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SMOOTH JULIA SETS OF ELLIPTIC FUNCTIONS
FOR SQUARE RHOMBIC LATTICES

JANE HAWKINS

ABSTRACT. We discuss the dynamics of iterating the Weier-
strass elliptic p function with period lattice any real rhombic
square lattice in C, that is, a lattice generated by the complex
numbers a + ai and a — ai, a > 0. We conjecture that the
Julia set of p for each such lattice is the whole sphere and
describe a holomorphic family of these maps. We prove the
conjecture in a specific case and give results supporting it in
general.

1. INTRODUCTION

Smooth Julia sets are a somewhat rare occurrence in complex dy-
namics and even rarer embedded in parametrized families of mero-
morphic maps. The only holomorphic family of rational maps with
Julia set the whole sphere is due to Lattes, and a nice expository
article about it may be found in [14].

In this study, we focus on one specific lattice shape for the iter-
ated Weierstrass elliptic g function. While this is restrictive, it is
already known there is a wide variety of dynamical behavior and
topology among Julia sets resulting from parametrized families of
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elliptic functions with period lattice in the shape of a square [6],
(7], 18], [9].

If the square lattice is generated by conjugate vectors of the form
A1 = a+ ai, and Ay = a — ai, for some real number a > 0, then we
claim that there is much less variety among the Julia sets that can
occur. In particular, we conjecture that in this case J(pp) = Cw,
the Riemann sphere, and we obtain a family of maps with this
property, parametrized by the real parameter a > 0. The starting
point for this paper is the following proposition by the author and
Lorelei Koss [7].

Proposition 1.1. If A is a rhombic square lattice, then the Julia
set is connected if and only if J(pp) = Coo.

Our main theorem is that the condition is satisfied for one spe-
cific lattice and we conjecture that it is true for all square rhombic
lattices. We give supporting evidence for the full conjecture in the
form of traditional proofs and numerical evidence.

Conjecture 1.2. If A is a real rhombic square lattice, then J(pp) =
Coo-

The reason that the conjecture is quite difficult to prove is that
there is no closed form for the Weierstrass elliptic pa function and
certainly not for any fixed or periodic points of it. We proceed by
studying the classical identities for these functions and by pushing
them further in order to extract dynamical results from them.

2. SOME PRELIMINARY DEFINITIONS AND NOTATION

Let A\, A2 € C\{0} such that Aa/\; ¢ R. We define a lattice of
points in the complex plane by A = [A1, A2]: = {mAi+nde: m,n €
Z}. Two different sets of vectors can generate the same lattice A;
if A = [A1, A2, then all other generators Az, Ay of A are obtained
by multiplying the vector (A1, A2) by the matrix

a b
-5 0)
with a,b,c,d € Z and ad — bc = +1.

We can view A as a group acting on C by translation, each w € A
inducing the transformation of C:
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T,:z— 24+ w.

Definition 2.1. A closed, connected subset @ of C is defined to
be a fundamental region for A if

(1) for each z € C, @ contains at least one point in the same
A-orbit as z;
(2) no two points in the interior of @ are in the same A-orbit.

If @Q is any fundamental region for A, then for any s € C, the set
Q+s={z+s:2€Q}

is also a fundamental region. If we choose @) to be a parallelogram,
we call Q a period parallelogram for A.

The ratio 7 = Ag/A1 is an important feature of a lattice. If
A = [\, A2] and k£ # 0 is any complex number, then kA is the
lattice defined by taking kX for each A € A; kA is said to be similar
to A. For example, the lattice A, = [1,7] is similar to the lattice
A = M A;. Similarity is an equivalence relation between lattices,
and an equivalence class of lattices is called a shape.

Definition 2.2. (1) A = [A1, Ag] is real rectangular if there ex-
ist generators such that A; is real and Ay is purely imag-
inary. Any lattice similar to a real rectangular lattice is
rectangular.

(2) A = [A1, A2] is real rhombic if there exist generators such
that Ao = A\;. Any similar lattice is rhombic.

(3) A lattice A is square if iA = A. (Equivalently, A is square
if it is similar to a lattice generated by [A, \i], for some

A>0.)
In each of cases (1) — (3), the period parallelogram with vertices
0, A1, A2, and A3 := A1 + Ay can be chosen to look rectangular,

rhombic, or square, respectively.
2.1 REAL RHOMBIC SQUARE LATTICES

Proposition 2.3. The following are equivalent for a lattice A.

(1) A is a real rhombic square lattice.
(2) There exists a A > 0 such that A = [\e™/* \e=™/4],
(3) There exists v > 0 such that A = [2v,~ + i7].
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Proof: By definition, A is real rhombic square if and only if (a)
A = (A1, A2] with Ay = Ay and (b) iA = A.

(2) implies (1): Obviously condition (a) is satisfied, and writing
Ae™/* in its Cartesian form, we have A = [%(1 + 1), %(1 —1)].
Then for any w € A, there exist m,n € Z such that w = m(%(l +
1)) + n(%(l —14)). We have that

. A . A .
iw = Zm(ﬁ(l +1i)) + zn(ﬁ(l —1))

(1+nywm;%u—ny

A
- n(E
So iA C A; since
A=—A=i*ACiACA,
(b) is satisfied.
(2) and (3) are equivalent using v =

(1),

(1) implies (2): If (1) holds, then there exist generators satisfying
A2 = Ar; in polar form, A; = re? and Ay = re~* for some 6 € (0, 7).
Since, in addition, it is square, we use the remark in Definition
2.2(3) to see that § — (—0) = 20 = 7 /2. Therefore, § = 7 /4. O

We begin with f: C — C., a meromorphic function where C,, =
CU {0} denotes the Riemann sphere.

A

s and changing the gen-

S

erator using the matrix

Definition 2.4. An elliptic function is a meromorphic function in
C which is periodic with respect to a lattice A.

For any z € C and any lattice A, the Weierstrass elliptic function
is defined by

1 1 1
w=at 3 (ap )

Replacing every z by —z in the definition, we see that pj is an even
function. The map pp is meromorphic, periodic with respect to A,
and has order 2.
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The derivative of the Weierstrass elliptic function is also an elliptic
function which is periodic with respect to A defined by

Ph(z) = —2 Z (Z_lw)g

The Weierstrass elliptic function and its derivative are related by
the differential equation

(2.1) Ph(2)* = 4pa(2)° — gapa(2) — g3,

where ga(A) =603, (o) w~* and g3(A) = 140 D weA\{o} w5,
The numbers g2(A) and g3(A) are invariants of the lattice A in
the following sense: If go(A) = g2(A’) and g3(A) = g3(A’), then
A = A. Furthermore, given any go and g3 such that g3 —27g3 # 0,
there exists a lattice A having g2 = g2(A) and g3 = g3(A) as its
invariants [5].
Theorem 2.5 ([5]). For A; = [1, 7], the functions g;(T) = gi(A;),
1 = 2,3, are analytic functions of T in the open upper half plane
Im(t) > 0.

We have the following homogeneity in the invariants go and g3
[8].
Lemma 2.6. For lattices A and A', N' = kA &
g2(N) =k 1ga(A)  and  g3(N') =k Cg3().

Theorem 2.7 ([10]). The following are equivalent:

(1) pa(z) = pa(2);
(2) A is a real lattice;
(3) 92,93 € R.

For any lattice A, the Weierstrass elliptic function and its deriv-
ative satisfy the following properties: for k € C\{0},

1 .
(2.2) pra(ku) = 5o (u), (homogeneity of py),

1 .
Pra(ku) = 594 (u), (homogeneity of pj).

Verification of the homogeneity properties can be seen by substitu-
tion into the series definitions.
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If ¢/ (20) = 0, then zy is a critical point and pj(z0) is a critical
value. The critical values of the Weierstrass elliptic function on an
arbitrary lattice A = [A1, Ao] are as follows.

For j = 1,2, notice that pa(\; — z) = pa(z) for all z. Taking
derivatives of both sides, we obtain —g/\ (\; — z) = @/\(2). Sub-
stituting z = A1/2, A2/2, or A\3/2, we see that ©)\(z) = 0 at these
values. We use the notation
Az
<)
to denote the critical values. Since ej, es, e3 are the distinct zeros
of equation (2.1), we also write

(2.3) pa(2)? = 4(pa(2) — e1)(palz) — e2)(pa(2) — e3).

Equating like terms in equations 2.1 and 2.3, we obtain

A A
e = p/\(?l)v ey = PA(EZ), e3 = pA(

92 leses =8
4 1€2€3 4
Naturally, the lattice shape relates to the properties and dynam-
ics of the corresponding Weierstrass elliptic function. Denote

(2.4) e1+ex+e3 =0, ejez+eses+teres =

(2.5) p(z) = 42° — gox — g3,

the polynomial associated with A. Let A = g3 — 27¢3 # 0 denote
its discriminant.

Proposition 2.8 ([5]). (1) If A is real rhombic, then the discrim-
inant is negative; in this case, the roots of p are one real and a
complex conjugate pair. If g3 > 0, then the vertical diagonal of the
rhombus is longer than the horizontal diagonal, and if g3 < 0, then
the horizontal diagomnal of the rhombus is longer than the vertical
diagonal.

(2) If A is rhombic square, then go < 0 and g3 = 0; in this case,
the roots of p are 0,4,/g2/2.

The following corollary can be obtained using equations (2.1)
and (2.4).

Corollary 2.9. (1) If A is rhombic, then es = €1 are the complex
roots of equation (2.5), and es is real. If g3 > 0, then e3 > 0, and
if g3 <0, then e3 < 0. (2) If A is rhombic square, then e3 =0, and
el = @/2 = —eq are purely tmaginary.
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2.2  FATOU AND JULIA SETS FOR ELLIPTIC FUNCTIONS

We review the basic dynamical definitions and properties for
meromorphic functions which appear in [1], [2], [3], and [4]. As
above, let f: C — C4 be a meromorphic function where C,, de-
notes the Riemann sphere. The Fatou set F(f) is the set of points
z € C such that { f™: n € N} is defined and normal in some neigh-
borhood of z. The Julia set is the complement of the Fatou set on
the sphere, J(f) = Co\F'(f). Notice that Coo\U,,>o f~"(00) is the
largest open set where all iterates are defined. Since
F(C\U,,>0 f7(0)) C Coc\U,1>0 f7™(o0), Montel’s theorem im-
plies that ;

J(f) = F(c0).

n>0
Let Crit(f) denote the set of critical points of f, i.e.,

Crit(f) = {z: f'(z) = 0}.

If 2y is a critical point, then f(zg) is a critical value. For each
lattice, pa has three critical values and no asymptotic values. The
singular set Sing(f) of f is the set of critical and finite asymptotic
values of f and their limit points. A function is called Class S if
f has only finitely many critical and asymptotic values; for each
lattice A, every elliptic function with period lattice A is of Class S.
The posteritical set of oy is

P(p/\) = U p?\(el Uey U 63) .
n>0

For a meromorphic function f, a point zq is periodic of period p
if there exists a p > 1 such that fP(zy) = zp. We also call the set
{20, f(20),- .-, fP"H(20)} a p-cycle. The multiplier of a point zq of
period p is the derivative (f?)(20). A periodic point zg is called
attracting, repelling, or neutral if |(fP)'(z0)| is less than, greater
than, or equal to 1, respectively. If |(f?)'(z0)| = 0, then z is called
a superattracting periodic point. As in the case of rational maps,
the Julia set is the closure of the repelling periodic points [1].

Suppose U is a connected component of the Fatou set. We say
that U is preperiodic if there exists n > m > 0 such that f™*(U) =
f™U), and the minimum of n — m = p for all such n,m is the
period of the cycle.
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Proposition 2.10. If p is an attracting fixed point or a rationally
neutral fized point for @p, then the local coordinate chart for the
point is completely contained in one fundamental period of pa (in
fact, in one half of one fundamental period).

Proof: This is due to the periodicity of pj; in each case, the local
form is invertible. If we spill into another half fundamental period
or region, then injectivity fails. O

The main conjecture of this paper is that for a real rhombic
square lattice A, J(pp) = Co. However, the next result shows
that there are many square lattices I' with the property that the
corresponding Weierstrass g function with period lattice I' has a
superattracting fixed point. Hence, the Julia set of pj does not
depend on the shape of a lattice as much as on its invariants go and
g3 (see Figure 1).

FIGURE 1. One period of the Julia set for a square lat-
tice with a superattracting fixed point

Proposition 2.11. Let A = [1,7] be a lattice such that the critical
value pp(1/2) = € # 0. If m is any odd integer and k = {/2¢/m
(taking any root), then the lattice I' = kA has a superattracting
fized point at mk/2.

Proof: Equation (2.2) for gj , implies that k/2 is a critical point
for pr. Since m is odd, periodicity implies that pr(mk/2) =
pr(k/2). Further, the homogeneity property implies that

mk k k 1 1 € mk

@F(7) = @F(§) = @kA(g) = ﬁm(? R 0
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Julia sets for square lattices exhibit additional symmetry. The
following was proved in [7].

Theorem 2.12. If A is rectangular square or rhombic square, then
™2 (pn) = J(pn) and €™ F(pp) = F(pa).

Proof: Let z € F(pa); then by definition, ©}(z) exists and is
normal for all n. By equation (2.2), pa(iz) = —pa(2z) and since
pA is even, we know that ©} (iz) = e} (z) for all n > 2. So e} (iz)
exists for all n. Let U be a neighborhood of z such that {©}(U)}
forms a normal family. Let V' = ¢U. Repeating our argument, we
have that pa (V) = pa(iU) = —pa(U) and o} (V) = pR(U) for all
n > 2 and thus, {p}(V)} forms a normal family. The proof of the
converse is identical. So z € F(px) if and only if iz € F(pa). By
symmetry about the origin, —z, —iz € F(pp), and the Fatou set is
symmetric with respect to rotation by /2. O

2.3 SUMMARY OF PROPERTIES OF pp WHEN A IS A REAL
RHOMBIC SQUARE LATTICE

We collect the results for our setting and show the graph of pj
in this case (see Figure 2).

PN W A O o N

‘2 -2
F1cURE 2. The graph of pa for A real rhombic square

For the rest of the paper, we assume that A is a real rhombic
square lattice. Most of these follow immediately from the results
above; a few references are given for more detailed proofs.

(1) A = [Xe™/*, Xe~™/4] for some A > 0.
(2) iA=A, iJ(pa) = J(pa), and iF(pr) = F(pa)-
(3) g3 =0 and g2 < 0.
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(4) The connection between A and g2 is as follows. For k > 0,
A = kA if and only if go(A") = k~4ga(A).
(5) es =0 and e; = —eg are purely imaginary and satisfy

—4ejes = go,

or equivalently,

61:—@/2.

(6) We define the standard lattice to be the unique lattice cor-
responding to go = —4 and giving e; = —t¢ and ey = 1.

(7) For the standard lattice, we have A = v &~ 2.62206, and we
denote the special lattice I' = [b+bi, b—bi], with b ~ 1.85407
(see e.g., [12]). Note that v = v/2b.

3. THE MAIN RESULTS

As above, I' denotes the standard square rhombic lattice with
side length ~.

Theorem 3.1. If we define a real rhombic square lattice A = kT,
with k = (2/b)1/3 ~ 1.02558, then J(pa) = Coo.

Before giving a proof of the theorem, we need to recall some
basic analytic properties of pa which follow from classical identities.
There are formulas for the quarter period values of the Weierstrass
elliptic function; we mention one which is of use in what follows.
Let for each 4,5,k =1,2,3

(3.1) d? = (e; — e;)(e; — ex) = 3e; — g2/4,
where we choose the square root so that
(3.2) pa(Xi/4) = e + d;,

with A = [/\1,)\2], and A3 = A1 + Ao.
We use this to prove the following result (see Figure 3).

Lemma 3.2. If A = [a+ ai,a —ail], a > 0 is a real tThombic square
lattice, then pp(a/2) = d3 = \/—g2/4, where go is the invariant

associated to the lattice A. In particular, for the standard lattice I,

or(b/2) =1 and pr(b/2) = —2V/2.
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FiGURE 3. The fixed point for the standard lattice

Proof: By equation (3.2), we have that pr(b/2) = \/—g2/4 =1
since e3 = 0. Moreover, by equation (2.1), we have that

(plf‘)Q =4- g2 =38,
and since the function is decreasing at b/2, the result follows. [

Using the second equation in (2.2), we obtain the following corol-
lary.

Corollary 3.3. For any lattice A = kL', !\ (a/2) = 2v/2k~3.

The next result gives a simple one-point test for determining if
J(pa) = Cx. In particular, it is enough to determine if the real
quarter period lattice point is in J(py).

Proposition 3.4. For any lattice A = [a + ai,a — ai] = kT,
on(a/2) = 1/k%; moreover, J(pp) = Co if and only if a/2 €
J(pn)-

Proof: By Lemma 3.2 and equation (2.4), we have that pa(a/2) =
\/—g2/4 = iey. Since for the standard lattice e;(I') = —i, and for
kT, e1 (k') = —i/k?, the result then follows, since ie; = 1/k?.

For the second statement, we have that J(pp) # Co if and
only if there exists a Fatou component which contains at least one
critical value if and only if both e; and ey are in F(py). This
holds if and only if ie; and iep are in F(pp), by Theorem 2.12,
which, by the first statement of this proposition, holds if and only
if a/2 € Fpy). O
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The next proof uses a crude estimate on the value of v from [12],
namely that v > 1, to produce one specific square rhombic lattice
with all repelling fixed points.

Proposition 3.5. Denoting v = v/2b, with b as above, and letting
k = (2/b)Y/3, we have that using the lattice A = kI’ gives a map
such that pa(a/2) = a/2 and ¢\ (a/2) = —y = —v/2b < —1.

Proof: By Lemma 3.2, we have pr(b/2) = 1 and p[(b/2) =
—2+/2, so using k = (%)(1/3), we have
1 1 b
(3.3) prr(kb/2) = 150r(b/2) = 15 = (5)(2/3),
and kb/2 = (g)(z/g), so the quarter lattice point is fixed.
Using equation (2.2) to compute the derivative, we have

P (kb/2) = 1)K (=2V/2) = —bv/2 =
as claimed. 0

We now turn to the proof of Theorem 3.1, which follows easily
from the results proved above.

Proof of Main Theorem: By Proposition 3.5, we have that o (a/2)
is a repelling fixed point and is therefore in J(p,). Then by Theo-
rem 3.4, we have that J(pp) = Cu. O

We conjecture that for a real rhombic lattice, all fixed points
of pa are repelling. The next few results establish this for large
enough lattices.

Lemma 3.6. Suppose A = [a + ai,a —ai], a > 0. Let D = {z €
C : |z| < V2a}, the largest open disk centered at 0 and containing
no other lattice points. Then the Laurent series for pa(z), valid for
z€D, s

g2 5 # i — 2%
3.4 = — 4 =
B o= g g+ e

with a, a polynomial in gs.

In [7], it was shown that for a real square lattice, any nonrepelling
fixed point is necessarily the smallest positive real one. In particu-
lar, a fixed point of pa in our setting lies in the interval (0, a), so
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this is where a nonrepelling one would occur. This follows from the
piecewise montonicity of pa and the fact that @/, is increasing.

Corollary 3.7. As a — oo, go — 0, and the real fized point in
2o € D tends to 1 with ¢!\ (20) — —2. Therefore for values of a
large enough, the smallest fized point for pa in R is repelling.

Proof: The function h(z) = Z% has one real fixed point at zg = 1
with h'(zg) = —2. Since the coefficients go vary holomorphically
with the lattice, by Lemma 2.6 the result follows. O

For small lattices, the evidence is even more overwhelming that
all fixed points are repelling, as is shown in Figure 4. We conclude
with the observation that if all fixed points are repelling for pa,
then either the Julia set is the whole sphere or it has a periodic
cycle of period > 1 with derivative +1, because the hyperbolic case
is ruled out by results from [9]. Therefore, pa has a disconnected
Julia set with very unusual properties, which are the subject of
further study by the author; we conjecture this cannot happen.

FI1cURE 4. Fixed points of pp for a small lattice
@=1)
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