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EIGENCONE, SATURATION AND HORN
PROBLEMS FOR SYMPLECTIC AND
ODD ORTHOGONAL GROUPS

PRAKASH BELKALE AND SHRAWAN KUMAR

Abstract

In this paper we consider the eigenvalue problem, intersection theory
of homogeneous spaces (in particular, the Horn problem) and the sat-
uration problem for the symplectic and odd orthogonal groups. The
classical embeddings of these groups in the special linear groups play
an important role. We deduce properties for these classical groups from
the known properties for the special linear groups.
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1. Introduction

Let G be a semisimple, connected, complex algebraic group with a maximal
compact subgroup K. We fix a Borel subgroup B and a maximal torus H C B
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and let h be the Lie algebra of H. Let h C b be the positive Weyl chamber
of G. Then, there is a bijection C : hy — ¢/K, z +— ix, where £ is the Lie
algebra of K, K acts on £ by the adjoint representation, i = +/—1 and iz
denotes the K-conjugacy class of iz. Define the eigencone (for any s > 1):

[(s, K) = {(k1,....ks) € (¢/K)* : 3k; € k; with Y _k; = 0}.
j=1

For an algebraic group homomorphism G — G’ which takes K — K, there
is an induced map I'(s, K) — T'(s, K'). Therefore, I'(s, K) is functorial. In
the case of Sp(2n) < SL(2n) (similarly SO(2n + 1) < SL(2n + 1)), we have
the stronger properties described below:

Let hSP(2") be the Cartan subalgebra for Sp(2n) and similarly for SO(2n-+1),
SL(2n) and SL(2n + 1). There are natural (linear) embeddings (see Sec-
tions 2.2 and 2.3):

hip(Qn) - hiL(Qn)7 and hiO(Qn—i—l) N hiL(2n+1)'

Identify ¢/K with by under C as above. We state our first main theorem (cf.
Theorem 15):

Theorem 1. (a) For hy,...,hs € bf_p@"),
(h1,...,hs) € T(s,Sp(2n)) < (hy,...,hs) € T'(s, SU(2n)).
(b) For hy, ..., hy € 30T,
(hi,...,hs) €T(5,50(2n+ 1)) & (hy,...,hs) € T(s,SU(2n +1)).

Our proof of this theorem is a consequence of a surprising result in inter-
section theory described below.

1.1. Intersection theory. Let V' be a 2n-dimensional complex vector
space equipped with a nondegenerate symplectic form (, ). Recall that if
A={a1 <az <--- < ap}isasubset of 2n] := {1,...,2n} of cardinality m
and F, a complete flag on C?", then, by definition, the corresponding Schubert
cell Qu(F,) := {X € Gr(m,C?") : dim X N F, = £ for ay < u < agy1,0 =
0,...,m}, where Gr(m, C?") is the ordinary Grassmannian of m-dimensional
subspaces of C2" and ag = 0, @41 = 2n.

Let A', ..., A® be subsets of [2n] each of cardinality m. Let El,... ES be
complete isotropic flags on V' in general position. The following second main
theorem (cf. Theorem 10) is a key technical result that underlies the proof of
the first main theorem.

Theorem 2. The intersection ﬂ;:1 Qi (E7) of subvarieties of Gr(m, V)
is proper (possibly empty) for complete isotropic flags EJ on V in general
position.
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We have the same result for SO(2n + 1) (cf. Theorem 12). Let V' be a
vector space of dimension 2n + 1 equipped with a nondegenerate symmetric
bilinear form. Let A', ..., A% be subsets of [2n + 1] each of cardinality m. Let
El, ... E$ be isotropic flags on V' in general position.

Theorem 3. The intersection ﬂ;zl Qi (E?) of subvarieties of Gr(m, V')
is proper.

We only give a very brief outline of our original proof of Theorem 2 (in
Section 3.1), since F. Sottile has recently obtained a shorter proof of a stronger
version of our theorem (cf. [So]). Our original proof of Theorem 3 was similar
to that of Theorem 2.

We remark that the above intersection result is false for SO(2n), since
Corollary 11 can easily be seen to be violated in this case even for m = 1.

1.2. The saturation problem. Any dominant weight A of SL(2n) re-
stricts to a dominant weight Ao of the symplectic group Sp(2n). Similarly,
any dominant weight A of SL(2n + 1) restricts to a dominant weight Ag of
the orthogonal group SO(2n +1). The following theorem (cf. Theorem 23) is
proved geometrically by the method of “theta sections”. We obtain invariants
in tensor products by constructing divisors in the products of isotropic flag va-
rieties (“the theta divisor”). This technique originates in our context in [Ba].
Theorems 4 and 5 follow from our basic transversality result (Theorem 16).
Our proof of Theorem 16 crucially requires some ideas of Schofield [S], in
addition to Theorems 2 and 3.

Theorem 4. Let Vi1, ..., Vys be irreducible representations of SL(2n) (with
highest weights \',... \* respectively) such that their tensor product has a
nonzero SL(2n)-invariant. Then, the tensor product of the irreducible repre-
sentations of Sp(2n) with highest weights N5, ..., A& has a nonzero Sp(2n)-
inwvariant, where )\é is the restriction of M to the Cartan subalgebra of Sp(2n).

A similar property holds for the odd orthogonal group SO(2n + 1).

Theorem 5. Let Vyi,...,Vys be irreducible representations of SL(2n + 1)
such that their tensor product has a nonzero SL(2n + 1)-invariant. Then,
the tensor product of the irreducible representations of SO(2n + 1) with high-
est weights Ny, ... A% has a nonzero SO(2n + 1)-invariant, where )\% is the
restriction of M to the Cartan subalgebra of SO(2n + 1).

Using the saturation theorem of Knutson-Tao [KT], together with our The-
orems 4 and 1, and results of Kumar-Stembridge [KS], we obtain the following
improvement of the general Kapovich-Millson saturation theorem in the cases
of Sp(2n) and SO(2n+1) (cf. Theorems 25 and 26 and Remark 27). The gen-
eral saturation result proved by Kapovich-Millson requires that p* + - - - + p®
belongs to the root lattice, and in the cases of Sp(2n) and SO(2n + 1) they
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require a saturation factor of 4, whereas our results do not have these restric-
tions.

Theorem 6. Given dominant integral weights u', ..., u* of Sp(2n), the
following are equivalent:

(1) For some N > 1, the tensor product of irreducible representations
of Sp(2n) with highest weights Nu', ..., Nu® has a nonzero Sp(2n)-
invariant.

(2) The tensor product of irreducible representations with highest weights
2ut, ... ,2u° has a nonzero Sp(2n)-invariant.

Theorem 7. Given dominant integral weights v',... v° of SO(2n + 1),
the following are equivalent:

(1) For some N > 1, the tensor product of irreducible representations with
highest weights Nv', ... Nv® has a nonzero SO(2n + 1)-invariant.

(2) The tensor product of irreducible representations with highest weights
2vt ..., 2v% has a nonzero SO(2n + 1)-invariant.

1.3. Horn’s problem for symplectic and odd orthogonal groups.
There are two senses in which the term “Horn’s problem” is generally applied:

(A) Determination of a system of inequalities for the eigencone I'(s, K),
which is “cohomology free” (but perhaps recursive).

(B) A system of inequalities characterizing nonvanishing structure coef-
ficients in the cohomology H*(G/P) with the standard cup product
and also (H*(G/P),®g), where we recall that ®¢ is a deformation
of the cup product in the cohomology of the flag variety G/P intro-
duced in [BK]. In this paper, we only consider the question in the case
of (H*(G/P),®). The system of inequalities can reasonably be ex-
pected to be parameterized by the cohomology (H*(L/Q), ®¢), where
L is a Levi subgroup of G and @ C L is a parabolic subgroup. It was
suggested in [BK] that nonvanishing structure coefficients in the de-
formed cohomology can be characterized recursively. Recently, Rich-
mond [R] showed that the cohomology (H*(SL,/P),®q) of partial
flag varieties is strongly recursive (not just nonvanishing of structure
coefficients, but also the actual structure coefficients).

We consider (A) and (B) for the groups G = Sp(2n) and SO(2n + 1). Theo-
rem 1 implies (A), because the eigenvalue problem for the special linear groups
is recursive by Horn’s original conjecture, proved by the combined works of
Klyachko and Knutson-Tao (see [Fy4] for a survey).

It follows from [BK] that (B) implies (A). We reduce the Horn problem
(B) for (H*(G/P),®y) for the groups G = Sp(2n) and SO(2n + 1) and maxi-
mal parabolic subgroups P to the corresponding problem for the Lagrangian
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Grassmannians together with the problem of existence of suitable non-zero
SL(r) invariants, in Sections 8 and 9 (cf. Theorems 30 and 41). As a basic
ingredient we need our basic transversality result (cf. Theorem 16). Now,
the Horn problem for the Lagrangian Grassmannians was solved by Purbhoo-
Sottile [PS]. It should be noted that the solution of (A) obtained through the
solution for (B) is different from the one obtained from Theorem 1.

We make a conjecture (cf. Conjecture 29) generalizing many of the results
in the paper for a diagram automorphism of G.

We establish the basic notation in Section 2 and use them through the paper
often without further explanation.

2. Notation and preliminaries

Let G be a connected semisimple complex algebraic group. We fix a Borel
subgroup B and a maximal torus H C B. Their Lie algebras are denoted by
the corresponding Gothic characters: g, b, respectively. Let W = N(H)/H
be the Weyl group of G, N (H) being the normalizer of H in G. Let RT™ C h* be
the set of positive roots (i.e., the set of roots of b) and A = {ay,...,a,} C RT
the set of simple roots. Let {a},...,a)/} C b be the set of corresponding
simple coroots and {s1,...,8,} C W be the set of corresponding simple re-
flections. Let b C b be the dominant chamber defined by

by ={z €bh:ai(z) € Ry, Vo, },

where R, is the set of nonnegative real numbers. For any 1 < i < n, let
w; € h* denote the i-th fundamental weight defined by

wi(a}/) = 5i,j~

Let B C P be a (standard) parabolic subgroup with the unique Levi sub-
group L containing H. We denote by W the set of minimal-length coset
representatives in the Wp-cosets W/Wp, where Wp is the Weyl group of P
(which is, by definition, the Weyl group of the Levi subgroup L). For any
w € WT, we have the Bruhat cell

AP .= BwP/P c G/P.

This is a locally closed subset of the flag variety G/ P isomorphic to the affine
space A{®) /(w) being the length of w. Its closure is denoted by AL, which
is an irreducible projective variety (of dimension ¢(w)). We denote by

[]\5} e H2(dime(G/P)—t(w)) (G/P)
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the cycle class of the subvariety AL, where H*(G/P) is the singular cohomol-
ogy of G/P with integral coefficients. Then, by the Bruhat decomposition,
{[AP]} yewr is an integral basis of H*(G/P). Define the basis {z1,...,2,}
of h dual to the basis {aq,...,a,} of b*, ie.,

O[j(.’IJZ') = (51"]'.
Let X (H). be the set of dominant characters of H. For any A € X (H),
let V) be the finite dimensional irreducible G-module with highest weight
A. This sets up a bijective correspondence between X (H); and the set of

isomorphism classes of finite dimensional irreducible G-modules. Taking the
derivative, we get an embedding X (H)y < D, where

D:={\eb*: \Na)) € Ry, Va)}

is the set of dominant weights. If G is simply-connected, X (H), can be
identified with

Dz :={)eb* : \o]) € Z4,Va,'},
where Z, is the set of nonnegative integers.

We now give more specific details about the groups SL(n + 1), Sp(2n) and
SO(2n + 1) below (see, e.g., [BL, Chapter 3]), since they will be of special
interest to us in the paper.

2.1. Special linear group SL(n + 1). In this case we take B to be the
(standard) Borel subgroup consisting of upper triangular matrices of deter-
minant 1, and H to be the subgroup consisting of diagonal matrices (of de-
terminant 1). Then,

h={t =diag(ts,...,tnt1): Zti =0},
and (by the expression of «; given below)
th :{t eh:t; e Randty > --- Ztn+1}~
For any 1 <1 <mn,
Oéi(t) =t — ti+1;av\;/ = dla’g(ov s 707 1a _1707 s 70)7("')1(1:’) =t 4+ +1,
where 1 is placed in the i-th place.
The Weyl group W can be identified with the symmetric group S,1 which
acts via the permutation of the coordinates of t. Let {rq,...,r,} C Spt1

be the (simple) reflections corresponding to the simple roots {aq,...,a,}
respectively. Then,

T, = (i,i + 1).
For any 1 < m < n, let P,, D B be the (standard) maximal parabolic sub-
group of SL(n + 1) such that its unique Levi subgroup L,, containing H has
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for its simple roots {aq,...,&m,...,an}t. Then, SL(n + 1)/P,, can be iden-
tified with the Grassmannian Gr(m,n + 1) = Gr(m, C"™!) of m-dimensional
subspaces of C"*1. Moreover, the set of minimal coset representatives W1m
of W/Wp, can be identified with the set of m-tuples

Smyn+1)={A:=1<a; < - <ay<n+l}
Any such m-tuple A represents the permutation
VA = (G1, -y Ay Gt 1y - -+ 5 Gt 1)
where {apm41 <+ < apy1} =[n+1\{a,...,an} and
[n+1]:={1,...,n+ 1}
For a complete flag E, : 0 = Eg C By € -+ € E,yp = C*"and A €

=

S(m,n+1), define the corresponding shifted Schubert cell inside Gr(m,n+1):

Qa(E,) ={M € Gr(m,n+ 1) : for any0 < ¢ < mand any
ap < b <app1,dimM N E, 25}7

where we set ag = 0 and a,,1 = n + 1. Then, Qa(FE,) = g(E.)A&"7 where
g(E,) is an element of SL(n + 1) which takes the standard flag E? to the flag
E,. (Observe that g(E,) is determined up to the right multiplication by an
element of B.) Its closure in Gr(m,n + 1) is denoted by Q4(F,) and its cycle
class in H*(Gr(m,n + 1)) by [Q4]. (Observe that the cohomology class [Q4]
does not depend upon the choice of E,.) For the standard flag E, = E?, we
thus have Q4(E,) = Al

Remark 8. Note that, in the literature, it is more common to denote the
Schubert cell by Q9 (E,) and its closure by 4 (E,). For notational uniformity
we have denoted the Schubert cell by Q4(FE,), and its closure by Q4(E,).

2.2. Symplectic group Sp(2n). Let V = C?" be equipped with the non-

degenerate symplectic form (, ) so that its matrix (<ei’ej>)1<ij<2n in the
standard basis {ey,...,ea,} is given by o
0o J
E =
(%0)
where J is the anti-diagonal matrix (1,...,1) of size n. Let

Sp(2n) := {g € SL(2n) : gleaves the form (, ) invariant}

be the associated symplectic group. Clearly, Sp(2n) can be realized as the
fixed point subgroup G under the involution o : G — G defined by o(4) =
E(AY)71E~! where G = SL(2n). The involution o keeps both of B and H
stable, where B and H are as in the SL(2n) case. Moreover, B (respectively,
H7) is a Borel subgroup (respectively, a maximal torus) of Sp(2n). We denote
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B, H? by B¢ = B¢ H® = H respectively and (when confusion is likely)
B, H by BA2n—1 HA2n-1 respectively (for SL(2n)). Then, the Lie algebra of
H® (the Cartan subalgebra h),

6¢ = {diag(t1,...,tn, ~tn,...,—t1) : t; € C}.
Let AC = {f1,...,8,} be the set of simple roots. Then, for any 1 < i <
n, Bi = e, where {ai,...,az, 1} are the simple roots of SL(2n). The
corresponding (simple) coroots {#Y, ..., 3} are given by

B =af +ay,_;, forl <i<n,

and
Y =,
Thus,
hi = {diag(t1,...,tn, —tpn,...,—t1) : each t; is real andt; > --- > ¢, > 0}.

>~ is o-stable and

(h2)7 = bS.

Let {s1,...,5,} be the (simple) reflections in the Weyl group W¢ = W
of Sp(2n) corresponding to the simple roots {f1,..., 3, } respectively. Since
HA2n-1 ig g-stable, there is an induced action of o on the Weyl group Ss,
of SL(2n). The Weyl group W¢ can be identified with the subgroup of Sa,
consisting of o-invariants:

A
Moreover, b7

{(a1,...,a2,) € Sop : aspi1-i =2n+1—a; V1 < i < 2n}.
In particular, w = (a1, ...,a2,) € WY is determined from (a1, ..., a,).
Under the inclusion W€ C Ss,,, we have
Si = TiTon_q, if 1 <i<n-—1,
(1) =1, if i =n.
Moreover, for any u,v € WY such that (¢ (uv) = £° (u) + £¢(v), we have
@ (Ao ) = 4 ) 400 o),
where (€ (w) denotes the length of w as an element of the Weyl group W¢ of
Sp(2n) and similarly for ¢Azn-1.

For 1 <r < mn, we let IG(r,2n) = IG(r,V) to be the set of r-dimensional
isotropic subspaces of V' with respect to the form (, ), i.e.,

IG(r,2n) := {M € Gr(r,2n) : (v,0") =0, Vv,0v" € M}.
Then, it is the quotient Sp(2n)/PS of Sp(2n) by the standard maximal par-

abolic subgroup PS¢ with A® \ {3,} as the set of simple roots of its Levi
component LY. (Again we take L to be the unique Levi subgroup of P¢
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containing H®.) It can be easily seen that the set W, of minimal-length
coset representatives of W/ Wpe is identified with the set

S(r2n)={l:=1<i; <---<i.<2n and INI=0},
where
(3) I={2n+1—i,....2n+1—1i,}.

Any such I represents the permutation w; = (iy,...,i,) € W by taking
{ipp1 < - <ip}p=[n]\TLI).
Definition 9. A complete flag

E,OongElggEgnZV

is called an isotropic flag if B+ = Ey,,_,, for a = 1,...,2n. (In particular, E,,
is a maximal isotropic subspace of V.)

For an isotropic flag E, as above, there exists an element k(E,) € Sp(2n)
which takes the standard flag E° to the flag E,. (Observe that k(E,) is
determined up to the right multiplication by an element of B¢.)

For any I € &(r,2n) and any isotropic flag E,, we have the corresponding
shifted Schubert cell inside I1G(r, V):

O;(E,) ={M €IG(r,V): for any 0 < ¢ <r and any
e <a<ipp, dmMNE, = 5}7

where we set i9 = 0 and 4,41 = 2n. Clearly, set theoretically,
(4) O;(E,) =Q(E,)NIG(r,V);

this is also a scheme theoretic equality (cf. Proposition 36(4)). Moreover,
o;(E,) = k(E.)AiTIC. Denote the closure of ®;(FE,) inside IG(r, V) by ®;(E,)
and its cycle class in H*(IG(r,V)) (which does not depend upon the choice
of the isotropic flag E,) by [®;]. For the standard flag E, = E?, we have
o (E) = AL

2.3. Special orthogonal group SO(2n + 1). Let V' = C?"*! be
equipped with the nondegenerate symmetric form (, ) so that its matrix E =
(<€i,ej>)1<i,j<2n+l (in the standard basis {e1,...,ea,41}) is the (2n 4+ 1) x
(2n 4 1) antidiagonal matrix with 1’s all along the antidiagonal except at the
(n+1,n+1)-th place where the entry is 2. Note that the associated quadratic
form on V' is given by

n
QO tie) =t2 1+ > titaniai.
i=1
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Let
SO(2n + 1) := {g € SL(2n + 1) : gleaves the quadratic form @ invariant}

be the associated special orthogonal group. Clearly, SO(2n+1) can be realized
as the fixed point subgroup G? under the involution § : G — G defined
by 0(A) = E71(AY)71E, where G = SL(2n + 1). The involution 6 keeps
both B and H stable. Moreover, BY (respectively, H?) is a Borel subgroup
(respectively, a maximal torus) of SO(2n 4 1). We denote BY, HY by B? =
BB» HP = HPB~ respectively. Then, the Lie algebra of H” (the Cartan
subalgebra h?),

bB = {diag(tl, eyt 0, =1, oy —tl) 1t € (C}
This allows us to identify h¢ with hZ under the map
diag(tl, PN ,tn, 7tn, ey 7t1) = diag(tl, e ,tn, O, 7tn, ey 7t1).

Let AB = {§y,...,8,} be the set of simple roots. Then, for any 1 < i < n,
d; = ajps, where {ai,...,az,} are the simple roots of SL(2n + 1). The
corresponding (simple) coroots {8y, ...,d, } are given by
6 =af +ag,,,_,;, forl <i<n,
and
6y =2(ay, + o))

Thus, under the above identification,
b =g

Moreover, f)f“" is f-stable and

(h+)" = o2

Let {s},...,s.} be the (simple) reflections in the Weyl group W5 = W 5= of
SO(2n + 1) corresponding to the simple roots {41, ..., d,} respectively. Since
HA42n is @-stable, there is an induced action of # on the Weyl group Sa,41
of SL(2n + 1). The Weyl group W¥ can be identified with the subgroup of
Son41 consisting of f-invariants:

{(al, Ce ,a2n+1) € SQn+1 Aopy2—4 = 2n+2—a; V1l <i<2n+ ].}

In particular, w = (ay,...,a2,+1) € WP is determined from (ay,...,a,).
(Observe that a,+1 = n + 1.) We can identify the Weyl groups W¢ ~ W5
under the map (aq,...,a2,) — (b1,...,bp,n+1,b,41,...,ba,), where b; = a;

if a; <n and b; = a;41 if a; > n.
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Under the inclusion W8 Sont1, we have

S = TiTons1—i, if 1<i<n—1,

(5) = TpPnii1Tn, if i=n.

For 1 < r < n, we let OG(r,2n + 1) = OG(r,V’) to be the set of r-
dimensional isotropic subspaces of ¥V’ with respect to the quadratic form Q,
ie.,

OG(r,2n+1):={M € Gr(r,V') : Q(v) =0, Vv € M}.

Then, it is the quotient SO(2n+1)/P2 of SO(2n+1) by the standard maximal
parabolic subgroup PP with AP\ {6,} as the set of simple roots of its Levi
component LZ. (Again we take LZ to be the unique Levi subgroup of PP
containing HE.) Tt can be easily seen that the set W2 of minimal-length
coset representatives of W5/ Wps is identified with the set

S(r2n+1)={J=1<j1<--<j<2n+1,j,#n+1
for any p and J NJ' = (0},

where
J={2n+2—j1,....2n +2 — j,.}.

Any such J represents the permutation w’, = (ji,...,j,) € WP by taking
o1 <+ <t =[]\ (JUT).

Similar to the Definition 9 of isotropic flags on V', we have the notion of
isotropic flags on V’. Then, for an isotropic flag E/, there exists an element
k(E!) € SO(2n+1) which takes the standard flag E’? to the flag E/. (Observe
that k(E’) is determined up to the right multiplication by an element of BZ.)

For any J € &'(r,2n + 1) and any isotropic flag E/, we have the corre-
sponding shifted Schubert cell inside OG(r, V'):

U (E,) ={M € OG(r,V') : for any0 < ¢ < rand
any jo < a < joy1,dim M N E, = (},

where we set jo = 0 and j,+1 = 2n + 1. Clearly, set theoretically,
(6) U, (B = Qy(EL) N OG(r,V');

this is also a scheme theoretic equality. Moreover, ¥ ;(E!) = k(E:)Ai,]j .
Denote the closure of W ;(E’) inside OG(r, V') by W ;(E!) and its cycle class
in H*(OG(r,V")) (which does not depend upon the choice of the isotropic
flag E!) by [¥;]. For the standard flag E! = E'°, we have ¥ ;(E!) = APf.

w
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3. Isotropic flags and proper intersections
of Schubert cells in Gr(m,V)

Fix a positive integer s. Let V = C?" be equipped with the nondegenerate
symplectic form (, ) as in Section 2, and let 1 < m < n be a positive integer.
Let A',...,A* € S(m,2n). The following theorem is a key technical result
that underlies the proof of our theorem on the comparison of eigencone for
Sp(2n) with that of SL(2n).

Theorem 10. Let El, ..., E? be isotropic flags on V in general position.
Then, the intersection of subvarieties ﬂ;:1 Q45 (E?) inside Gr(m, V) is proper
(possibly empty). Thus, for general isotropic flags {E7}, the intersection
N1 Qai (BY) inside Gr(m, V) is also proper.

After our paper was circulated with the original proof of this theorem,
F. Sottile gave a shorter proof. In fact, he proved a stronger result that
the above intersection is transverse. The essential ingredient in his proof of
transversality is a recent paper of Mukhin-Tarasov-Varchenko [MTV]. Since
his proof is shorter (cf. [So]), we have removed the details of our proof and
only outline a brief idea below in Section 3.1.

As an immediate consequence of the above theorem, we get the following:

Corollary 11. Let 1 <m <mn and let I',...,I° € &(m,2n) be such that

[[1@r] # 0 € H*(1G(m, 2n)).
j=1
Then, T15_,[Qp] # 0 € H*(Gr(m, 2n)).
Proof. Observe that by [Fa, Proposition 7.1 and Section 12.2],

S

(7) [[1@r] #0if and only if ﬂ & (B #0

Jj=1 Jj=1

for isotropic flags { 7} such that the above intersection is proper. Let {E7} be
general isotropic flags on V. Thus, by assumption, ﬂjzl ;5 (E7) # O for such
flags {E7}. From Equation (4), we conclude that Nj=1 Qi (EBJ) # 0. Thus,
by the above theorem, and using Equation (7) for Gr(m, V), the corollary

follows. O

3.1. Sketch of the proof of Theorem 10. Choose isotropic flags
{E7}1<j<s such that the intersection ﬂjzl ®;(E7) is transverse and dense in
M=y @1 (E]) for all I/ € &(r,2n) and all 1 <7 < m <n (cf. [BK, Propo-
sition 3]). For any irreducible component C' of (j_, Qs (EY7), there exists a
dense open subset U of C' and an r together with subsets {7 }1<j<s C &(r,2n)
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such that U C L(m,r,2n) and 7(U) C ﬂj’:l ®;,(E), where
L(m,r,2n) = {X € Gr(m,V) : dim(X N X*+) =7},

and 7 : £(m,r,2n) — IG(r,2n) is the map X — X N X+.

It suffices to show that the dimension of any irreducible component of
ﬂ;zl P15 45 (E7) is no greater than dim Gr(m, 2n) _Ej:1 codim(§ 45 ), where,
for an isotropic flag F, on V, and subsets A € S(m,2n) and I € &(r,2n),

DrA(E,) ={X € Gr(m,V): X € Qa(E.,),XNX* € ®;(E,)} C L(m,r,2n).

Take (generic) isotropic flags {FE7}i1<;<s such that the intersection
ﬂ§:1 @75 45 (E?) in L(m, 7, 2n) is proper for all the choices of I € &(r, 2n) and
A7 € S(m,2n). This is possible since Sp(2n) acts transitively on L(m,r,2n).

Further, any irreducible component of ﬂ;:l ®7; 4 (EY) has dimension no
greater than

dim Gr(m, 2n) — (r(r —1)/2)

- Z(dim Gr(m, 2n) — r(r — 1)/2 — (dim Qs — AX(I )))

= dim Gr(m, 2n) — (Zcodimﬁm) - (r(r -1)/2— Zco/\2([j))’

j=1

where A2(I7) is defined in Section 8 and co A2 (I7) := ") — A2(17). More-
over, this last quantity is no greater than

dim Gr(m, 2n) — Z codim Q 45,

j=1

as desired. Both the above assertions are nontrivial, but we do not include a
proof. O

3.2. Analogue of Theorem 10 for SO(2n + 1). We originally obtained
the following result by a proof similar to that of Theorem 10. Again, similar
to the Sp(2n) case, a shorter proof is given by Sottile [So].

Theorem 12. Let A',... A be subsets of [2n + 1] each of cardinality m.
Let E’}, ..., E"Y be isotropic flags on V' = C?+1 in general position. Then,
the intersection (\;_; Qai (E']) of subvarieties of Gr(m, V') is proper.
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As an immediate consequence of the above theorem (just as in the case of
Sp(2n)), we get the following:

Corollary 13. Let 1 <m <n and let J*,...,J° € &' (m,2n + 1) be such
that

f[[xi:ﬁ] £0€ H*(OG(m,2n +1)).

j=1

Then, T]5_,[Q:] # 0 € H*(Gr(m,2n + 1)).

j=1

4. Comparison of eigencone for Sp(2n) with that of SL(2n)

Let G be a connected (complex) semisimple group. Choose a maximal
compact subgroup K of G with Lie algebra £. Then, there is a natural home-
omorphism C : ¢/K — by, where K acts on ¢ by the adjoint representation
and by is the positive Weyl chamber in b as in Section 2. The inverse map
C~1! takes any h € b to the K-conjugacy class of v/—1h.

For a positive integer s, the eigencone is defined as the cone:

D(s, K) := {(h1,...,hs) € b5 | Akn,... k) €€ k;j =0 and
j=1

O(kj) = hJVJ = 1, ey S}.

Given a standard maximal parabolic subgroup P, let wp denote the cor-
responding fundamental weight, i.e., wp(a)) = 1, if a; € A\ A(P) and 0
otherwise, where A(P) is the set of simple roots for the Levi subgroup L of
P containing H. Then, wp is invariant under the Weyl group Wp of P.

We recall the following theorem from [BeSj].

Theorem 14. Let (hy,...,hs) € b%. Then, the following are equivalent:

(a) (h1,...,hs) €T(s, K).

(b) For every standard mazimal parabolic subgroup P in G and every choice
of s-tuples (w1, ..., ws) € (W) such that

AP 1. ... [AL ]=d[A]'] € H*(G/P), for some nonzero d,

the following inequality holds:
L«JP(Z wj_lhj) <0.
j=1

In fact, assume that (a) is satisfied, i.e., (hy,...,hs) € T'(s,K). Then,
for every standard mazimal parabolic subgroup P in G and every choice of
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s-tuples (w1, ..., ws) € (WP)* such that
[Kﬁl] C []\55] #0€ H*(G/P),
the following inequality holds:

L«JP(Z wj_lhj) <0.
=1

Recall that f)g (respectively, bf ) is the dominant chamber in the Cartan
subalgebra of Sp(2n) (respectively, SO(2n + 1)) as in Section 2.

The following theorem is our main result on the comparison of the eigen-
cone for Sp(2n) with that of SL(2n) (and also for SO(2n + 1) with that of
SL(2n +1)).

Theorem 15. (a) For hy,...,hs € bg,

(h1,...,hs) € T(s,Sp(2n)) < (hy,...,hs) € T'(s, SU(2n)).
(b) For hy,..., hs € f)f,
(h1,...,hs) €T(s,50(2n+ 1)) < (hy,...,hs) € (s, SU(2n + 1)).

(Observe that by Section 2, f)i C f)f"‘l and h? C hﬁ"’" .)

Proof. Clearly, I'(s, Sp(2n)) C I'(s, SU(2n)). Conversely, we need to show
that if h = (hy,...,hs) € (hF)® is such that h € I'(s, SU(2n)), then h €
I'(s,Sp(2n)). Take any 1 <m < n and any I',...,I* € &(m,2n) such that

(@]« ... [®r:] = d[®.] € H*(IG(m,2n)) for some nonzero d.
By Corollary 11,
Q] ... [Qrs] #0 € H(Gr(m,2n)).
In particular, by Theorem 14 applied to SU(2n),

wm(z vl_jlhj) <0,
=1

where wy, is the m-th fundamental weight of SL(2n) and v;; € Sa, is the
element associated to I7 as in Subsection 2.1. It is easy to see that the m-th
fundamental weight wS of Sp(2n) is the restriction of w,, to h¢. Moreover,
even though the elements vy, € Sa, and wy; € WC are, in general, different,
we still have
win (V35 ) = w5 (Wi hy).

Applying Theorem 14 for Sp(2n), we get the (a)-part of the theorem.

The proof for SO(2n + 1) is similar. (Apply Corollary 13 instead of Corol-
lary 11.) O
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5. A basic transversality result

Let M be an r-dimensional space and F = (Fl,...,F?) an s-tuple of
complete flags on M. As earlier, let V be a 2n-dimensional vector space
equipped with a nondegenerate symplectic form, and G = (GL,...,G%) an
s-tuple of (complete) isotropic flags on V. Let u = (u',...,p*), where p/ is
an ordered sequence with r elements 2n > u{ > > uﬁ > 0,7 € [s]. We fix
w4 in this section once and for all.

Make the definition:

H,.(F,G) = {¢ € Hom(M, V) : ¢(F?) C G;n%, a€lr],je€s]}

(In the next section, we will need to use H,(F,G) in the case when GJ is an
arbitrary complete flag on V', not necessarily an isotropic flag.)

Now assume that (F,G) is a generic point of F1(M)* x IF1(V)*®, where
IF1(V) is the full isotropic flag variety of V' and F1(M) is the full flag variety
of M. Then,

Theorem 16. The following are equivalent:

(A) Hu(F.G) is of the expected dimension 2nr — 3 °_, ||, where || =
Dot M-

(B) For any 1 < d < r and subsets B',..., B* of [r] each of cardinality
d such that the 4pr0duct H;:1[QBJ'] #0¢€ H*(Gr(d,r)), the inequality
> i=1 2oaens My < 2dn holds.

We record the following corollary.

Corollary 17. Suppose that 2nr — 377_, [u?| = 0. Then (A) (or (B)) is
equivalent to the condition

(Vul QVyer®: - ® V#s)SL(T) # 0,

where V,,; is the irreducible representation of SL(r) as in Section 6.2.

Proof. The equivalence of the condition in the corollary and condition (B)
in Theorem 16 is a consequence of the Knutson-Tao saturation theorem for
SL(n) [KT], together with Klyachko’s work [K]: these works together charac-
terize the existence of invariants in a tensor product of SL(r) representations
by a system of inequalities, which is (B) (cf. [F4]). O

5.1. (A) implies (B) in Theorem 16. This follows from [By, Proposition
2.8(1)]. The idea is that if (B) fails, pick an S € ﬂj:l Qpi(F7) C Gr(d, M),
compute the expected dimension of the vector space {¢ € H,(F,G): #(S) =
0}, and find it to be greater than the expected dimension of H,(F,G).
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5.2. (B) implies (A) in Theorem 16. We proceed by induction on r.
To show that (B) implies (A), suppose ¢° is a general member of H,(F,G),
S = ker(¢°) and assume S € (\;_, Qp; (F]) C Gr(d, M), for B/ = {1 < v <
< <},

We will use ideas of Schofield [S] in the proof. We replace the Ext groups
in [S] by the cohomology of suitable (2-term) complexes. There are two other
ingredients required (beyond the technique of Schofield).

e A critical dimension count (Proposition 18), for which we need The-
orem 10.

e An idea from [B;] on genericity of induced structures (we could have
used another technique of Schofield instead as well).

We were unable to use the strategy of [By, Section 5] (essentially because we
could not show that the induced flags on S and M /S were “mutually generic”
in the situation here).

5.3. The setup, and the key inequality. Let L = im(¢°). Let

A°(Hom(M,V)) = Hom(M, V),
and
Al (Hom(M, V) = @D Hom(M, V) /P,
j=1
where
Pl ={r e Hom(M,V):7(F))c G’ ,,a=1,...,r}.

2n—pud’
There is a natural differential (direct sum of projections)
d: A°(Hom(M,V)) — A'(Hom(M,V)).

Call this (2-term) complex A*(Hom(M, V)). Clearly, H°(A*(Hom(M,V))) is
the same as H,(F,G) and x(A*(Hom(M,V))) is the “expected dimension” of
H,(F,G), which is 2nr — 377, |1+]. To make the dependence on (F,G) and
 precise, we sometimes write this complex as A*(M,V, F,G, 1).

Hypothesis (A) is clearly equivalent to

(C) h'(A*(Hom(M,V))) = 0.
We have surjections
Hom (M, V) = Hom(S, V') - Hom(S, V/L).
Let

A°(Hom(S,V)) = Hom(S, V), A°(Hom(S,V/L)) = Hom(S, V/L)
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and

Al (Hom(S,V)) = @Hom(s, V)/r(P7),

A'(Hom(S,V/L)) = Hom(S,V/L) /7 o 7(P?).

There are natural differentials d : A° — A' in each case. It is easy to see
that

o 7(Pi) = {¢ € Hom(S,V) : ¢(Fi(S),) C G;nwjj,x € [d]}, where

Fi(8), is the induced complete flag on S with the changed label
by the dimension and 1 < b/ < r is the smallest integer such that
Fi(S), = Sn ng. So, if we let vJ = uii, the (2-term) complex
A*(Hom(S,V)) is the same as A*(S,V,F(S),G,~), where F(9) is
the induced s-tuple of flags on S.

e mo7(Pl) = {¢ € Hom(S,V/L) : ¢(FI(S).) C (G;'n% +L)/L,xz €
[d]}.

Define numbers §7 by

2n — dim(L) — 67 = dim((ng_ﬂ +L)/L)=2n—~) — dim(ng_ﬂ NL),
and hence, A*(Hom(S,V/L)) = A*(S,V/L,F(S),G(V/L),9).
The following critical result will be proved in Section 5.6 by a dimension
count.
Proposition 18. h'(A*(Hom(M,V))) < —x(A*(Hom(S,V/L))).
5.4. Proof of (B) implies (A) in Theorem 16 assuming Proposi-
tion 18. The map of (2-term) complexes A* (Hom(M,V)) —A*(Hom(S, V/L))
is surjective in each degree. Therefore, the map

(8) 0 : H' (A*(Hom(M,V))) — H'(A*(Hom(S, V/L)))

is a surjection.
Assume Proposition 18. Hence,

(9)
W (A*(Hom(M, V))) < —x(A*(Hom(S, V/L))) < h'(A*(Hom(S, V/L))).

The surjection (8) and the inequality (9) imply that 0 is an isomorphism.
Thus, equality holds in all the inequalities in (9); in particular,

hO(A*(Hom(S, V/L))) = 0.
The isomorphism 6 factors as

H'(A*(Hom(M,V))) & H' (A*(Hom(S,V))) — H'(A*(Hom(S,V/L))),
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where the map 7 is induced from the surjective map of complexes
A*(Hom(M,V)) — A*(Hom(S, V)),

and is hence surjective. We conclude that 7 is an isomorphism.

It follows from [B;] that the induced flags (F(.5), G) can also be assumed to
be suitably generic (see Section 5.5). Now, by induction on the dimension of
M, assume the validity of Theorem 16 with M replaced by S and 7/ replaced
by ~7. The hypothesis (B) holds because of Lemma 19 below.

By conclusion (C) (valid by induction), we find that h'(A*(Hom(S,V)))
= 0. Hence, h*(A*(Hom(M,V))) = 0 as desired. This completes the proof of
Theorem 16.

Lemma 19. Let 1 < d’ < d. In the above situation, suppose C1,... C* are
subsets of [d] each of cardinality d' such that szl[Qm} #0¢e€ H*(Gr(d,d)).
Then, if T9 = {b} : a € C7},

(i) TT;=1[Qrs] # 0 € H*(Gx(d', 7).
(i) Zj=1 Zaecj V= Z§=1 ZbeTj ,ui <2d'n.

Proof. Since S € (V;_, Qps(FJ) C Gr(d, M), and F7 are generic flags on
M, the product H;:I[QB]’] # 0 € H*(Gr(d,r)). Now, using the hypothesis
szl[ch] # 0 e H*(Gr(d',d)), and [F3, Proposition 1], we conclude that (i)
holds. Because of our assumption (B), (i) implies the inequality in (ii). The
equality in (ii) is trivial. O

5.5. Genericity of induced structures. Let U C FI(M)® x IF1(V)® be
a nonempty open subset consisting of the pairs of flags which are generic for
our dimension calculations. There is a nonempty open subset UcC F1(S)® x
IF1(V)*® of points (H,G’) such that (H,G’) is generic for the application of
induction on A*(S,V,H,G’, 7). The projection of U to IF1(V)* is a (diagonal)
Sp(V)-invariant open subset of IF1(V')® which does not depend upon the choice
of S € Gr(d, M).

We obtain a point (F(S),G) € FI(S)* x IFI(V)* as in Subsection 5.3. Since
G is generic, it may be assumed to be in the projection of U to IFL(V)®. Let
H € F1(S)* be close to F(S) (in the complex topology) such that (H,G) € U.
Now, find F' € FI(M)?® so that F'(S) = H, F'(M/S) = F(M/S) and S €
= Qpi (F") (see Lemma 2.4 in [By]). Clearly, (F',G) is close to (F,G)
and therefore is generic in FI(M)® x IF1(V)*® (and hence belongs to U). Now
¢° € HY(A*(M,V,F',G, 1)) and we replace (F,G) by (F,G).

5.6. Proof of Proposition 18. Since we already know the Euler charac-
teristic of A*(Hom (M, V)), we want to give a formula for h°(A* (Hom(M, V)))
=H,.(F.9).

If we drop the isotropy condition on the flags G, then we are in a situ-
ation where Schofield’s original argument can be applied. We will compute
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H,.(F,G) by a procedure that “essentially” does not see the isotropy condition
on the flags G, and hence Schofield’s set up generalizes.

To calculate the dimension of H,,(F,§G), we can fiber the universal param-
eter space of triples (¢, F,G), with ¢ generic in H,(F,G), over the parameter
space of pairs (im(¢), G) so that im(¢) is in its generic Schubert state with re-
spect to the flag G. The dimension of the choices of such pairs is the expected
one, thanks to our main transversality result Theorem 10.

5.7. Calculation of x(A*(Hom(S,V/L))). First, as in Subsection 5.3,

moT(P?) =
{6 € Hom(S,V/L) : 0(F’(S),) c (G“

2n—~i

+L)/L, z=1,...,d}

which has dimension Zizl@n — 94 — dim(L N G;n—yi))' Therefore,
X(A*(Hom(S,V/L))) equals

s d
d@2n —r+d) — Z(d(?n*T"Fd) - E(Qn—%{ —dim(LNG]
J=1 r=
s d ] )
(10) :d(2n—7“+d)+ZZ(r—d—’y§:—dim(LﬁG;nivg)).

j=1z=1

;)

Y

5.8. The dimension of H,(F,G): Assume that

Le ()Qu(G) CGr(r—d,V).

j=1

Let Ua(V, s) C IF1(V)® be the open subset consisting of isotropic flags E2, ...,
E7 such that the intersection ()]_; Qs (E?) inside Gr(r —d, V) is proper. By
Theorem 10, this is nonempty. Let U/ denote the parameter space

{(F,G,6,8,L): F € FI(M)*,G € Ua(V;5), L € ]| Qus(GI),

Jj=1

S € () Qs (FY), ¢ € Hu(F,G), S = ker(¢), L = im(¢)}.

j=1

Now, the dimension of H,(F,G) equals the dimension of a generic fiber of
U — FL(M)* x Ua(V,s). We will therefore need to give an upper bound for
the dimension of irreducible components of U.
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Clearly, U maps to the parameter space

V={(G.¢,5L):GeUa(V,s),LeE()(G]),S € Gr(d, M),
j=1
¢ € Hom(M,V), S = ker(¢), L = im(¢)}.

5.8.1. The dimension of V. Clearly V fibers over the space

W={(L,G):GeUa(V,s),Le ﬁ Qi (G1)}

j=1
with irreducible fibers of dimension d(r — d) + (r — d)? (the first term is the
dimension of the space of choices of S and the second term is the dimension

of the space of isomorphisms M /S 2, L).

Now, the fiber dimension of W — Ux(V,s) is ((r — d)(2n — r + d) —
Z§=1 codim(24;5)). Therefore, the dimension of any irreducible component
of V is no more than

dim(IFL(V)®) + ((r —d)(2n —r + d) — zs: codim(Q4;)) + d(r — d) + (r — d)*.

By simplifying the above expression, we find

(11)  dimV < 2nr + (r —d — 2n)d + dim(IF(V)*) = ) codim(Q4,).
j=1

5.8.2. Codimension of ;. .

Lemma 20. dim(Q4s) < 3,05, (2n — wl —dim(L N G;niuj )), and hence
codim(Qu;) > 37,55 (4, 4 dim(L N ngiuj) —(r—da)).

Proof. Let A7 = {a; < --- < ay_q}. Therefore, dim(Q,;) equals

Z;f(ab —b). Let [r]\ BY = {&1 < -+ < z,_4}. It therefore suffices to
show that, for any 1 < b <r —d,

ab—bSQn—,ugfb—dim(LﬁGj ),

Zn—ugzb
i.e.,
(12) ap <b+2n—pl, —dim(LNG ).

Set dim(LﬂG;n_; ;) =b+y, where y > 0 (since Lﬂng Y contains ¢(FY,)
o — My

which is b-dimensional).

Hence, to prove Equation (12), we need to show that L N ng u g
i, —

least b-dimensional, which is now immediate because L N Gg e is (b+y)-
i,

is at

dimensional. O
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5.8.3. The fiber dimension of &/ — V. We need to do the following
basic calculation. Let S C M be a d-dimensional subspace, L a subspace of
V of dimension r — d and B € S(d, ).

Lemma 21. Let G, be a fixed flag on V', and ¢ : M — V' a map with kernel
S and image L € Q4(G,). The dimension of the space of flags Fe € FI(M),
so that S € Qp(F.,) and ¢(F,) C Gop—p, fora=1,...,7, equals

dim(F1(M)) — (codim(Qp) + Y (r — d — dim(L N Gan_p,)))-
a¢B

Proof. There are two sets of conditions imposed on F,. The first one is
that S € Qp(F,); the second is that ¢(F,) C Gay—p, N L for a ¢ B. These
conditions are independent. O

Therefore the fiber dimension of &/ — V equals

S

(13)  dim(FL(M)*) = (codim(Qps) + Y (r—d —dim(LN G )
Jj=1 agBi
5.9. Conclusion of the proof of Proposition 18. The dimension of
any irreducible component of I/ is less than or equal to the sum of the fiber
dimension of U — V (given by (13)) and the right hand side of inequality (11).
This sum equals

dim(F1(M)*) — Z(codim(ﬂm) + > (r—d—dim(ILNG i)
(14) = i
+2nr+ (r —d — 2n)d + dim(IFI(V Z codim(Q45)-

Jj=1

The dimension of H,(F,§G), which equals the dimension of the generic fiber
of the map U — FI(M)* x Ua(V,s), is therefore less than or equal to the
integer (14) minus the dimension of FI(M)® x Ux(V,s). Therefore, using
Lemma 20,

dim(H,(F,9))
< - Z (codim(Qp;) + Z (r—d—dim(LﬁG;n_ug)))
Jj=1 agBJ
—d - J ) — _
+ 2nr +d(r 2n) ; %3:3 I 4 dim( LNG; ui) (r—d))

=2nr+d(r—d—2n)— icodim(QBj) - XS: Z wl.
j=1

j=1agBi
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Now, h'(A*(M,V)) equals the dimension of H,(F,G) minus the Euler
characteristic which is 2nr — >°_ 37/ p. This yields that h'(A*(M, V)
is less than or equal to

(15) d(r —d —2n) Zcodlm Qpi) —I—Z Z wl,

j=1aeBJ

which can be written in an 111um1nat1ng (and expected) form

(dim Gr(d, r) Zcodlm (Qpi)) + (i: Z pl) — 2nd.

J j=1laeBi
Comparing Equation (10) with Equation (15), it suffices to show (for
each 7),

d d
St -0+ Y < -3 (- d) - - dim(Ln G, ),
r=1 a€BI r=1

which rearranges to (since 74 = uij by definition)

d

d
Y dim(LNG )= (b - ).

2n—~vi
=1

But, this is clear because LN Gg N contains the b/ — x dimensional subspace

-

qS(FZ]) This completes the proof of Proposition 18 and hence Theorem 16 is
completely proved. O

6. Tensor product decomposition for SL(r) versus Sp(2n)

Let G, B be as in the beginning of Section 2.

6.1. Line bundles on G//B. For a character x : B — C*, let £, be the
corresponding G-equivariant (homogeneous) line bundle on G/B associated
to the principal B-bundle G — G/B via the character x~!. Recall that its
total space is the set of all pairs {(g,¢) : g € G, ¢ € C} modulo the equivalence

(g, ¢) ~ (gb, x(b)c).
If x is a dominant weight, then
H(G/B,L,) =V,
where (as in Section 2) V, is the irreducible representation of G with highest
weight x.
Let f : G’ — G be a morphism of algebraic groups so that f(B’) C B,
where B’ and B are Borel subgroups of G’ and G respectively. Then, f
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induces a map f : G'/B’ — G/B. It can be checked that f*£L, = Loy, where
x o f is the composition of x with fip : B’ — B.

Specific identification in the SL(r) case: Let B be the standard Borel
subgroup of SL(r) consisting of upper triangular matrices as in Subsection 2.1.
Then, the full flag variety Fl(r) = SL(r)/B can be identified with the space of
full flags F, on an r-dimensional vector space M. As such it receives natural
line bundles £, = det(F,)* (1 < a < r). The line bundle £, is isomorphic
with the line bundle £, , where w, is the character of B which takes the
diagonal matrix (t1,...,t,) to the product []i_, ;. Recall that w, is the a*®
fundamental weight.

6.2. Representations of GL(r). Irreducible polynomial representations
of the general linear group Gl(r) correspond to the sequences of integers pu =
(1 > -+ > p > 0) (also called Young diagrams or partitions). Given a
sequence of integers p = (g > po > -+ > p, > 0), form the line bundle

T

— Ha—Ha+1

L= L £
a=1

where g1 := 0. Then, H(FI(r),£,) = Vi, where V,, is the irreducible
representation of Gl(r) with highest weight . To any such u, we associate
the character i of B by

a(t) = H ", where t = diag(t1, ..., t,).
i=1

Then, clearly, £, >~ L. From now on, we will identify the partition u with
the character f.

6.3. A basic calculation. As earlier in Subsection 2.2, let V = C2?
be equipped with the symplectic form (, ) and let M be a vector space of
dimension r.

We will now make a basic determinantal calculation (which appeared orig-
inally in a weaker form in [By, Lemma 4.5]). Let P := Hom(M, V). Fix an
integer m < 2n. For a full flag F, on M, a full flag G, on V', and a partition
w=m>u >--->p >0),let P,(u, F,,G,) denote the subspace

{¢ € Hom(M,V) : ¢(F,) C Gm—p,,Ya € [r]}.

Consider the vector bundle Ty, (u) (respectively, P, (1)) on F1(M) x FI(V)
whose fiber over (F,,G,) is T,,(u, F.,G.) := Hom(M,V) /P, (u, F,,G,) (re-
spectively, P, (i, F,,G,)). We now calculate the determinant line bundles of
P, (1) and T, (). We begin the computation by setting (for 1 < b < r),

P ={¢ € Hom(M,V) : $(F,) C Grpp,,a=1,...,b}.
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There exist exact sequences for 0 < b <r — 1:

0 — PO — PP — Hom(Fyi1/Fy, V/Grpyyy) — 0,

where P? := Hom(M,V). This permits us to write (£, := det(Fy,)*,

Ky := det(Gp)*),

det T ( Hma Hot1) @ (det M*)Q”_m) R ((det V)" @ ] Konpa)
a=1

where pr41 := 0. (Here we have used the fact that for vector spaces

Vi, Vo, det(Hom(Vy, V2)) =~ ((det V1)*)4™ V2 @ (det Vo)4m V1)) Let A be the
partition conjugate to the partition ' := (m — g, > --- > m — pu; > 0).
We call X\ to be obtained from p by m-flip. Then, we may rewrite the above
formula as

(16) det T (1) = (au ® (det M*)%*m) X ((det V)Y ® ,/:A).

6.4. The theta section. Let M and V be as in Section 6.3. We take
m = 2n. Let {4/ }1<j<s be partitions:

satisfying

where || := 377, 4.

Consider two GL(M) x G1(V)-equivariant bundles P and Q on F1(M)* x
F1(V)® (with the diagonal actions of GI(M) and GI(V') on F1(M)® and F1(V)*
respectively). The fiber of P over (F,G) is just the constant vector space
Hom(M, V) (with the natural action of the group GL(M) x GI1(V)), where
F = (FL,... F?) is an s-tuple of full flags on M and similarly for G. The
fiber of Q over (F, Q) is the direct sum

@T (9, FJ,G9),

where T(u/, F7,G7) := Ty, (u/, FJ,GJ). Consider the canonical GL(M) x
Gl(V)-equivariant map S : P — Q between vector bundles (of the same
rank) on F1(M)® x FI(V)* induced via the quotient maps. Thus, taking
its determinant, we find a GL(M) x Gl(V)-equivariant global section © €
det(Q)® (det P)~! such that © vanishes at (F,G) if and only if H,(F,G) # 0,
where H,(F,G) is as defined in the beginning of Section 5 (extended for any,
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not necessarily isotropic, complete flags G = (GL,..., G?)). By Equation (16),
det(Q) =L, K-+ WL, K (det(V)" @ Ly1) K-+ K (det(V)" @ L).

Here A\’ is obtained from p¢ by 2n-flip.
Fixing a point F € FI(M)*, on restriction, we get (as in [By]) an SL(V)-
invariant section © 7 in

HO(FI(V)®, Ly B+ K L6)SEV),
Restricting this to IF1(V')® we find a section in
s Sp(V * + \Sp(2n)
HO(IFL(V) Ly, B R L) p( ):(MAICQ@...@M/\SC) ,

where IF1(V) is the space of (full) isotropic flags on V, AL is the weight of
Sp(2n) obtained by the restriction of A\* to the Cartan of Sp(2n) and M, is
the irreducible representation of Sp(2n) with highest weight v. (Observe that
for a dominant weight A of SL(2n), its restriction A¢ is dominant for Sp(2n).)
We can therefore record the following consequence of Corollary 17.
Corollary 22. Let {y/}1<j<s be partitions: (2n > u{ > o>l >0)
such that 3, || = 2nr. Assume further that

(Vo @0V, 20,
Then,
(Myl R-Q Mus)Sp(Qn) #0,

where 17 1= /\]é and N is obtained from 1/ by 2n-flip.

We now come to the main theorem of this section.

Theorem 23. Let Vyi,...,Vys be irreducible representations of SL(2n)
(with highest weights A1, ..., \* respectively) such that their tensor product has
a nonzero SL(2n)-invariant. Then, the tensor product of the irreducible rep-
resentations of Sp(2n) with highest weights A&, ..., A&, has a nonzero Sp(2n)-
imvariant, where )\jc is the restriction of M to the Cartan subalgebra hC of
Sp(2n).

Proof. We would like to find some r and partitions p', ..., u® such that

Myl > >l >0

with 327 [i/| = 2nr, and such that M is obtained from 7 by 2n-flip.
To achieve this, express M/ as sequences of integers (with r large)

j j
r>M>> ) >0
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Since the tensor product of the corresponding representations of SL(2n) has
a nonzero SL(2n)-invariant,

s 2n )
Z Z X = 2nb for some integer b’ > 0,
j=la=1
ie.,
s 2n .
Z Z(r — M) = 2nr + 2nb,
j=la=1
where b :=r(s—1) — b'. Taking r > Sfl)\{ (for every j), we can assume that
b > 0. Rewrite the above equality as Y7, S22 (r+b—(b+ X)) = 2n(r+b).

So, we replace r by r+b and M) by b+ to assume b = 0. Let x4/ be obtained
from M by r-flip. Since, by assumption,

) SL(2n)

(Vi @+ @ Vs £0,

we obtain (using ordinary duality)

(V)\l/ @@ Vs # 0,

where M' = (r =M, ,....r = X).

Now using Grassmann duality (see the next Section 6.5),

20

Now, apply Corollary 22. (Observe that 2n-flip of 7 is the partition A{fA%n >
S > )\Jén_l — )\én > 0.) This completes the proof of the theorem. O

6.5. Grassmann duality. Let » and k be positive integers and let m =
r+ k. Given a Young diagram p = (k > pg > -+ > p, > 0), one naturally
obtains a cohomology class w,, of Gr(r,m), which is the cycle class of Q Ap)
with A(u) = {m —r +a — pgla € [r]}. It is known that if ' ..., u* are
such Young diagrams with Z;:l || = kr, then the dimension of (V1 ®- - ®

(Vi @@ V) 0

V#S)SL(T) equals the coefficient of the cycle class of a point in the cup product
H;:l wyi € H*(Gr(r,m)) (see, e.g., [F1, Chapter 9]).

Clearly, under the natural duality map Gr(r, C™) = Gr(k, (C™)*), the class
Wy, goes to wy, where [i is the conjugate diagram to p (see, e.g., [F1, Exercise
20, page 152]). We therefore obtain the following consequence, which we call
the Grassmann duality.

Lemma 24. Suppose Z;Zl || = kr. Then,

dim(Vp @« ® V)" = dim(Vir @ -+ @ Vo) 5P
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We clearly have another “ordinary duality”. Let 17 be the dual partition to
w (sothat v/ = (k—pl > -+ > k—pi)). Then, clearly, V,; is the SL(r)-dual
of V,; and hence

SL(r) )SL(T).

dim(Vul ®~~®V#s) :dim(V,,1 Q- ® Vs

7. Saturation for Sp(2n) and SO(2n + 1)

Let X(H®), be the set of dominant characters of H® (for the group
Sp(2n)) and similarly let X(HP), be the set of dominant characters of H?
(for the group SO(2n + 1)). We have the following saturation theorems for
the groups Sp(2n) and SO(2n + 1) respectively.

Theorem 25. Given v',...,v° € X(HC),, the following are equivalent:

(1) For some positive integer N, the tensor product of irreducible Sp(2n)-
representations with highest weights Nv',... ,Nv® has a nonzero
Sp(2n)-invariant.

(2) The tensor product of irreducible representations with highest weights
2vt ..., 2v% has a nonzero Sp(2n)-invariant.

Proof. For any simple algebra g with Cartan subalgebra b, we identify
Kk : b — b* via the normalized invariant bilinear form (, ) on h*, normalized
so that (6,0) = 2 for the highest root #. Under this identification, b, —— D
and, moreover, x; — 2w; /{(a, ;).

For any s > 1 and G as in the beginning of Section 2, define

['(s,G) = {0 € (X(H)Jr)S : for some N > 1,
(Vaar ® -+ @ Ve )& # 0},

Then, under the identification induced by  (and still denoted by) & : b5 —
D#, we have (cf., e.g., [Sj, Theorem 7.6])

K I(s,G)) =T(s, K) N ((X(H)+)%),

where the eigencone I'(s, K) is defined in Section 4.
Recall from Subsection 2.2 the inclusion i : h¢ < hA2»—1 and hence we

get the dual (surjective) map i* : (f)AQ"—1> — (h9)*. We have the following
commutative diagram:

bc ;) hA2n_1
(*) lznc JHA
(hC)* PR (hAznfl)ﬁ

where ko (respectively, k4) denotes k for Sp(2n) (respectively, SL(2n)).
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We only need to prove (1) = (2). By assumption, v = (v!,--- %) €
['(s,Sp(2n)) and hence Ko'v € I‘(s Sp(2n)) But, clearly, I'(s,Sp(2n)) C
I'(s, SU( n)) and hence wairg'(v) € T(s,SL(2n)). (Observe that

kaikg (X(HO) ;) C QAn—1NX(HA21),, since ko(B)) =Bjfor1<j<n
and kc(BY) = % B,, where @427~ is the root lattice of SL(2n).) Moreover,
since ka i kg (V7)) € Q4271 by the saturation theorem of Knutson-Tao [KT],

(V)\l X @ Vs )SL (2n)

40,
where M := k45" (17) and Vy; is the irreducible representation of SL(2n)
with highest weight \/.

Applying Theorem 23, we get

)SP(Z") 20,

(MA10®-~-®M/\3

where )\jc = )\lj . and M A, is the irreducible representation of Sp(2n) with
b

highest weight )%. Moreover, by the commutativity of the diagram (x), we
get A}, = 219, This proves the theorem. O

By using [KS, Section 4] and the above theorem, we get the corresponding
result for the odd orthogonal groups.

1

Theorem 26. Given v',...,v° € X(HP),, the following are equivalent:

(1) For some positive integer N, the tensor product of irreducible
SO(2n + 1)-representations with highest weights Nv', ... Nv* has a
nonzero SO(2n + 1)-invariant.

(2) The tensor product of irreducible representations with highest weights
2vt, ..., 2v% has a nonzero SO(2n + 1)-invariant.

Remark 27. (a) The general saturation result proved by Kapovich-Millson
[KM] specialized to the cases of Sp(2n) and SO(2n+ 1) requires the saturation
factor of 4. Moreover, they require that v* +- - - +1° belongs to the root lattice.
So, our saturation theorems 25 and 26 in these cases provide an improvement
over their result.

(b) We can prove an analogue of Theorem 16 for SO(2n + 1) by a similar
method and use it to prove an analogue of Theorem 23 for SO(2n + 1) (cf.
Theorem 5 of Section 1). The latter can be used to give a proof of Theorem 26
analogous to that of Theorem 25.

As an immediate consequence of Theorem 26, we get the following special
case of the general saturation result due to Kapovich-Millson [KM].
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Corollary 28. Let v',...,v° be dominant characters for Spin(2n + 1)
(whose sum is not necessarily in the root lattice). Then, the following are
equivalent:

(1) For some positive integer N, the tensor product of irreducible repre-
sentations of Spin(2n + 1) with highest weights Nv',..., Nv® has a
nonzero Spin(2n + 1)-invariant.

(2) The tensor product of irreducible representations with highest weights
4vt, ..., 4v° has a nonzero Spin(2n + 1)-invariant.

We would like to conjecture the following generalization of Theorems 10, 12
and 23.

Let G be a connected simply-connected, semisimple complex algebraic
group and let o be a diagram automorphism of G with fixed subgroup K.

Conjecture 29. (a) For any standard parabolic subgroup P and any
Bruhat cells Af,jl, e ,Ais in G/ P, there exist elements ky,--- ks € K such
that the intersection ();_, kiAii 1s transversal.

(b) Let Vyu,--- Vs be irreducible representations of G (with highest weights
AL oo NS respectively) such that their tensor product has a nonzero G-
invariant. Then, the tensor product of irreducible K-modules with highest
weights Ak, --+ , X3 has a nonzero K-invariant, where Nt is the restriction
of A to the Cartan subalgebra hg :=h° of K.

(Observe that Ny is dominant for K for any dominant weight X\ of G with
respect to the Borel subgroup BX := B of K.)

8. Horn’s problem for symplectic groups

In this section we prove an analogue of Horn’s problem for symplectic
groups. We follow the notation from Subsection 2.2. In particular, V = C2".
Fix 1 <r <nandlet I',... I® € &(r,2n) be such that

(17) Z codim(®y;) = dim IG(r, 2n).
j=1

Given subsets I and K of [2n], we denote by |[I > K| the number of pairs
(i,k) with i € I, k € K and i > k. (We set |I > @] = 0.) For K a singleton
{k}, we abbreviate |I > K| by |I > k|. For an I € &(r,2n), we define

I=[2n]\(IUI).
(See Equation (3) for the definition of I.) We also set (for any I € &(r,2n)),

r(r+1)

92 - Sme(I)a

sy (1) = S(1 > I+ plwr),  cosym? (1) =
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and
A1) = |1 > 1] = sym?(D),

where p(wy) represents the number of times the simple reflection s,, appears
in any reduced decomposition of wy.

Let 3; be the order preserving bijection of I LI [7 with [2r] and let I be
the subset 3;(I7) of [2r] (of cardinality r). For any a € [r] and j € [s], let
N = |iJ > 7| and pd = 2n — 2r — N}, where I/ = {i] < --- < i/}. Recall
the definition of the deformed product ®¢ in the cohomology H*(G/P) from
[BK, Definition 18].

Theorem 30. Under the assumption (17), the following conditions ()
and () are equivalent:

(@) H;Zl[(ip} #0 € H*(IG(r,2n),®g).

(B) (1) dimIG(r,2r)=3""_, cosym?(I7).
(B2) (Vin @@ V)™ 20,
(B5) TIj=1[®p] # 0 € H*(1G(r, 27)).

Remark 31. (1) Assume that the condition (1) is satisfied. Then, the
condition (f82) is equivalent to the following condition.

For any 1 < d < r and subsets B!, ..., B of [r] each of cardinality d such
that the product []}_,[Qps] # 0 € H*(Gr(d,r)), the following inequality
holds

SNl < 2d(n—r).

j=1lacBi

This follows from Corollary 17 applied to a space M of dimension r and
V = M~ /M of dimension 2n — 2r and identity (28) (in Section 8). In fact, we
only need the equivalence of the assertion in Corollary 17 and the (B)-part
of Theorem 16, which is due to Klyachko and Knutson-Tao (cf., the proof of
Corollary 17).

(2) The condition (f3) in the above theorem is recursive by the work of
Purbhoo and Sottile [PS]. The Purbhoo-Sottile recursion says that (f2) is
equivalent to a system of inequalities indexed by nonvanishing s-fold intersec-
tions of Schubert cycle classes in the Grassmannians Gr(d, ) where 0 < d < r.

Before we can prove the above theorem, we need the following preliminary
work.

Proposition 32. For any I € &(r,2n) and any isotropic flag E,,

dim @7 (E,) = |I > I| 4+ sym?(I).
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Proof. Under the canonical inclusion WC < S,

w['_’wI:(ila'"7i7“7jla"'7jn—ra2n+]-7jn—r,-~-72n+17jla
M A1 —ip,....20+1—1iy),
where {j1 <+ < jn_r} = [n]\ (IUI). Now, by Equations (1), (2) and [Fy,
§10.2],
1 .
(wy) = 5 (€42 (@r) + p(wr))

(I > I+ |I> 1+ |I>1I+ p(wr))

— N =N

= 5(|I> I+ |1 > 1|+ |I > 1|+ p(wr))
= |I > I| 4 sym?(I).
This proves the proposition. O
8.1. Tangent space of isotropic Grassmannians. We calculate the
tangent space T'(X )y to X = IG(r,V) at a point M. Because of the nat-
ural embedding IG(r,V) C Gr(r,V), we have T(X)y C T Gr(r,V)u =
Hom(M,V/M).
Clearly, M~ is a 2n — r dimensional subspace of V' that contains M and
there is a canonical isomorphism V/M~ ~ M* (induced from the symplectic
form). Hence, we have an exact sequence

0 — Hom(M, M* /M) — Hom(M, V/M) % Hom(M, V/M*)
= Hom(M,M*) — 0,
obtained from the inclusions M C M+ C V. It is clear that M+ /M is a
2n — 2r dimensional space that possesses a nondegenerate symplectic form.
Let Py; C Sp(2n) be the stabilizer of M and sym? M* the space of symmetric
bilinear forms on M.

Lemma 33. T(X)y = ¢ (sym? M*) and hence there is an exact se-
quence of Pyr-modules.

(18) 0 — Hom(M, ML /M) S T(X) 2 sym? M* — 0.

Proof. Let ¢ : M — V/M be a linear map (viewed as a deformation of the
trivial map). The deformed M (obtained from 1) needs to be isotropic. So,
up to the first order, we have

(v+ep(v),v +ep(v)) =0,V v,0" € M.

Hence,

(v, (V) + ((v),0") =0,
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or that
(v, (V")) = (v, 9(v)).

This gives us the symmetric bilinear form ¢(¢)(v,v") = (v,9(v")). Hence,
T(X)a € ¢~ t(sym? M*). But,

dimT(X)y = dimIG(r, V) = =(4n — 3r + 1) = dim ¢~ ! (sym? M*),

and hence T(X)y = ¢~ (sym? M* O
Let E, be an isotropic flag on V. This induces flags on M, M=+ and hence
on M+/M.!
Lemma 34. For any isotropic flag E, on V, the induced flag on M~ /M
is isotropic with respect to the nondegenerate symplectic form on M+ /M.
Proof. Consider an element of the induced flag

E,NM*/E,NM = (Ey,_o, + M)+ /E, N M.

Its perpendicular (in M~ /M) is therefore ((Ea,_o+M)NM*Y)/M = Es, N
ML/EQn,a N M, which is again a member of the induced flag on MJ-/M. O
8.2. Tangent space of the Schubert cells. For any I € &(r,2n),
isotropic flag E, on V and M € ®;(E,), we now calculate the tangent space
T(®r(E,))m CT(Q(E,))m (with the notation as in Section 2).

Lemma 35. Mt € Q, ;(E.).

Proof. By definition, I U T = [2n] \ I. Now, dim(E, N M*) =
dim((Fap_o + M)Y) = 2n — (r +2n — a — dim(E2,_o N M)) = a — 7 +
dim(Es,,_, N M). Hence, E,N M+ # E,_y N M+ if and only if Ey,_,NM =
Eony1—aNM,ie,2n+1-adl<adl. O

For any a € [r], let Ay := |iq > I|, where I = {1 <ij < --- < i, < 2n}.
Let X =1G(r,V).

Proposition 36.

(1)
Hom(M, M+ /M) NT(Q(E)m =
{y € Hom(M, M* /M) : 1(E(M),) € E(M*/M),,,Va € [r]},
where BE(M), and E(M~*/M), are the induced complete flags on M
and M+ /M respectively with the changed labels « by the dimension.

The dimension of this vector space is |I > f\
(2) Hom(M, M~/M)NT(®;(E,))n = Hom(M, M+ /M) NT(Qr(E,)) -

IThere is exactly one way of inducing a complete flag on M- /M from E,. The elements
of the flag are (M+/M) N (E, + M/M). This can be written as ((Eq + M) N M=L)/M =
E,NM+/E, N M.
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3)
(T(21(E)) ) = ¢(T(Q(E))m NT(X)wm)
= {y € sym® M* : 4(B(M)q, E(M),,) = 0,Va € [r]},
where t, = |I > i,4|. Moreover, the dimension of this vector space is
sym?(I).
(4) We have an equality of schemes ®;(E,) = Q;(E,) N X.

Proof. We first prove Part (1): From the known description of T(Q(F,)) p
as the space of maps v : M — V/M so that v(M NE,) C (Ey+ M)/M for all
b, we see that for v to also be in Hom(M, M+ /M), the condition is

(19) Y(M N Ey) C ((Ey+ M) N M™*)/M for any b € [2n)].

By Lemma 35, E, N M+ /E, N M is of dimension |[b > I~I_II\ —o>I=b> I~|
for any b € [2n]. Putting b = i,, the condition given in Equation (19) can be
rewritten as
V(E(M)a) c E(ML/M)AQ’VCL € [7“}
The dimension of this vector space is clearly |[I > I|. This proves Part (1). In
particular,
dim (Hom(M, M+ /M) N T(®;(E,

o0 D))
< dim(Hom(M, M* /M) NT(Q(E)) M) = I>1=I>1I|
I=0.

where the last equality follows since I N We have (by the description

of T(Qr(E,))m given above)

H(T(®r(E.)) )
C (T(u(E))m NT (X))
(21) C{yesym*>M*: v(E, " M,E}- " M) =0, Vb € [2n]}
={yesym®> M* : y(E, N M, Eg,_, N M) =0,Yb € [2n]}
={yesym> M* : v(E(M),, E(M);,) = 0,Va € [r]}.

(To prove the last equality, we have used dim(FEs,_;, N M) = t,. Further-
more, if £, N M = Ey1 N M, then the condition y(Ey N M, Es,—py N M) =0
implies the condition y(Ey+1 N M, Eap—p—1 N M) =0.)

Moreover, the last space has dimension sym?(I) by the following calcula-

tion.
As above, express the last vector space in the more symmetric form

Vi={yecsym?M* :y(EyN M, Ey, , N M) =0,Yb € [2n]}.

Form the “analogous” space

Vo ={ye N*M* : v(Ey N M, Ey,_, N M) = 0,Vb € [2n]}.
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Clearly,
VieVea={yeMeM)" :v(E,NM)® (Ezn—p N M)) =0, Vb€ [2n]},
which, in turn, can be written as
Sm(E,) ={y € Hom(M, M*) : v(E, N M) C ann(Es,—, N M), Vb € [2n]},

where ann(FEa,—, N M) is the annihilator of Fs, ;N M in M*. The last space
Sy (E,) is of dimension |I > I|. For this note that ann(Es,_;, N M) is of
dimension 7 — |[I < 2n —i,| = [I > 2n —i,| = [I > 2n+ 1 —i,| = |ig > 1|,
since INT = .

Choose a basis of M compatible with the filtration {Ej N M }ye[2,,. Then,
in this basis, the vector spaces Vi and V5 are subspaces of symmetric and
skew-symmetric matrices respectively. The difference dim V; — dim V5 is the
number of diagonal terms allowed in Vi, i.e.,

dimVy —dimVo =|{a€[r]: E;, "M ¢ Es,_;, N M}
=Ha€[r] ia>2n—1i.}| =11 >nl|.
Therefore, we conclude

dimV; +dimVs = |I> 1],
dimVy —dimVy = |I > n|.

Using Equation (26), we obtain dimV; = sym? I and dimV, = A®I. This
proves the last assertion in Part (3).
Combining Equations (20) and (21), and using Lemma 33, we get

(22) dim(T(®1(E.))ar) < sym?(1) + |1 > I},

But, by Proposition 32, the above inequality is an equality. Hence, all the
inclusions and inequalities in Equations (20) and (21) are equalities. This
proves Parts (2) and (3).

By the definition, set theoretically ®;(E,) = Q;(E,) N X. Moreover, by
Parts (2) and (3), the tangent space T(®;(E,))ar = T(Qr(E))pm NT(X) -
This proves Part (4) and thus completes the proof of the proposition. O

Let V be as in the beginning of this section and let < n. Fix M € IG(r, V)
and I € &(r,2n). Let U = Ur(M) be the set of isotropic flags E, on V such
that M € ®;(E,). A flag FE, € U induces a complete flag E,(M) on M, and
a complete isotropic flag E,(M~/M) on M+ /M (Lemma 34). The following
lemma follows by choosing basis elements appropriately.

Lemma 37. The map U — FI(M) x IFI(M~*/M) is a surjective fiber
bundle with irreducible fibers, where FI(M) is the variety of all the complete
flags on M and IF1(M~ /M) is the variety of all the isotropic flags on M~ /M.
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Now, let V,, be a 2r-dimensional vector space with a nondegenerate sym-
plectic form containing M of dimension r as an isotropic subspace. Let
I',...,I* € &(r,2r) be written as I/ = {i] < .-- < il}. Define, for any
je[sland a € [r], tJ = |[7 > il|.

Lemma 38. The following are equivalent:

() T2, [®@15] # 0 € H*(IG(r, 27)).

j=1
(B) For some (and hence generic) complete flags F},... FS on M, the

vector space
(23) {v € sym® M* | 4(FJ.F},) =0, a€[r].j € [s])

is of the expected dimension

r(r+1)/2 — Zcosymz(ﬂ),

j=1

where cosym?(17) := w — sym?(I7).

Proof. () = (8): Choose generic isotropic flags EL, ... E% on V,. Because
of the assumption («), ﬂ;:1
translating each EJ by a single element of Sp(2r), we can assume that M
belongs to this intersection and the intersection is transverse. Let F1,... F?
be the induced flags on M.

The vector space (23) is the tangent space to the scheme theoretic inter-
section ﬂ;zl ®;;(E7) at M (by Proposition 36(3)). Again applying Proposi-
tion 36(3), the transversality of the intersection implies that (3) holds.

Now, assume (/3). Choose (generic) complete flags F1,..., F* on M such
that (3) is satisfied. Now choose isotropic flags EZ,..., ES on V, such that
M e ﬂj:l @5 (E7) and the induced flags on M are F!,... F? respectively.
This is possible by Lemma 37. Using () and Proposition 36(3), we see
that ﬂ;zl ®;;(EY) is transverse at M. Therefore, using standard facts from
intersection theory on a homogeneous space, we see that (a) holds. O

®;;(E7) is nonempty and, by simultaneously

Let {}1<i<n be the basis of h, where ¢; is the diagonal matrix
diag(0,...,0,1,0,...,0,—-1,0,...,0),
where 1 is placed in the i-th slot and —1 in the (2n + 1 — 7)-th slot. Recall
from Section 2 that we have identified h¢ with hZ and denote either of them
by b. Let {e;}1<i<n be the dual basis (of h*). Let p© (respectively, p?) be
half the sum of positive roots of Sp(2n) (respectively, SO(2n + 1)). Then,
208 = (2n —1)ey + (2n — 3)ex + - -+ 3en_1 + €n,

and
2/00 =(2n)e1 + (2n — 2)ea + -+ - + dep_1 + 2€,.
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Thus,

2(p° — pP) =€, wheree:=e; +---+e,.
Let {z{,..., 2} be the basis of h¢ as in Section 2 and similarly for z2. It
is easy to see that

P =2 =6+ +¢, if 1<i<n-—1and
(24) w8 =228 =& +... 1 &,
Lemma 39. For any w € W€,
we € e £es £ F ¢y

Moreover,
1
(25) w(w) = # negative signs in the above = E(n — (we, €)),

where {, ) is the normalized W -invariant form on h* given by (;,€;) = ; ;.
In particular, for any I € &(r,2n),

(26) u(wr) = I > nl.

Proof. Since the symmetric group S, C WY (acting as the permutation
group of {e1,...,€e,}) acts trivially on €, the first part follows easily. Applying
Sp to €1+ - -Fe€,, the number of minus signs either increases by 1 or decreases
by 1, whereas the application of any s; to € - - - €, (for any i < n) keeps
the number of minus signs unchanged. Thus, the number of negative signs in
we < p(w), for any w € WC. Further, the last equality in Equation (25) is
trivially satisfied. Now, the longest element wg € W makes all the signs in
wpe negative and p(wgy) = n. Thus, Equation (25) follows for wg and hence for
any w € W, (Otherwise, taking a reduced decomposition of w and extending
it to a reduced decomposition of wp, we would get a contradiction.)

Equation (26) follows from Equation (25) immediately. O

Now, we are ready to prove Theorem 30.

8.3. Proof of Theorem 30. We first observe that, under the assump-
tion (17), the following two conditions are equivalent.

() T2 [®n] # 0 € H*(IG(r, 2n), ®o).

(72) szl[@p] # 0 € H*(IG(r,2n)) and the condition (8;) is satisfied.

To see this we use [BK, Theorem 15] and the following lemma together
with the fact that cosym?(I7) = cosym?(I7) (which follows from Equation
(26)).

Lemma 40. For I € S(r,2n), x$,(z¢) = codim(®;) + codim(®y, ), where
Xg, = p% + w;lpc — 2pL7C- and pL7C- is half the sum of positive roots of the
Levi subgroup LS.
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Proof. Consider the exact sequence (18). Let Ly = GL(M) x Sp(M+ /M)
be the Levi subgroup of the stabilizer Py, of M in Sp(2n). The connected
center C* of Ljy; (which is the center of GL(M)) acts on the tangent space
T(X)a as t +— t~! (multiplication by ¢t~!) on Hom(M, M+ /M) and by t
t=2 on sym?(M)*. We conclude the proof by using Proposition 36 and the
formula for X given at the end of page 192 in [BK]. O

Let V' be a vector space of dimension 2n with a nondegenerate symplectic
form and let M C V be an isotropic subspace of dimension r. Let X =
IG(r,2n) and assume the condition (3;). Let E, = (EL,..., E?) be an s-tuple
of isotropic flags on V' such that for all j € [s], M € ®;;(E?). Consider the
exact sequence (as in Lemma 33):

0 — Hom(M, M* /M) 5 T(X)p % sym? M* — 0.
Let us abbreviate
A® = Hom (M, M+ /M), B® = T(X)y, and C° = sym? M*.
For j=1,... s, let
PJ = Hom(M, M~ /M) 0 (T (@1 (E))m),
Q7 = T(2p (E])
R = ¢(T(®p: (EY)

)M
M)

Define
=P B =PB/Q7, ¢t =Pc/R.
j=1 j=1 j=1
There are natural differentials
A0—>A17 BO—>81, CO—>Cl,
and an exact sequence of two-term complexes
(27) 0— A" 5B Ler .

Our assumption (17) implies that x(B8*) = 0, and the assumption (1) (in
view of Proposition 36(3)) implies that x(C*) = 0. Therefore, from the above
exact sequence, x(A*) = 0 as well. Thus, by Proposition 36(1) and (2),

(28) 2(n—r)r—2|/ﬂ| =0.
j=1

Moreover, h®(B*) = 0 if and only if h%(A*) = 0 and h°(C*) = 0 from the
above exact sequence (27).
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We now prove:

(a) = (B): Let E, = (EL,...  E?) be a generic s-tuple of isotropic flags on
V such that for all j € [s], M € ®;(E7). This can be achieved by the virtue of
(«) and by simultaneously translating each EJ by the same element of Sp(2n).
Since E, is generic, 2 = ﬂ;zl 5 (E7) is a transverse intersection at M and
hence h*(B*) = 0. Thus, h°(B*) = 0 as well and we get the following:

e h%(A*) = 0. Hence, by Proposition 36(1) and (2), Equation (28) and
Corollary 17 applied to V = M+ /M, condition (32) holds.

e h%(C*) = 0 which implies condition (33) (using Lemma 38, Proposi-
tion 36(3) and the condition (f1)).

(B) = (a): Assume (3). Find an s-tuple &, = (El, ..., E?) of isotropic
flags on V' such that M lies in the intersection 2 = ﬂ;zl ®;;(E7). The pa-
rameter space of such &, is irreducible (Lemma 37); pick a generic such &,. It
follows that the induced flags on M and M= /M are generic. Therefore, our
assumptions (3;), (32), Equation (28), Corollary 17 applied to V = M+ /M
and Proposition 36(1) and (2) imply that h°(A*) = 0. Moreover, our assump-
tion (33), Proposition 36(3) and Lemma 38 imply that h°(C*) = 0. Hence,
h%(B*) = 0 and thus h'(B*) = 0. Therefore,  is a transverse intersection
at M, and hence («) holds by the equivalence of (v1) and (v2). This proves
Theorem 30. O

9. Horn’s problem for odd orthogonal groups

In this section we extend the results from the last section to the odd orthog-
onal groups. The proofs are similar, so we will be brief. Refer to the Section
2.3 for various notation. Fix 1 <7 <n and let J',...,J% € &' (r,2n + 1) be
such that

(29) > codim(¥ ;) = dim OG(r,2n + 1).

j=1

Let a; be the largest integer < n in J7 LI J and set bj :=2n+2—a;. Let
3; be the order preserving bijection of (.J7 L J7Y \ {a;,b;} with [2rr — 2] and
let JJ be the subset 3;(J7 \ {a;,b;}) of [2r — 2] (of cardinality » — 1). For any
a € [r]and j € [s], let X := [i > J7| and pJ := 2n 4+ 1 — 2r — M\, where
Ji={i# <. <i}and JI = [2n+ 1]\ (JI U J?).
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Theorem 41. Under the assumption (29), the following conditions ()
and () are equivalent.

(@) H;Zl[\i/Jj] #0¢e€ H*(OG(r,2n +1),®).

(B) (B1) dim OG(r,2r) = Z;zl co N*(J9), where OG(r,2r) is the or-
thogonal Grassmannian of isotropic r-dimensional subspaces in
the 2r-dimensional space with a symmetric nondegenerate form
and

co \' (1) i=r(r = 1)/2— \().

Bs) (V@ ® VMS)SL(” £0.
(Bs) H]:l[ Jg] #0e H(IG(r —1,2r — 2)).
Similar to Remark 31, we have the following:
Remark 42. Assume that the condition (/) is satisfied. Then, the con-
dition (f33) is equivalent to the following condition.
For any 1 < d < r and subsets B!,..., B® of [r] each of cardinality d such
that the product szl[QBj] # 0 € H*(Gr(d,r)), the following inequality
holds

ZZ“J <d(@2n+1-2r).

j=lacBi

Before we can complete the proof of the theorem, we need an interplay
between the following three homogeneous spaces.

9.1. Fundamental triple of classical homogeneous spaces. As is
well known, the following three homogenous spaces have essentially equiv-
alent intersection theories.

(1) The isotropic Grassmannian IG(r — 1,2r — 2).

(2) The orthogonal Grassmannian OG(r — 1,2r — 1).

(3) The orthogonal Grassmannians OG™ (r, 2r), where OG*(r, 2r) are the
two components of the orthogonal Grassmannian OG(r, 2r).

The relation between (1) and (2) is discussed in the appendix. The spaces
(2) and (3) are actually homeomorphic. Let V, be a 2r-dimensional vector
space with a symmetric nondegenerate bilinear form. Fix a subspace T of
V, of dimension 2r — 1, such that the quadratic form is nondegenerate on T
Then, there are homeomorphisms

ot 0GE(r,V,) = 0G(r —1,T),

which send N to N NT. Notice that N cannot be a subspace of T (because
T does not have isotropic subspaces of dimension r).
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Fix one component and denote it by OG™(r,2r). Then, as in [BL, §3.5],
the Schubert cells in OG™ (r, 2r) are parameterized by the subsets I C [2r] of
cardinality r satisfying:

e INI =0, where [ :={2r +1—ala € I}.
e The number of elements in I that are less than or equal to r has the
same parity as 7.

One easily sees that the above set is in bijection with &(r — 1,2r — 2), the
indexing set for the Schubert cells in IG(r — 1,2r — 2). This bijection takes I
to B(I\ {r,r+1}), where (3 is the order preserving bijection [2r]\ {r,7+1} =
[2r — 2]. By Theorem 45 and the above homeomorphism ¢, this bijection
preserves non-zeroness of intersection numbers.

9.2. Proof of Theorem 41. Under the assumption (29), the following
two conditions are equivalent.

(m1) H;:J\Pﬂ] #0¢€ H*(OG(T, 2n + 1), QO)'

(72) H;Zl[\IIJj] # 0 € H*(OG(r, 2n+1)) and the condition (f;) is satisfied.

A straightforward reworking of the proof of Theorem 30 yields Theorem 41
with condition (f3) replaced by the following:

(B%) For generic complete flags F! ..., F® on an r-dimensional vector
space M, the vector space
2 o
(30) {(ve N M| y(FLF)) =0, acr.jes]}

is of the expected dimension

r(r—1)/z—zco/\2(ﬂ'),

where J7 := {il <.-- <} and t] := |J7 > ii|.

In the following lemma, we will consider only those isotropic flags F, on
V, such that F,. € OG™(r,2r). We have the following analogue of Proposi-
tion 36(3) for the Grassmannian OG™ (r, 2r).

Lemma 43. The tangent space at a point P to the shifted Schubert cell
in OG™(r,2r) parameterized by J = {iy < --- < i,} and corresponding to an
isotropic flag F, on 'V, is given by

(31) (ve N P* | 1(F(P)a, F(P)s,) = 0,Ya € [r]},

where t, := |J > i,| and (as earlier) F(P), is the filtration on P induced from
that of F, indexed by the dimension.

Let 7, be the permutation in the symmetric group So, which transposes r
and r+ 1. Then, observe that in the above lemma, the space (31) correspond-
ing to J is the same as that for s,(J).
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Using an obvious analogue of Lemma 38 (with IG(r,2r) replaced by
OG™(r,2r)) and the relation between structure constants in OG™ (r,2r) and
IG(r — 1,2r — 2) as given in Subsection 9.1, we conclude that the conditions
(B3) and (%) are the same. This proves Theorem 41. O

10. Appendix. Relation between intersection theory of
homogeneous spaces for Sp(2n) and SO(2n + 1)

For completeness, we include a proof of the following well-known Theo-
rem 45 (cf., e.g., [BS, pages 2674-2675]). As in Section 2, there is a canonical
Weyl group equivariant identification between the Cartan subalgebras h¢ and
hE (and also the Weyl groups W and W) of Sp(2n) and SO(2n + 1) re-
spectively. We will make these identifications and denote them by h and W.
Let AS (respectively, AP) be the BGG operators for Sp(2n) (respectively,
SO(2n + 1)) acting on S(h*) = Cley, ..., €,] corresponding to the simple re-
flections s;, where {ey,...,€,} is the basis of h* as in [Bo, Planche IT and IIT].

Lemma 44.

AP = A9, 1<i<n,
1 C

For any w € W with reduced decomposition w = s;, ---s; , define A =
Al-c1 e Ag and similarly define AZ. (They do not depend upon the choice of
the reduced decomposition.) Consider the isomorphism

¢ H* (SO(2n +1)/B5, (C) - H (sp(2n)/BC, (C),
induced from the Borel isomorphism via the identity map

Clet, ... en] L Cle,... €]
R TR
where I8 = I is the ideal generated by the positive degree W-invariants in
Clet, .-, €n]. Let {[Aw(C)}wew C H*(Sp(2n)/B¢) be the Schubert basis

and similarly for {[Ay,(B)]}wew. Let p$¢ € Cler, ..., e, be a representative

of [A¢(C)] and similarly pZ for [A.(B)]. Then, by [BGG], we can take
pB = (H?:l Ei) (H1§i<j§n(612 - 6?))

¢ (W] ’
and N
o 2T e) TTicicjenlel =€)
be = W :
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Thus,

e =2"p¢.
By loc cit., p§ = Ag_lpec represents the class [A,(C)] and similarly pZ :=
AB_ pB represents the class [A,,(B)]. Hence,

G =21,

where (as in Section 8) u(w) represents the number of times the simple re-
flection s, appears in any reduced decomposition of w. Thus, we have the
following:

Theorem 45. The algebra isomorphism ¢ satisfies:

o([Ru(B)]) = 200" [R,(C)], for anyw € W.
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