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Abstract We study exactness and maximal automorphic factor§finimodal maps

of the interval. We show that for a large class of infinitely renormalizable maps, the
maximal automorphic factor is an odometer with an ergodic non-singular measure. We
give conditions under which maps with absorbing Cantor sets have an irrational rotation
on a circle as a maximal automorphic factor, as well as giving exact examples of this
type. We also prove that eve6? S-unimodal map with no attractor is exact with respect

to Lebesgue measure. Additional results about measurable attractors in locally compact
metric spaces are given.

1. Introduction

The notion of exactness of a non-invertible map was first introduced by Rohlin who proved,

in the measure-preserving case, that exact endomorphisms have no non-trivial measurable
factors with zero entropy2[l]. He showed that some piecewise monotone and continuous
interval maps described by Renyi i2(] were exact. In this paper we address the question

of exactness for smooth maps of an interval and study the structure of many non-exact
interval maps as well as give sufficient conditions for S-unimodal maps to be Lebesgue
exact.

It is well known that every exact measure-preserving endomorphism has positive
measure theoretic entropy. The notion of exactness of an endomorphism extends easily to
non-measure-preserving, non-singular maps even though a satisfactory definition of non-
singular entropy is still elusive. A non-singular m@&pof a measure spad&, B, ) is
exactif the intersectiom,,>o7 "B, called thetail field of 13, contains only sets of full
measure or measure zero. The maximal automorphic factbrisfits induced action on
the tail field; it is the trivial map on a one-point space if and only ifs exact.
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In this paper, the main dynamical systems of interest are smooth unimodal maps of
the interval. Throughout, the measure of interest is one-dimensional normalized Lebesgue
measure.. We show that a variety of measurable automorphic behavior is exhibited by
these maps; it is well known that the presence of a measure theoretic attractor of Lebesgue
measure zero forces the map to be dissipative with respectitot does not preclude the
existence of conservative Lebesgue factors.

After giving a brief review of non-singular ergodic theory and preliminary definitions,
we prove some results about dynamical systems with measurable attractors. We show that
every ergodic non-singular dynamical system of a locally compact metric space with an
attractor of measure zero admits an equivalent invariant infinfieite measure.

We then turn to unimodal maps of the interval for examples. We prove that évery
S-unimodal map with no attractor is exact with respect.tdNext, we consider examples
with measure theoretic attractors which have been studied and classified by several authors
[2, 11, 14. We exhibit the easily identified maximal automorphic factor in the presence of
either a stable periodic orbit or a cycle of intervals (finitely renormalizable). In the case of
an infinitely renormalizable map (of bounded type), we show that it is a dissipative map
with maximal automorphic factor isomorphic to an odometer. The factor measure on the
odometer is non-singular but not necessarily invariant.

Finally, we discuss the case of maps which have absorbing Cantor sets. These maps
were shown to exist ing]. We give conditions under which the maximal automorphic
factor is an irrational rotation on a circle as well as an exact example. Irrational rotation
factors, as topological factors, were shown to exisgin [

2. Preliminaries

We assume throughout this paper th&t B, 1) is a locally compact metric space with
metricd, Borelo-algebral3 on X andu a regular Borel probability measure ¢ Infinite
measures are always assumed toobBnite. We assume thaf is non-singular i.e.

T : X — X satisfiesu(A) =0 < u(T1A) = 0 for everyA € B. We also assume

that every point inX has at most countably many preimages urileFurthermore, in all

of our examples we will assume without loss of generality thé forward non-singular

as well, i.e. thaju(A) = 0 < u(T A) = 0 for all measurable sets. For example,
any C! map of a manifold onto itself whose differential is non-vanishing except at finitely
many points is forward and backward non-singular with respect to the Riemannian volume
form (locally equivalent to Lebesgue measure). Bat C B denote the collection of
measurable sets of positive measure. In order to stress the presence of both a topology and
a Borel measurable structure, we will refer(®, B, i, T) as anon-singular dynamical
system

Definition 2.1. Let (X, B, i, T) be a non-singular dynamical system. The non-singular
dynamical systentY,C, v, S) is a (measurablejactor of (X, B, u, T) if there exists a
surjective measurable map : X — Y such thatS o 7(x) = 7 o T(x) u-a.e., and

v~uon_1.
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A subo-algebraBB, c B is T-invariant if T~1B, c B,. It is well known that every
factor map gives rise to B-invariant subs -algebra{z —1C}ccc C B, and the converse is
also true. We refer the reader to Rohliti] for details.

2.1. Non-singular measure theoryWe review some basic definitions used in non-
singular measure theory; when the map in question is neither invertible nor measure
preserving, ergodic properties need careful definitions. Some equivalent definitions are
no longer equivalent in this setting and others simply do not extend. (For example, it is
still an open question as to what the definition of mixing should be for non-singular non-
invertible maps I]). We assume thatX, B, u, T) is a non-singular dynamical system,
although these notions apply in more general measure theoretic settings.

A measurable seW is (backward) wanderingf the sets{7T "W}’ , are all disjoint.
Equivalently, no point in a wandering s&t ever returns td¥. A measurable seY is
forward wanderingf the sets{7T"V}’ , are all disjoint. Every forward wandering set is
also (backward) wandering, but the converse is not trudl’ i$ invertible the concepts
are identical. We will use the usual convention that a wandering set always refers to a
backward wandering set.

The mapT is conservativef there exist no wandering sets of positive measure. There
exists a maximal sef on which7 is conservative, and ¢ T~1C. A non-conservative
map is calledlissipative if T is not conservative on any set of positive measure, then
completely dissipativeand we can writ&X as the (at most countable) union of wandering
sets up to a set of measure zero.

The mapT is ergodicif T has a trivial field of invariant sets or, equivalently, if any
measurable set with the property thatt(BAT ~1B) = 0 has either zero or full measure.

It follows from the definitions tha" is conservative and ergodic if and only if for all
setsA, B € B, there is a positive integersuch thae (BN T7T7"A) > 0.

A map isexactif it has a trivial tail fieldn,>o7 ~"B C B or, equivalently, if any seB
with the propertyu(T~" o T"(B) A B) = 0 for all n has either zero or full measure. For
any setA € B, we define a tail set from it by

Tail(A) := U,enT ™" o T"(A).

Denoting the tail sets{ mod 0) by7Z C B, we haven,>oT "B = 7 (u mod 0). There

is a natural factor mapping ontb called the exact decomposition (@fwith respect to

wu), andT acts as an automorphism on the factor space. We denote the factor space by
(Y, C,v), and the induced automorphism By note that a point ir¥’ is an atom of the
measurable partition generated by the relation w <= T"x = T"w for somen € N.

We call this factor thenaximal automorphic factothis is because if there is a factor map

¢ : X — Z with induced factor automorphisiR, thenR is a factor ofS. We remark

that in generalY, C, S, v) is a non-singular endomorphism of a Lebesgue space with no
specified topology.

Itis well known that any invertible ergodic non-singular transformation of a non-atomic
measure space is conservative, and virtually all of the examples we consider below are
ergodic, so their automorphic factors will be either conservative or atomic, or both. In the
next result, we give a condition that rules out the dissipative possibility for an automorphic
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factor. We recall that every invertible, dissipative, ergodic, non-singular transformation of
ao-finite space is isomorphic tor~ x + 1 onZ with an appropriately weighted counting
measure.

LEmMMA 2.1. If (X, B, u, T) is a non-singular dynamical system, and3if contains no
forward wandering sets, then every automorphic factdf i conservative.

Proof. The trivial factor is conservative, so we assume thaas a non-trivial automorphic
factor. We will denote the projection onto the automorphic factorrbyhe factor space
by Y, and the induced automorphism 8y Then if S is not conservative, there exists a
wandering seW of positive measure. Sincgis an automorphism, the s€ts™ W}, <z are

all disjoint (in Y). Then, by definition of the factor, the sets'(S~" W) are also disjoint
and equal to the (disjoint) collection of s¢& " (7 ~1W)},cz (in X). This contradicts the
hypothesis since W has positive measure and is forward wandering. O

Remark.One can construct examples of ergodic dissipative maps with conservative
factors. If we consider the product of a K-automorphiSmwith the dissipative ergodic
endomorphisnR(n) = n + 1 onN with counting measure, then the mé@p= S x R is
dissipative and ergodic with a conservative automorphic factor (whid).iBelow we
will show that such examples occur within the family of S-unimodal maps.

The following result is well known but we include it for completeness.

LEMMA 2.2. If T is non-singular and exact, thenis totally ergodic; i.e., for each € N,
T" is ergodic.

We give a necessary and sufficient condition for exactness which will be useful in the
context of interval maps.

PROPOSITION2.1. An ergodic non-singular endomorphidiris exact on X, 5, n) if and
only if for every seB € By, u(T~" o T"*1(B) N B) > 0for somen € N.

Proof. Assume first that’ is exact andA e By with u(T~" o T"*1(A) N A) = 0

for everyn € N. This means that(Tail(TA) N A) = 0, but this is impossible since
w(Tall(TA)) = 1 by exactness and non-singularity. To prove the other direction let
(Y,C, v, S) be the maximal automorphic factor X, B, u, T), # : X — Y being the
factor map. Assume by contradiction tHétis not exact, i.e(Y, B, v, S) is non-trivial.
Then there exist6 € C such thav(C) > 0 andC N S(C) = @. TakeB := 7 ~1(C). Since

the maximal automorphic factor is isomorphic to the tail field ®f B, ., T'), B satisfies
T~" o T"(B) = B (u mod 0) for alln. The same thing is true faf(B) = 71 o S(C).

By assumption O< (T " o T"*1(BYN B) = (T " o T"(T(B)) N B) = u(T(B) N B).
Hence O< v(w (T (B) N B)) = v(S(C) N C), contradicting the choice af. O

3. Measurable attractors

An important link between the topological and the measure theoretical dynamics occurs
when there are attractors present. The definition of measurable attractor we give here
was introduced by Milnor18]. We assume thatX, B, u, T) is a non-singular dynamical
system.

lettiginioas JOURMNALS

http://journals.cambridge.org Downloaded: 30 Oct 2009 IP address: 152.2.105.244



http://journals.cambridge.org

Exactness and maximal automorphic factors of unimodal interval mapg€13

For any pointr € X, the omega limit set (x) is defined aso(x) = N,U;j=, T (x).
With our standing assumptions of) for eachx € X, w(x) is a Borel measurable set.

Definition 3.1. For a setA, we define
BA) ={xe X :wk)#0,okx) C A},

and call it thebasin ofA. An attractoris a compact subset C X such thau(B(A)) > 0,
and there is no proper subsét C A, such thaju(B(A")) > 0.

Obviously, an attractor is invarianl:(A) = A. Milnor defined attractors to be closed,
but as he was considering endomorphisms on compact manifolds and our space is only
locally compact, we define attractors to be compact.

PropPosITION3.1. If (X, B, u, T) is ergodic, there can be at most one attractor and
w(X \ B(A)) = 0. Moreover, for any neighborhootd of A and anyx € B(A), there
existsN such thatr'(x) € U foralln > N.

Proof. The basin of an attractor is clearly completely invariant and has positive measure,
so it must have full measure.

It suffices to prove the second statement for small neighborhoods only. By continuity
of T, we can take/ > A so small thatT'(U) is contained in a compact sé& C X.
If x € B(A), then there exists a sequenige} such thatr” (x) — A. Suppose that
T"(x) ¢ U infinitely often. Then there exists a sequerieg}, m; > n;, such that
T™i(x) € U butT™*1(x) € K \ U. BecauseX \ U is compact, the sequengE™ +1(x)}
has an accumulation poipte w(x) \ U, contradicting the fact that(x) C A. ]

Without loss of generality we can assume thats a probability measure ok (by
replacingu by an equivalent one if necessary). Typically we are interested in the case
whereu(A) = 0 andu(B(A)) = 1. In this case we can show that the map is completely
dissipative.

PrROPOSITION3.2. If (X, B, u, T) is an ergodic non-singular dynamical system with an
attractor A satisfyingu (A) = 0, thenT is completely dissipative.

Proof. Suppose that there exists a et B, on whichT is conservative. By the regularity
of u, we can find a compact s&t C C, u(K) > u(C)/2, such thak does not intersect
some neighborhoot of 4. Conservativity onk implies thatu-a.e.x € K returns tok
infinitely often, but the previous lemma shows tl&ats in the basin of4 u-a.e., squ-a.e.
point enterd/ and stays there. Hence no suktexists. ]

3.1. Maps with attractors have-finite measures. Suppose the non-singular dynamical
system(X, B, u, T) has an attractor of measure zero. Even tholigis completely
dissipative, we show that there exists dinite invariant measure equivalent o

Before giving the proof of the result, we review some properties of non-singular
countable-to-one maps. We assume th#f B, 1) is a Borel probability space and
T : X — X is a non-singular ergodic endomorphism which is surjective and countable-
to-one almost everywhere. Sin@eis countable-to-one, we apply a well-known result
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of Rohlin [2]] to obtain a measurable partitign= {Aj1, A2, A3, ...} of X into at most
countably many sets, called atoms, satisfying:

(1) wm(A;) > Oforeach;

(2) the restriction of T to each;, which we will write asT;, is one-to-one;

(3) eachA; is of maximal measure i \ Uj<i A with respect to property (2);

(4) Tyis one-to-one and ont& (by numbering the atom4; so that

n(TAi) = u(TAit1)

fori e N).

We call a partitiory of this form aRohlin partition

The mapTl‘1 o T gives an obvious factor map from onto A1. SinceT is countable-
to-one, each fiber over € Aj contains at most countably many points (these are the
pointsx = wy, ..., w,, ... such thatl'(x) = T'(w;)) and there is an atomic probability
measureu, associated to each point y,)jc j =1,...,n,..., which is just the factor
decomposition of the measure viewed as a measure on over the fibers ofA;. The
measureg., vary measurably inx.

We now turn to the main result of this section.

THEOREM3.1. Let (X, B, u, T) be an ergodic non-singular dynamical system, where
is ao-finite regular Borel measure ankl is a metric space such thétis countable-to-one
andT(X) = X. Assume thak has an attractot4 such thatu(A4) = 0. Then there exists
a o-finite invariant measure which is equivalent tg.

Proof. As mentioned above, we can assume jh@t) = 1. We define the sets;,i > 1,
as follows: X1 := X, Xpi := {x € T(X2i_1) : d(T"(x), A) < 2~ for all n > 0} and
X2i4+1 := T (X2;). ObviouslyT (X;) D X;+1 and becausgl is an attractoru (X;) > 0 for
all ;.

Let X be the disjoint uniom;>1 X; equipped with the action

Xit1, ifiiseven,
T(x € X;))=T(x) € {X,41, ifiisoddandl (x)e X;41,
Xi, if i isodd andr'(x) € X; \ X;+1.

If 7o : X — X is the standard projection, thego7 = T omo. We note that each; can be
viewed as a subset &f with the restriction measure; := p|x,. Then the non-singularity
and forward and backward measurability Bfgives the corresponding properties fbr
with respect to the measure

p(B) =) (BN X))

By construction,X»; is backward wandering iX for eachi. Moreover, for p-a.e.
x € Uj<2 X, there exists a unique > 0 such thaf™” (x) € X2;.

We define a sequence of measufgson X starting with/i1. Let fA1lx, = ulx,, and
inductively extend the measure ¥ L X7 as follows. By our assumptions we can write
X1=U; T/ (X2), where the sets in the union are mutually disjoint and each has positive
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p-measure. By using the ergodicity 6f we can consider this disjoint union &f; := X
as defining a measurable partitionXf, Q = {7 1(X2), T~2(X>)...}. Therefore, it is
enough to definéﬂf__,(xz). We proceed inductively op.

Consider anyB ¢ 71X, and we suppose first th&t= 710 7(B) p-a.e.,i.eBisa
718 measurable set. Then we define

fi1(B) = fu1(T (B)).

In order to compensate for the fact thag henceT', is not one-to-one everywhere (and
therefore there are measurable sets not of the above form), we @dffipa Rohlin partition
(forT onX) ¢ = {A1, Ao, ..., Ay, ... }. We note thatd; intersects every atom @ in a
set of positive measure sinéemapsA1 onto X. Define the sets

0] = AcnT77 X,
for eachj, k € N. Denote for each, k the relative size of each; in 7/ X5 by
of = QD
n(T=J X2)
Then for every;, Zkzl“;{ = 1. Write By := B N QO and define

fir(B) = af - 1o T(By) and f1(B) = Zﬁl(Bk)-
k>1
In particular,
AT X2) = ) a1(0p) < u(X2).
k>1

We give the inductive step. &1 is defined orU,-<jf*"X2, we extend it tol ~/ X, as
follows. ForB ¢ T~/ Xz, By := BN Q}, andT (Bx) ¢ T-U~Y X5, so we define

A1(B) = af - o T(BY).
Then, as before,
f1(B) =Y u1(By).
k>1
We extend the measuyg to all of X by setting/i1(B) = 0 if B C U,,~2X,,. Therefore,
n1(B) = ﬂl(T_l(B)) if B C X1uUX>2,andi1(B) =0if BN (X1uU X») =¢. Note that
by constructioni1 (777 (X2)) = n(X>) for everyj, soji1 is infinite ando -finite.
We now continue inductively om and defingi,+1 by

~ ~ A1
HPnt1 = fpoT

Clearly fi,41 = fin; furthermore, ifB C U;<,41X; foranyn > 1 thenj,;1(B) =
fn(T~Y(B)) = 1, (B), so equality holds. '
We claim thatX admits a countable partitith,ﬁ}j,kzl (up to a set ofo-measure 0),

WhereX,{ is a measurable subset &f, andﬁ,,(X,i) < u(Xp) forall j,k > 1. We then
define the limit measurg by

S ORY — TN j
A(B) = ;lnnﬁmm (BN X)),
JKk=
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Becausey, is invariant onu <, Xy, this limit is aT-invariant measure. Sinq?e(X,{) <
w(X2) < o0, fiis clearlyo-finite. Finally, onX the desired measureis= ;lon(;l, which
is T-invariant and absolutely continuous with respecitdMoreover.ii|x, > fi1]x,, and
due to the non-singularity of and the construction of; above,ji1|x,, viewed as a
measure orX, is equivalent tq.. Hencev is equivalent tqu.

Ergodicity and invariance pass to any factor measure; however, we must show that
is o-finite since this property can fail when taking factors. Recall thad) = 0 and
A =0N;Ujs; X;. Therefore, ifA, is ane-neighborhood o#4, ngl(X \ A;) intersects only
finitely many levelsX ;. Hencev|x\ 4, is o-finite. Since this is true for a# > 0 andp is
regular Borely is o -finite. '

It remains to define the se@ and prove the claim. For eagéh= 2; and;j > 1, let

X =T Xip2) N Xk and X7, =T/ (Xeq2) N Xiq1.

Because tha’,{ are preimages of backward wandering sets, they are pairwise disjoint. We
claim that
supiin(X2i) < u(Xz2), foralli.
n

By construction,ii,,(X2) = wu(X>2) for all n. We continue by induction on. Since
an(T~Y(B)) > 1. (B), it follows that

An(X2i42) <Y An(X%) < fin(X20).
J

Furthermore;l,,(X,{) < fn(X2i+2) < u(Xp) forall j,i > 1andk = 2i or 2 + 1. Since
(X \ U,-X,ﬁ) = 0 for all k, this establishes the asserted partition?of m]

4. S-unimodal maps
We now consider a class of smooth maps of the interval as our main examples of non-
singular dynamical systems. Lg¢t: I — I be a unimodal map. By this we mean that
there is a unique point, called thecritical point, such thatf is increasing on the left
and decreasing on the right of The iteratesf’ (c) will be denoted by:;. Assuming that
c2 < ¢ < c¢1, we can scalef in such away thal = [c2, c1]. Forx € I, lett(x) = x
be the point such that % o f(x) = {x, x}. Note thatf is two-to-one oric, c2] \ {c}.
Therefore it is precisely on this set that# x, so thatr is defined; we have o = id on
its domain. We call a set C [c2, ¢2] \ {c} symmetridf 7(A) = A.

Throughout the paper we will assume thatis C2 and has negative Schwarzian

derivative (f is S-unimoda), i.e.
f/// 3 f// 2
7 2\p) =0

wherever defined. This assumption will enable us to make certain distortion estimates. We
call a periodic point of period stableif |(f")'(p)| < 1, thus comprising the hyperbolic
attracting and neutral case. Under the assumption of negative Schwarzian derivative, a
stable periodic orbit must attract the critical point. Hence there can be only one such orbit.
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Thecritical order of f is ¢ if there existsM > 0 such that

x — ]t
M

for all x € 1. For some of our results it is important thatis non-flat i.e. £ < oo. The
critical omega limit setw(c), is of particular importance. If is non-flat S-unimodal, then
eitherw(c) contains an interval or has Lebesgue measure zeroldge [

The ergodic properties of Lebesgue measure, which we will denoke foy unimodal
maps are well understood. We quote a result by Blokh and LyuBich [

<|f'(x)| < Melx —c|* 7t

PROPOSITION4.1. Supposef is C3 S-unimodal and has no stable periodic orbit. Then
any forward invariant measurable symmetric gefi.e. t(A) = A) with A(A) > 0 hasc
as a density point.

From this, one can easily derive thatis Lebesgue ergodic if and only if there is no
stable periodic orbit. Moreovex;a.e. point accumulates on the critical point in this case.

THEOREM4.1. 2, 11, 14 If f is C2 S-unimodal, thery is conservative if and only if
there is no attractor. There is at most one attractor, which is of one of the following types:
(1) astable periodic orbit;

(2) acycle of intervals (the finitely renormalizable case);

(3) a Cantor set (the infinitely renormalizable case);

(4) an absorbing Cantor set.

In the cases (1), (3), and (4 necessarily equals(c), and f is completely dissipative.

A map isrenormalizabldf there exists an interval, ¢ € J # I, such thatf"(J) c J
andJ, £(J),..., f"1(J) have disjoint interiors. As a rule, we tademinimal with this
property; such d is called arestrictive interval The mapf”|J is again a unimodal map;
it is called the renormalization of. If there is a smallest restrictive intervd) then f is
finitely renormalizable. If there are arbitrarily small restrictive intervals (of arbitrarily large
period) thenf is infinitely renormalizable (The best known example is the Feigenbaum
map; here the periods of the restrictive intervals are the powers of 2.) The attractor is a
Cantor set. It attracts all points except for a nullset of first Baire category. No point in
has a dense forward orbit. By Lemma 2.2, a renormalizable map cannot be exact.

In case (4),f is not infinitely renormalizable, bub(c) is a Cantor set such that
w(x) C w(c) for x in a full measure set of first Baire category. There is a second category
set of points whose orbit lies dense fin(or if f is finitely renormalizable in a cycle of
intervals). It was shown in5 that so-called Fibonacci unimodal maps with sufficiently
large critical orders have absorbing Cantor sets. Theorem 3.1 applied to unimodal maps
yields the following result.

PROPOSITION4.2. If f is a non-flatC® S-unimodal map with an attractor of type (1),
(3), or (4), thenf admits a (dissipativey -finite invariant measure which is absolutely
continuous with respect to.

This result is known whemd is a stable periodic orbit, or whed is an absorbing
Cantor set16]. To our knowledge, the result is new for infinitely renormalizable maps.
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We conjecture that the result does not hold for Misiurewicz’ example@Fareigenbaum
map whose attractaes(c) has positive Lebesgue measuté][ He showed thatw(c), f)
admits noo-finite absolutely continuous invariant measure, and it seems likely that

AT\ Up [T (@(0))) = 0.

4.1. Exact S-unimodal maps.In this section we prove some results concerning
exactness and automorphic factors for general S-unimodal mapg. heetan S-unimodal
map; we show that iff has no attractor thefi is Lebesgue exact. We also demonstrate the
maximal automorphic factor of in the cases where eith¢rhas a stable periodic orbit or
an attracting cycle of intervals. In later sections we deal with certain specific (dissipative)
unimodal maps from the remaining two cases, i.e. wheigas an attractor of type (3)
or (4).

The first result is already known in the case whg¢radmits an absolutely continuous
invariant measurg. and is non-renormalizable. Ledrappidr?] showed thatf has a
Bernoulli natural extension in this case and is exact with respgctto.

THEOREM4.2. Let f beC?3 S-unimodal. Iff has no attractor, therf is Lebesgue exact.

Our proof relies on a result by Martens and involves a property which he calls the strong
Markov property 14, 15, 1T.

PrROPOSITION4.3. (Strong Markov propertyguppose’ has no attractor of type (1), (3),
or (4). Then there exist symmetric neighborhoédandV of ¢, c € clU C intV, such
that for A-a.e.x the following holds: there exist integets(x) < k2(x) < --- and nested
intervalsx € --- C I>(x) C I1(x) such that, for ali, /%™ (x) € U and £ mapsI; (x)
monotonically ontd/.

Remark.Let L1 and Ly be the components df \ V, and sayr(L1) < A(L»2); define
8 := A(L1)/1(V). Thenthe Koebe principle (se&q, Theorem IV 1.3]) gives the distortion
boundk (8) = ((1+ 8)/8)%:

|Df5 O ()]
|Dfki () (2)]

= K(). 1)

dist(f5™ L)y n RO W) = sup: cy,z € Li(x)N f"’(")(U)}

Proof of Theorem 4.2Let U C V be as in Proposition 4.3 and l&t- 0 and the distortion
boundK = K(8) > 1 be asin (1).

Let p be the orientation reversing fixed point 6f Without loss of generality, we can
assume thav c (p, p). It is well known (see, e.g.1]7, Theorem Il 4.6]) that, since
f is not renormalizable,), f/"(U) = I. Therefore, there exists a minimal> 0 such
thatp € int f"(U). Let H C f"(U) be an interval such that(H) c f"(U). Let
Hy, H, C U be such thatf” mapsH; and H, diffeomorphically ontoH and f(H),
respectively. Letko = Ko(Hi1, Hp) such that digtf” ™1, Hy), dist(f”, H2) < Ko. Take
& := min{A(H1), L(H2)}.

Now let A be any set of positive measure. Lebe a Lebesgue density point afsuch
that the integers; and intervald; (x) from Proposition 4.3 are well defined. Sincés a
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density point, we can takieso large that (7; (x) \ A)/A(I;(x)) < ¢/3K K. By the Koebe
principle, dist %, I; (x) N =% (U)) < K. Therefore,

MHL S5A) _AUNSEA) AU) e 1 1
A(H1p) - AU) A(H1) ~ 3Koe ~ 3Kg’

and similarlyr(Hz \ f% (A))/A(Hz) < 1/3Ko. Using the distortion boun&o of f*+1|H,
and | H», we obtain

ML)\ SEHHA) AL E) N\ AT @A) 1

A(f (H)) ’ W(f (H)) -3
It follows thatA(f+"+1(4) N f5+7(A)) = IA(f(H)) > 0. By Proposition 2.1/ is
exact. ]

4.2. Maps with stable periodic orbits. We have shown that an S-unimodal map without
an attractor has a trivial maximal automorphic factor. We next characterize the maximal
automorphic factor off if f has an attractor of type (1) or (2).

THEOREMA4.3.

(1) If (I,B, A, f) has a stable periodic orbit, then its maximal automorphic factor is
isomorphic to(R, B, A, x — x + 1).

(2) If (I, B, A, f) hasanattracto/ U £ (J)U- - -U f"~1(J) of type (2), then its maximal
automorphic factor is isomorphic t6Z/nZ,i + i + 1modnr) with counting
measure.

Proof. Supposep is ann-periodic stable periodic point with immediate ba#in Then
w(x) = orb(p) r-a.e. If p reverses orientation, takee B \ {p} andU := (b, f2*(b)].

If p preserves orientation, then take poiatand?’ in either component oB \ {p} and

U := (b, f"(b)]U [f™(D), D). (If B\ {p} has only one component, namely because
[(f™(p)| = 1, then takey := (b, f"(b)].) In each casé/ is forward wandering and
fundamental in the sense that fea.e.x € I, there exist, j > 0 such thatf! (x) = f/(y)
fora uniquey € U. Definer(x) = (y,i — j). Thenitis easy to seethat: I — U x Z

is a factor map andU x Z, (y, n) — (y,n + 1)) is the maximal automorphic factor. This
system is obviously isomorphic {®, B, A, x — x + 1).

If f has amn-period restrictive intervall, then fori-a.e. x there exists such that
fi(x) € J. The mapr(x) = i modn is obviously a factor map. 1§ U ---U f*~1(J)is
the attractor, then by Theorem 4 2%|J is exact. Henc€Z/nZ, i — i + 1 modn) is also
the maximal automorphic factor. m]

The next result states that many dissipative unimodal maps have conservative maximal
automorphic factors.

PROPOSITION4.4. Let f be aC® non-flat S-unimodal map having no stable periodic
orbit. Then the maximal automorphic factor@f B, 1, f) is conservative.

Proof. A result by Blokh and Lyubichg, 87] states thalf does not admit wandering
sets. (The proof was carried out for critical orde= 2, but can be generalized to any
¢ € (1, 00).) The proposition follows now from Lemma 2.1. ]
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4.3. Infinitely renormalizable maps. As mentioned earlier, a unimodal map is infinitely
renormalizable if it has arbitrarily small restrictive intervals. We first review the structure
of infinitely renormalizable maps in detail.

Let f denote an infinitely renormalizable S-unimodal map. Tlfehas a forward
invariant Cantor se, and the following hold.
° There exists a decreasing chain of closed subsetsagnoted by* and satisfying

ek cltcal=1;

eachQ* contains the critical point and each is mapped onto itself by

° There exists a sequenggy }icn, such thatp, divides pi1, such that the following
hold. For eaclt € N, there exispy disjoint closed subinterval®;, . ;. ,i; € {0, 1},
which are cyclically permuted by the firgty — 1 iterates of f, and such that
FP(Ruy. i) C Ry iy furthermore QF = UQ;, 4,

. The critical pointc always lies in the subinterval which is labell€x o, .. o; i.e.
Q0.0.....0 iS a restrictive interval, and the rest are labelled so that the actiofi of
moves the cylinders in the usugl;}-odometer order (add 1 tig and carry when
necessary).

. The intervals are nested in the obvious way; that is,

Qil,-.-,ik_l.,ik - Qil,-.-,i/\ 1

As fPR(Q,, .. i, to a map on the unit
interval. For this reasonf is called renormalizable. The fact that we can do this
for everyk makesf infinitely renormalizable.

° The intersection

..........

.....

is known to be a Cantor set of Lebesgue measure zero Wlgnon-flat S-unimodal
(however, cf. 19]). Furthermore2 = w(c), thew-limit set of the critical point, and
f1R is the{pg}-odometer.

. The orbit ofA-a.e. pointx converges to the Cantor s@tin the sense that for every
k, the orbit ofx eventually lands insid@F, i.e. 2 is an attractor. By2*(x) we will
denote the specific subinten@}, ;,..; containingx. Therefore*(x) is defined
for all k for r-a.e.x.

If px = 2F for an infinitely renormalizable S-unimodal map of the interval, thfeis
commonly known as &eigenbaum mapindependently, Feigenbaui@] fand Coullet and

Tresser 7] discovered this pattern of renormalization for these maps.

LEmMMA 4.1. If fis S-unimodal and infinitely renormalizable, fora.e.x € I there exists
a uniguey € Q such that| /" (x) — f"(y)| — 0asn — oo. In this case we say that
copiesy € Q.

Proof. Using the subinterval®;, . ;, as abasis for the topology of the Cantor set, we have
that the sequencés, .. ., i, . . .) from the corresponding basis elements giy@g-adic
coding for eachy € 2, and, as mentioned above, the labeling is chosen to correspond
under the action of to the usual odometer action.
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We fix somex € I such thatw(x) ¢ Q. For eachk > 0, there exists a smallest
positive integern; such thatf"+(x) € Jx = Qo,..o (k zeroes). Asf"(x) € Jx only if
n = ny + jpir for somej > O, it follows thatp; dividesnyy1 — ng. Letis, ..., ix—1 be
such thatr; + Z’;j ijpj = 0modpi. Then f**(x) € f™ (R, i,_,). Furthermore,
Qi D uy,.i, foreachk. Lety = Mgy, .i,. We will show thatx copiesy and no
other point.

Fore > 0, letk be so large that each componentf has length less thasnn Then
[/ (x) — f"(y)| < diam(f"~"(Ji)) < ¢ for all n > ny. Since this holds for any > 0,
| f"(x) — f™(y)| — 0. On the other handf|2 is distal: if y’ € Q, y' # y, then
| f"(y) — f™(y)| is bounded away from zero uniformly in Indeed, fork sufficiently
large,y andy’ are contained in different components®f, and these components remain
disjoint under iteration of . Hencey is the unique point copied by. O

.....

Define the mapr : I — Q by 7 (x) = y, i.e.x is mapped to the unique point that
it copies. This map is well defined except on a seh agheasure zero. Using for the
odometer action of, we haver o f(x) = gom(x). Itis easy to see from the dynamics of
the map that the usual Borel structure generated by cylinder s€&tsagnees with the factor
measure structure (i.e. a sétis Borel inQ «= 7 ~1C is Borel inI). With respect to
the factor measure(-) = A o 7 ~1(-), the factor map is invertible. We take the completion
of the Borel sets irf2 with respect tqu to obtain a factor Lebesgue space. Note that as a
factor space, the spasehasu measure one (in contrast with the zero Lebesgue measure
it has as a subset @). The aim of the rest of this section is to show tf@t = (B), u, g)
is the maximal automorphic factor for a certain class of infinitely renormalizable maps.

We have defined;, = Qoo (k zeroes) to be thkth restrictive interval; its period ig.
For eachx € B(Q2), let

np(x) :=minfn : f"(x) € Ji}

and
my(x) ;== min{m : fP=1"(y) € Jy for y = f™-1(x)}.

In this way (takingpg = 1) we obtairn; = Zle my pr—1. Basically,m; plays the same
role for fPx-1|J,_1 asm1 plays for f|1.

A unimodal map f is infinitely renormalizable obounded typ&f it is infinitely
renormalizable and the sequence of the quotiepfe,—1 is bounded. The geometry of
the Cantor sef2 has been particularly well studied for these maps, §&eCh. VI]. For
our purposes we need the following facts.

PROPOSITION4.5.

(1) Let f be a non-flat S-unimodal infinitely renormalizable map. Then there exists
K > 1 such that for all restrictive intervalg; the following holds: iff” : J — Ji
is a branch of the first return map té,, then the distortiordist(f”, J) < K. (In
particular, " : J — Ji is a diffeomorphism; it/ = J; then we should take = 0.)

(2) If in addition f is renormalizable of bounded type, then there exist< p; < 1
such thato” ™ A(Jk) < A(x € Ji1; mi(x) = n)) < PR,

Proof. We only sketch the proof, since most of the details can be foundingV1.2].
In particular, it is shown that the central gaps of #ih level, i.e. the components of
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1\ Q adjacent to the restrictive interva}, have size greater or equalddJi| for some
uniform constans > 0. (The proofin 7] of this fact deals with infinitely renormalizable
maps of bounded type, but it remains valid for arbitrary non-flat S-unimodal infinitely
renormalizable maps.) Lef be any maximal interval such that’ : J — J; is a
diffeomorphism. Le” > J be the maximal interval such thgt' |T is a diffeomorphism.
Then there exist < b < n such that € 3f%(T), 3f>(T), and f"(T) = (cp—a, Cnp) D
Ji. Becauser — a andn — b # n, ¢,_q andc,_p lie in QK \ Ji. Hencef”(T) contains
both gaps adjacent t,. Therefore, the components ¢f(T) \ J; both have size greater
or equal too|Ji|. This is the space needed to apply the Koebe principle that yields the
distortion bound given in formula (1).

For the second statement we remark that the dynamicgPoft on Jy_1 \ J; are
hyperbolic (see, e.g.,1f, Theorem 111.5.1]). More precisely, there exist > 1 and
C > 0 depending only om(Ji)/A(Jk—1), such that Df"Pk-1(x)| > Ct" whenever
fiP-1(x) € Jr_1 \ Jx for 0 < j < n. If f is infinitely renormalizable of bounded
type, A (Jx) /1 (Jr—1) is bounded uniformly away from zero. This implies that the assertion
holds for a uniform choice ogf_ andp . ]

We now state the main result of this section.

THEOREMA4.4. Every S-unimodal infinitely renormalizable map of bounded type has
as its maximal automorphic factor an ergodic conservative non-singular adic odometer
action with respect to the factor measure induced.by

The idea of the proof is to show that, fora.e.x, ni(x)/ pr is bounded for sufficiently
manyk’s in a sense made precise in Proposition 4.6 below. From this it will follow that
forthei x A-a.e. painx, y), |nr(x) — ni(y)1/ pr is bounded sufficiently often. Passing to
fibersl, = 7~ 1(w), we can show that fqu-a.e.w € Q andi,, x A,-a.e.(x, y) € I, x I,

Ing (x) — nk(»)|/ px is bounded infinitely often. (Herk, denotes the fiber measure that
induces on/,,.) We apply this to density points of certain tail sets and complete the proof
by a distortion argument which shows that the tail sets must intersect eventually under
forward iteration.

PrROPOSITION4.6. Under the assumptions of Theorem 4.4, there existss 0 and a
sequenceék;} (k; = j2 will suffice) such that fok-a.e.x € B(S),

T 2
liminf —#{j <i :ng; (x) < Npg;—1} > .
i—oo 1 3

Proof. Recall the constants; < 1 andK > 1 from Proposition 4.5. Choos¥é so large
that

<o )

1-p4 1-p+ 1-pY* 1-p4

1 2N/3+1 N—Ng/2
N+ P / o o/ )
+

K
PVt < K( Py | P+
forall N > Ng. We show that for any andN > Np,

P(ni = Npie-1) = A({x s me@) = Npeeah) < o) 2. (3)
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We will use induction ork. Fork = 1, Proposition 4.5 and (2) immediately give

o0
; K N/3
P(n1 > Npo) = P(m1 = N) < > Kpit* < ﬁpf“ <ol
Py — P+

1
forall N > Ng. For the induction step,
N-1
P(nk > Npi-1) < P(mx = N) + Y P(mg =i andm_1 > (N — i) px-1)
i=0
K N—Np/2 .
< ﬁpf“ + Y KpiP Py = 2N —i)pi-2)
e i=0

N-1 _
+ Z Kpfl.

i=N—Np/2
Here we have used Proposition 4.5 and the fact thay > 2px—2. By induction,
P(ng—1>2(N —i)pr—2) < pi(N_’)/3 fori < N — Np/2. Together with (2), this gives
K N—No/2 2N-1)/3 N-1 _
Py = Np-p) < g——pf e K 30 X Pk 3 ot
— P i=0 i=N—No/2
N+1 2N/3+1 N—No/2
Py Py P+ N/3
<K + <p.'".
(1—P+ 1-p3 1—P+> *

This proves formula (3).
Now takek; = i2. Sincep, > 2p,_1 foralln > 2, we havepy, ,—1 > 2% py,_1. By
(3) we find that for sufficiently large

1 1 pi;q—1 22 /3;2
P\ ng = 5 pk —1) =P (nk,- > S5——p-1]<p ,
( 277 i2 pu-1 "

which is summable over The Borel-Cantelli lemma gives that the set
s 1
X:i=1x:3jVi>jng,x) < i—zpkiﬂ,l (4)

has full measure in the basin &f. Write W; (x) := Z';":ki_lJrl mj(x)p;j—1. The random
variablesW; are not independent. Nevertheless, by the arguments that proved (3) we can
show that for any sequeneg, ..., v;—1 € Nand anyN > N,

P(W; > Npy,—1|W; = v; for j < i)

= 0({x s Wi(x) = Npi—1, Wi () = v; for j < i}) < p}/°,
Next takeN1 > Ny so large thatofrvl/3 < 373, By the binomial formula and Stirling’s

formula,

1 1
P <l—.#{j <i:Wj=Nipg;-1} = §>

; U\ M/3yj3 _ o T \a—i - i9-2i/3
< Y (j/3>[p+1 I Sl(i/3>3 <i2 @,

Jj=Li/3]
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which is summable in. Therefore, the Borel-Cantelli lemma gives
. 1 1
limsup-#{j <i: W;(x) > Nipk;-1} < 5 A-a.e.
i—oo I 3
Combining this with (4), and noting that; 1/i2 < 2, we obtain
. 1 1
limsup-#{j <i ing; = (N1 +2)pj—1} < 5 for A-a.e.x € X.
i—oo 1 3
This proves the proposition using = N1 + 2. ]
Let N be the integer chosen in Proposition 4.6, and recallthds the fiber measure
that Lebesgue measure induces on the fipet 7 ~1(w).

COROLLARY 4.1. For u-a.e.w € Q andai,, x A,-a.e.(x, y) € I, x I, there are infinitely
many values of such thatny, (x) — ng, (y)| < Npg, 1.

Proof. By a standard argument on fiber measures, Proposition 4.6 implies thatfar.
w € Qandi,-a.e.x € I,

| =

. 1
limsup-#{j <i: ng; > Npg;-1} < 3.
i—oo ! 3
Hence the lower density of the set of integessich thati;, < Npy,—1 is at Ieas% within
each fiber. The corollary follows immediately singg > 0. |

We are now ready to prove Theorem 4.4,

Proof of Theorem 4.4Let Q2 be the attractor of and letr : I —  denote the factor map.
We know that(2, C, u, g) with C = 7#(B) andu = A o 71 is a measurable automorphic
factor of (1, B, A, f) and that it is isomorphic to some odometer. Assume by contradiction
that it is not the maximal automorphic factor. Then there eRisB’ ¢ B, such that
7(B) = w(B’) € Cy, but f(B) N f*(B’) = @ foralln > 0. Takex andx’ Lebesgue
density points ofB, respectivelyB’. By Corollary 4.1 we can assume thatx) = 7 (x’),
and that there is an integat such thatn, (x) — nx(x')| < Npr—1 < Npy infinitely often.
Let Ix > x andI] > x” be the maximal intervals such that ™) (1) = f*) (1) = Jj.

Givenr > 0, write Jy , = {y € Jx : mg+1(y) = r}, S0Jk.0 = Jr+1. By Proposition 4.5,
AJer) = p" I Write s := p¥+1. Becauser andx’ are density points, we can take
ni(x) < np(x") = ng(x) + rp (for somer < N) so large that

A(Ix \ B) A\ B - )
ALy oAU T 3K?

Here K > 1 is the distortion constant from Proposition 4.5. It follows thaf o \
OB < (1/3K)A(Jk0) and A(Je, \ fON(B)) < (1/3K)A(Jk.r). Applying
anotherrpy iterates tof™(B) N Ji» we find (using the same distortion bouid that
Ao \ fEOHP(B)) < ZA(Jo). Therefore, Fr) (Bl N (B £ ¢ This
contradicts the choice @& andB’. ]

5. The Fibonacci unimodal map
The aim of this section is to prove that a Fibonacci map with a Cantor attractor has a circle
rotation as maximal automorphic factor. For this we have to recall some facts 5, [
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5.1. Factors of(w(c), f). Fix a unimodal mapf. Let D, be the image of the central
branch of /" (the largest monotone subinterval containifglf ¢ € D,, we say thah is
acutting time The cutting times are denoted as

1=S0<8S1 <8 <---.

They are very important as they determine the combinatorial structure of the unimodal map
completely. Obviously, is one endpoint oD,. It is not hard to show that,_gs,, where
Sk is the maximal cutting time less thanis the other.

It can be shown that the difference of two subsequent cutting times is again a cutting
time. Hence

Sk — Sk—1= S0

for some integer functio®, which is called th&neading mag10]. For more details see
[3]. We assume for the rest of the paper that

Q) - oo ask — oo. (5)

If the cutting times are the Fibonacci numberg13,5, 8, ..., i.e. Q(k) = max0, k — 2},
then f is called aFibonacci map

LEMMA 5.1. If Q(k) — oo, thenA(D,) — O0andw(c) is a minimal Cantor set.
Proof. See B]. m]

For the Fibonacci mapw(c), f) is isomorphic to(S?, R,), whereR, is the circle
rotation overy = (/5 — 1)/2. This was shown in1[3]. In [6], the result was generalized
to many other unimodal maps and group rotations. We will discuss some tools@fom [
First there is thes-adic transformation (wherg& = {S;} refers to the sequence of cutting
times). Let

Ei={ec{0,N:e;=1=¢;=0f0rQG +1) < j <i},

endowed with product topology. OF we defineT to be the addition of 1 by means of
‘add and carry’; ones at entrieendQ (i + 1) carry to a one at entriy+ 1. If 5, = 2 (i.e.
f is the Feigenbaum map), we recover the usual dyadic odometer. The set

Eo:={ec E :#i:ei =1} < o0}

is thegreedyrepresentation df U {0}, see, e.g.,9]. Indeed, ifn > 0, there is a canonical
way of assigning a sequenge € Eg suchthak = ) _;(n); S;. Takei := maxk; Sy < n}
and setin); = 1. Repeat this process with— S;, etc. Then the restriction in the definition
of E will automatically be satisfied.

LEMMA 5.2. If Q(k) — oo, thenT : E — E is continuousT ({(n)) = (n + 1) andT is
invertible, with a possible exception &X).

Letn; : E — w(c) be a projection defined afig by 1({n)) = f"(c), and extended to
E by uniform continuity. Equivalently we can define

m1({n)) = ¢, and fore ¢ Eo, mi(e) = mkDI‘lka (6)
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wheren; = Z,.Sk ¢;S;. We havef o 1 = w1 o T. Note thatr1 need not be invertible.

Forx e R, choose the fractional part frag € [—3, ) such thatx — frac(x) is an
integer. If there exista € R such that

Z [frac(eeS;)| < oo, (7)

then we can define a second projectign: E — St by

7o(e) i= Z e; frac(aS;) mod 1

One can show thatgo T (e) = ng(e) +a foralle € E.
In particular, the Fibonacci numbers can be written as

5—-3J5
A+ )+ 1—0[(—#‘,

5+ 35
T

wherey = (/5 — 1)/2. Hence there exists such that

|frac(y Sk)| = [frac((1+y)Sk)| = < Ly* (8)

0

frac (Sk+1 + 1+ 2y) 5_173\/5(—1/)1‘)

for all k. Therefore, (7) is satisfied, and the projectigyis well defined.

ProOPOSITIONS.1. If Q(k) — oo and)’, |frac(aSk)| < oo, thenw := mg o nl‘l is a
well-defined continuous mapping and the diagram

(E.T)

N

(@), ) —— (YL Ry

commutes.

Proof. The case wheré), are the Fibonacci numbers has already been showadh [
Moreover,r is one-to-one, except on the backward orbit pivhere it is two-to-one. The
general case was presented6h [ a

The projectionr can be shown to be one-to-one on a set of full Lebesgue measure on
St for many other unimodal maps as well.

5.2. Fibonacci maps with attractors. The main result of] is the following.

THEOREMS5.1. If f is a C? unimodal Fibonacci map with a sufficiently degenerate
critical point, thenw(c) is an absorbing Cantor set.

evtiannoas JOURMNALS

http://journals.cambridge.org Downloaded: 30 Oct 2009 IP address: 152.2.105.244



http://journals.cambridge.org

Exactness and maximal automorphic factors of unimodal interval mag<27

The idea of the proof is as follows. Lei = p, wherep is the orientation reversing fixed
point, and fork > 2,

ffsk’l(uk—l) N (ug_1,c), Iif CS_q <C,
S (iag—1) N (ug—1,¢), if cs,_, > c.

(9)

up =

Itis shown in p] that this is a valid definition. In fact, the poinig areclosest-toe prefixed
in the sense that ifux_1, iix—1) N f"(p) # ¥, thenn = min{i : fiur) € {p, p}}.
Uy = I\ [u1, u1] andUy = (ug—1, ug) U (ug, ug—1) for k > 2. Define arinduced mapF
by

F|Uy := %1 forallk > 1.

By construction, fok > 2, F(Uy) = (ux—3, ux—1) if ¢s, ; > candF (Uy) = (ux—1, ig—3)
if cs,_, < c. (Hereug=u_1 = p.) HenceF preserves the partition dfinto setsUy. Let

xn(x) =k if F"(x) € Uy.

As was shown inj], there exists a constaikt such that the distortion digt”, J) < K

for anyn > 0 and the interval on which F" is continuous. The behavior of points under
iteration of F is interpreted as a random walk. It is shown that, for maps of sufficiently
large critical order, the expectation (with respect to Lebesgue measure)

E(xn — klxn—1=4k) > n >0, (10)

wheren is independent of, of n, and of the precise path used to get to stateA similar
estimate can be made for the variances:

Var(x, — klxn-1=%k) <V < co. (11)

These estimates imply that, (x) — oo A-a.e., and this implies that” (x) — w(c) A-a.e.

5.3. The maximal automorphic factor of a Fibonacci map.et f be a Fibonacci map
with an absorbing Cantor set. To be precise, assume that (10) and (11) hold.~ér
define

Bi(x) :=maxn : xn(x) < k},

and letby(x) be such thatFA# ™ |{x} = o |(x}. Becausey,, — oo r-a.e., these
sequences are defingeh.e. Recall thagr) denotes th&-adic representation af. Define

T(x) = kli_)moo mo((br(x))),

whenever it exists.

LEMMA 5.3. If 7(x) exists, then for everyW > 0, 7(f"(x)) exists andz (" (x)) =
#(x) — Ny.

Proof. We will show that for every fixedv > 0, there existsg, j > 0 such that

Fi(x) = FI(fN (x)). (12)
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From this it follows thaby (fV (x)) = bx(x) — N for k sufficiently large, which proves the
lemma.

Let {m;} and {n;} be such thatF’|{x} = f™ and F/|{fN(x)} = f"%. Findi,
maximal such that:; < N andn; + N < m;41. If in one of these cases equality holds,
(12) is true. Lety = Fi(x) andy’ = F/(fN(x)). Theny’ = fV'(y) for someN’ > 0.
Take als@ ands’ suchthaty € Uy andy’ € Uy . Inthis notationN' < S;_1 < Sy_1+N'.

Recall that the pointg«} are the closest-toprefixed points, none omitted. Therefore,

Fup) & [ug, ax] foralln >0

and
" (uy) & [ug—1,ux—1] forall0<n < Sp_1. (13)

Indeed, if f"(ux) € [ug, ur], thenu, is not a closest-te-prefixed point. If /" (uy) €

(ug—1, ug) or (g, ux—1), thenuy is not the first closest-to-prefixed point aften_s.

Finally, by equation (9)fS-1(uy) € {ux_1, ix—1}. Therefore f™(uy) ¢ {ux_1, itx—1} for

n < Sg-1.

Since N (y) =y, £V (Uy) intersectd/, . We distinguish three cases.

e fN(Uy) c Uy. Thenc e fS1(Uy) c fS1N¥(Uy). This contradicts that
Sy_1+N' > S_1.

e uy e fN(Uy). By equation (13)s' < s — 2. On the other handfSs—1" (uy) €
F(Uy) C (ug_3, t5_3). Therefores — 3 < s’ — 1. This contradicts’ < s — 2.

. ug_1 € fN(Uy). By equation (13)s —1 < s — 2. On the other hand,
FS5-1"N'(uy_1) € F(Uy) C (us—3, iis—3). Therefores — 3 < s’ — 2, contradicting
sS—1<s—2.

These contradictions establish the proof. m]

The main result of this section is that the maps definedi-a.e., and that the circle
rotation with appropriate measure algebra is the maximal automorphic factor.

THEOREMS5.2. Let (I, B, A, f) be a Fibonacci map satisfying (10) and (11) (and
therefore f has an absorbing Cantor set). Theén : I — S! is definedi-a.e. If
(= Lo ~tandC := 7 (B), then the rotationS*, C, . R;*) is the maximal automorphic
factor.

Proof. Let Vy = {x € Uy : xm(x) > kforallm > 1}. Equations (10) and (11) show
that a definite proportion of the s&, never returns ta; < U;. Hence there existg > 0
such that. (Vi) > niA(Uy) for all k > 1. Moreover, the branches @i" have a uniform
distortion boundk. Therefore, takingio = n1/K, we find that the probability

P(F"(x) € Vilxm(x) = k) = no. (14)

These estimates are independent:oénd of the precise path used to get to sfdte If
Bri1(x) — Br(x) > k, thenFi(x) € U U; \ Vi for b (x) < i < Br(x) + k. Therefore,

P(Br+1(x) — Br(x) > k) < (L —no)*.

The Borel-Cantelli lemma gives th&t{B;+1(x) — Bx(x) > k infinitely often} = 0. Write
7 (x) = mo({br(x))). Fori-a.e.x € I there exist%g such that

byr(x) — bp(x) = Y a i (x)Ski,  Where ) ay;(x) <k,

i>0 i
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for all k > ko. Therefore, (8) gives

|Frr1(x) — B0l < Y ari fracly Sivi) < klfracy S| = Lky*.
i>0
Hencern(x) is a Cauchy sequence, converging¢rx). This shows thafr is defined
r-a.e. and that = #(B) andu = A o 71 are well defined up to measure zero. The
relation o f (x) = R, * o7 (x) was already established in Lemma 5.3. It follows tRat
is non-singular with respect ta, and that(St, C, u, R;l) is a measurable automorphic
factor.

We need the following lemma to show that the automorphic factor is maximal.

LEMMA 5.4. There exists a decreasing functién Ry — [0, 1] converging to zero as
x — oo such that

P(bry = NS;) :==A({x : br(x) = NS}) < &(N)
for all .

Proof. Using theng obtained in (14), define for any € R,
1
E(N) :=1-(1—(1-n0)"? (1— e no)M> :

with M = (log N — log 10)/(log 1/y). Clearlyé (N) — 0 asN — oo. We will show that
&(N) gives the desired estimate.

Fix k, N € N and letx € B(w(c)) be arbitrary (provided;(x) exists). LetM =
M(N) = (logN —log 10)/(log 1/y). First we calculate the probability that

xj(x) > k+ M forsomej < Bi(x). (15)

If this occurs, then, since a point can jump back no more than two states under one iteration
of F, j < Br(x) — M/2. SinceFi(x) ¢ V,, for j <i < Br(x) andk < m < k + M (cf.
formula (14)), the probability that; > k + M is less thar(1 — no)M/2.

Next we verify, using (14) again, th&#; x; = m} > 1) < (1 - no)'~1. Indeed,
because points have to avoid the 8gtr — 1 times to make returns toU,, possible, it
follows that

P#j <Pr:xj=m}>2M+k —mforsome l<m <k + M)

k+M 1
< Y@=t < Z @ — o)™, (16)
m=1 1o

If neither (15) nor (16) occurs, i.e. iff# < Bi(x) : x;(x) = m} < 2M + k — m for all
l<m<k+Mandy;(x) <k+ Mforall j < Bi(x), then

k+M k+M
be(x) = Y #j < Br(x) : xj() =m}Sp-1 < Y (2M +k —m)Sy_1 < NSk.
m=1 m=1

This happens with probability at leadt — (1 — 70)™/?)(1 — 1y *(1 — no)”) = 1 — &(N)
which tends to one uniformly ih asN — oco. This proves the lemma. ]
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Returning to the proof of Theorem 5.2, we copy the arguments of Theorem 4.4. That s,
we find a subsequengsk; } of N which increases fast enough so that

1Sl+l
Br(o ) = Te ()

i

Then by the Borel-Cantelli lemma,
e 1
Xi=x:3jVi>j by < 58
l

has full measure in the basin @ic). TakeN; so large thag (N1) < 373. A proof similar

to the one of Lemma 5.4 giveB(by, — by,_;, = N1S) < E(N1) < 3~ 3. Then we can
derive (cf. Proposition 4.6) that lim inf~ j<i: bi;(x) < NSk;} > 3 Zfor N = N1 +2

andi-a.e.x € B(w(c)). Givens € S, let I, := 71 be the fiber oves and letr; be the
fiber measure that induces onl;. Then (cf. Corollary 4.1) foje-a.e.s andi; x Ag-a.e.
(x,x") € I; x I, we have established thigt (x) — bx(x")| < NSy infinitely often.

The last step in the proof is to assume by contradiction@atC, ... R;%) is not the
maximal automorphic factor. Then there extstB’ € B, such thatr(B) = =(B’) and
A(f™(B) N f™(B’)) = 0 foralln > 0. We choose Lebesgue density pointandx’ of B
andB’, respectively, such that(x) = 7 (x’). By the above arguments we can assume that
|bi(x) — br(x")| < NS infinitely often. Take such &; then(b;(x)); = (bx(x)); for all
i >k+ Pfor P =P(N)=—-2logN/logy. Abbreviatex = xg,x) andx’ = xg, '), SO
FAO(x) e U, andFA)(x') € U, Becauser (x) = 7 (x'),

(b (x) + Sy—1)i = (be(x") + Syr—1)i

for all i < k. By definition of B, both FA«+1(x) and FA()+1(x’) are contained
in (ug, itg). Let Wy be the component o, N F~Y([ug, iix]) that containsFA«® (x);
similarly, let W; be the component af,» N F~([ug, itx]) that containg”#") (x"). Take

k+P k+P
di=Sp_1+ Y (b +Sy-1)iSice and d'i=Sy_1+ Y {br(x) +Sy-1)iSi-1.
i=k+1 i=k+1

ThenD := by(x) +d = bi(x') + d’. Find the unique intervdll Cc W) whose orbit is
given by(d) in the following sense: let, i1, ..., i, (with 1 < n < P) be the indices for
which (d); = 1. ThenT is taken such that

FYT) c Uy, FAT) C Uy, ..., F(T) c U;, and F" Y(T) = [ugyp, iixsp)-

The intervalT’ ¢ Wj is chosen similarly. The#"+X(T) = F"+1(T") (see Figure 1).
Recall that the distortion of the branches of iterategFos uniformly bounded byk .
From this, one can derive that there exists ¢(P, K) > 0 such thab(T) > ¢A(W;) and
MT') = eM(W)).

We now take intervald > x andJ’ 5 x’ such that the mapg?*® : J — W; and
FD . J” — W/ are monotone onto, and such that

MJ\B) A(J'\B) __f
A T A(J) T 3K?
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Fn+1(T) — Fn’-l—l(T/)

’

F" F"
F(T) F(T")
S ) ‘
Uk Fﬁk(X)+l(x) Fﬂk("/)""l(x/) ik
A A
F F
T C Wi T'Cc W,
L Ux U,
FA) I FBG)
|
X x/

FIGURE 1. Construction of, T', W and W,

Sincex and x’ are density points, such intervals can be foundimufficiently large.
Therefore,
MIN\ O N B) MIN U NBY) _ 1
M(T) ’ AT =~ 3K’
Applying F"t1 to fox@(J)y N T and F"+1 to o+ (J’)y N T’, and using the distortion
boundK once more, we obtain

0 < A(F"™HT)) < M(F"™ o fAD N BYNF+ o f4 60 0 BY)
<msPB N fPBY).
This contradicts the choice & andB’. m|
Remark 1.We now havet : I — S! (defined-a.e.) such that o f = R;' o7 and
7 w(c) — Stsuchthatr o f = R, o . One can show that is defined onw(c) and

thatz (y) = —m(y) for all y € w(c). This relation plays no role in our results, so we omit
the proof.

Remark 2.In view of the previous remark7 |w(c))~t o 7 gives a factor map frond
directly onto the attractor. One might expect thatXea.e. x there existy € w(c) such
that|f"(x) — f"(y)| — 0. This is not true, in spite of the fact that for the candidate
y € 771 o 7(x) N w(c) there is a sequenda;} such that| /" (x) — cl, | f" (y) — ¢l
simultaneously tend to zero. The reason is as follows. Assumefthat) € Uy is so
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close tocg, or ¢s, that fT5-1(x) € Ugy1. Then fritSatSi—lx) = frit+Sa—l(y)
is close tocg, ,—1. Checking the kneading invariant gf shows thatcg, ,1 is close
to f~1(c) N [c, c1] if k is even and close tgf ~1(c) N [c2, c] if k is odd. If at the
same timef" (y) € Uj>k+2U;, then f%+S+1-1(y) is close tocs,,,—1, which is close
to f~1(c) N [c, c1] if k is odd and close tof ~1(c) N [c2, ¢] if k is even. Therefore,
limsup| /" (x) — f"(y)| = diam(f~(c)) > 0.

6. A dissipative exact unimodal map
The results of 85 can be generalized to other unimodal maps with absorbing Cantor sets.
In [4] combinatorial conditions are given under which a unimodal ryiagith sufficiently
large critical order has an absorbing Cantor set. The main condition on the kneading
map Q is thatk — Q(k) is bounded. This applies to many examples fra&in for which
(w(c), p, f) (p being the unique invariant probability measure) is shown to be isomorphic
to some circle and torus rotation with Haar measure. In particular, for the maps with
kneading map) (k) = maxk — d,0) ford = 2,3,4, (w(c), p, f) is shown to be
isomorphic to a rotation on & (— 1)-dimensional torus.

However, ford > 5, (w(c), p, f) has no non-trivial group as factd8][ In this section
we show that the unimodal map with kneading map2 (k) = k — 5 fork > 5 is exact
on I, even in the presence of an absorbing Cantor set. The prooftHat a sufficiently
large critical order, has a Cantor attractor is similar to the proof for the Fibonacci map.
The inequalities (10) and (11) can be proven. The difference from the Fibonacci map is
that the leading roo¥ of the equationc® — x* — 1 = 0 is not a Pisot-Vijayaraghavan
number. More precisely, this equation has two roots on, two roots inside, and one root
outside the unit circle. Therefordrac(asS;)| is not summable and the magp cannot be
defined. Related to this is the following lemma.

LEMMA 6.1. Suppose; are the cutting times corresponding to the kneading @&p) =
maxk —5,0),i.e.S; =k +1for0 <k < 4andS; = Si_1 + Sy_s otherwise. Then for

k>3
Sk—2 + Sk—3, if k=1or4modg
Sk =1{Sk2+S—3+1 ifk=20r3modg
Si—2+ Sr—3—1, ifk=0or5mod6
Proof. Straightforward by induction. ]

THEOREM®G.1. Let f be the unimodal map with kneading m@gk) = max0, k — 5).
Suppose that the critical ordéris so large thatf has a Cantor attractor, and a fortiori,
(10) and (11) hold. Therf is Lebesgue exact.

Proof. Take A arbitrary such that(A) > 0. Without loss of generality, we can assume
thatA C (u1,u1). We will show that Proposition 2.1 applies. Becayséas a Cantor
attractor, and fortiori x,(x) — oo A-a.e., we can assume that(x) — oo for all x € A.
Letx € A be a density point ofA, such thatf (x) is a density point off (A).

The proof of the existence of Cantor attractatsdives rise to the following distortion
estimate: for anyz and anyJ on which F*|J = f™|J is continuous, we have
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dist(f™,J) < K, whereK depends only orf. The proofs also yield that there exists
C > 0 such that

1 lme—wa| _C
Ct ™ ug—c| — ¢
forall k. Lete = 1/6C%¢2K3 > 0. Because is a density point, there exists> x such
that ,
MANJ
A7)

for any subinterval/’ such thatc € J' ¢ J. Take from now om so large that/,, c J
whenever/, > x is the maximal interval on which™|J, is continuous.

Assume thaty,(x) = k wherek = 2,3mod6. LetU C Ui be the component
containing F*(x) = f™(x). Define W1 C U to be the maximal interval such that
F(W1) C U and FA(Wy) C Ug41. Similarly Wo ¢ U will be the maximal interval
such thatF (W2) C Uk SinCe(uk+s, itk+5) C F(Urt1), F(Uk43) C (ur—20, itk—20),
the overlapF (Ug+1) N F(Ug+3) satisfiesA(F (Ux+1) N F(Ug+3)) > %)\.(F(Uk+1)) for
¢ sufficiently large. We can find maximal intervalg, ¢ Wy and W> C W such that
F3(Wq) = F2(W»), and

A(W1) A(W2) - 1
MUY AU) ~— 2C202K°
LetVi = f~™(W1) NJ, andVo = f~™(W2) N J,. Using the distortion argument once

more, we derive that
AV A(V2) 1

> .
M) A(J,) T 2C202K2

By the choice ot,

MANVY MANVY) _ 1
AV T AV T 3K’
Remember thak = 2,3mod6, so by Lemma 6.5; + Siy1 = Sky3 — 1. Let
N :=m+ S+ Sk + Sk+1 =m — 1+ Sk + Sk+3. Then
AN (A N YA = IAF (Ukg1) N F (Ugsa)) > 0.

It follows thati(f~ o fN*1(A) N A) > 0. This is the assumption of Proposition 2.1.
The case& = 0, 1, 4, 5mod 6 can be dealt with in a similar way. O
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