[”Z<2d—3>v ”Z(zd—m] d ”Z(zti—l))

= Z ﬁ(n)®fj(m) / P(_9([eisej]se]/(/)Fk/(nrm)’_)
=0

i,j,m,n,k’ 0
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= > <ez-,[e,»,e,@]>ﬁ(n>®f,-<m>/P(—,Fk«n,m),—)

i,j,m,n,k/ 920
T
= > [ej,e;,l(m@f,»(m)/P(—,Fk/(n,m),—)
j,k’,m,n 0=0

== X lgeelm @ fm [ P Femm. ),

J.k'sm.n 0=0

where, as in the Introduction, {e;} is a basis of p and { f;} is the dual basis; {e;(,} is a
basis of £ and {fk’,} is the dual basis; m, n run over the odd integers and Fy/(n, m) :=
fk//(n +m) — f]é/(”) - fk//(m) + fk//

Thus, only the powers of 43 p, contribute to the image of y. This completes the proof
of the theorem. O

Remark 4.9 1t is likely that for the validity of Theorem 4.8 it is enough to assume that
g is semisimple (not necessarily simple). However, we must assume that p is €-irreduc-
ible under the adjoint action since the second grade component (A2)¥ has dimension
at least equal to the number of irreducible components of the £-module p.
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