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Abstract. We study exactness and maximal automorphic factors ofC3 unimodal maps
of the interval. We show that for a large class of infinitely renormalizable maps, the
maximal automorphic factor is an odometer with an ergodic non-singular measure. We
give conditions under which maps with absorbing Cantor sets have an irrational rotation
on a circle as a maximal automorphic factor, as well as giving exact examples of this
type. We also prove that everyC3 S-unimodal map with no attractor is exact with respect
to Lebesgue measure. Additional results about measurable attractors in locally compact
metric spaces are given.

1. Introduction
The notion of exactness of a non-invertible map was first introduced by Rohlin who proved,
in the measure-preserving case, that exact endomorphisms have no non-trivial measurable
factors with zero entropy [21]. He showed that some piecewise monotone and continuous
interval maps described by Renyi in [20] were exact. In this paper we address the question
of exactness for smooth maps of an interval and study the structure of many non-exact
interval maps as well as give sufficient conditions for S-unimodal maps to be Lebesgue
exact.

It is well known that every exact measure-preserving endomorphism has positive
measure theoretic entropy. The notion of exactness of an endomorphism extends easily to
non-measure-preserving, non-singular maps even though a satisfactory definition of non-
singular entropy is still elusive. A non-singular mapT of a measure space(X,B, µ) is
exact if the intersection∩n≥0T

−nB, called thetail field of B, contains only sets of full
measure or measure zero. The maximal automorphic factor ofT is its induced action on
the tail field; it is the trivial map on a one-point space if and only ifT is exact.
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In this paper, the main dynamical systems of interest are smooth unimodal maps of
the interval. Throughout, the measure of interest is one-dimensional normalized Lebesgue
measureλ. We show that a variety of measurable automorphic behavior is exhibited by
these maps; it is well known that the presence of a measure theoretic attractor of Lebesgue
measure zero forces the map to be dissipative with respect toλ, but does not preclude the
existence of conservative Lebesgue factors.

After giving a brief review of non-singular ergodic theory and preliminary definitions,
we prove some results about dynamical systems with measurable attractors. We show that
every ergodic non-singular dynamical system of a locally compact metric space with an
attractor of measure zero admits an equivalent invariant infiniteσ -finite measure.

We then turn to unimodal maps of the interval for examples. We prove that everyC3

S-unimodal map with no attractor is exact with respect toλ. Next, we consider examples
with measure theoretic attractors which have been studied and classified by several authors
[2, 11, 14]. We exhibit the easily identified maximal automorphic factor in the presence of
either a stable periodic orbit or a cycle of intervals (finitely renormalizable). In the case of
an infinitely renormalizable map (of bounded type), we show that it is a dissipative map
with maximal automorphic factor isomorphic to an odometer. The factor measure on the
odometer is non-singular but not necessarily invariant.

Finally, we discuss the case of maps which have absorbing Cantor sets. These maps
were shown to exist in [5]. We give conditions under which the maximal automorphic
factor is an irrational rotation on a circle as well as an exact example. Irrational rotation
factors, as topological factors, were shown to exist in [6].

2. Preliminaries

We assume throughout this paper that(X,B, µ) is a locally compact metric space with
metricd, Borelσ -algebraB onX andµ a regular Borel probability measure onB. Infinite
measures are always assumed to beσ -finite. We assume thatT is non-singular; i.e.
T : X → X satisfiesµ(A) = 0 ⇐⇒ µ(T −1A) = 0 for everyA ∈ B. We also assume
that every point inX has at most countably many preimages underT . Furthermore, in all
of our examples we will assume without loss of generality thatT is forward non-singular
as well, i.e. thatµ(A) = 0 ⇐⇒ µ(T A) = 0 for all measurable setsA. For example,
anyC1 map of a manifold onto itself whose differential is non-vanishing except at finitely
many points is forward and backward non-singular with respect to the Riemannian volume
form (locally equivalent to Lebesgue measure). LetB+ ⊂ B denote the collection of
measurable sets of positive measure. In order to stress the presence of both a topology and
a Borel measurable structure, we will refer to(X,B, µ, T ) as anon-singular dynamical
system.

Definition 2.1. Let (X,B, µ, T ) be a non-singular dynamical system. The non-singular
dynamical system(Y, C, ν, S) is a (measurable)factor of (X,B, µ, T ) if there exists a
surjective measurable mapπ : X → Y such thatS ◦ π(x) = π ◦ T (x) µ-a.e., and
ν ∼ µ ◦ π−1.
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A sub-σ -algebraBo ⊂ B is T -invariant if T −1Bo ⊂ Bo. It is well known that every
factor map gives rise to aT -invariant sub-σ -algebra,{π−1C}C∈C ⊂ B, and the converse is
also true. We refer the reader to Rohlin [21] for details.

2.1. Non-singular measure theory.We review some basic definitions used in non-
singular measure theory; when the map in question is neither invertible nor measure
preserving, ergodic properties need careful definitions. Some equivalent definitions are
no longer equivalent in this setting and others simply do not extend. (For example, it is
still an open question as to what the definition of mixing should be for non-singular non-
invertible maps [1]). We assume that(X,B, µ, T ) is a non-singular dynamical system,
although these notions apply in more general measure theoretic settings.

A measurable setW is (backward) wanderingif the sets{T −nW }∞n=0 are all disjoint.
Equivalently, no point in a wandering setW ever returns toW . A measurable setV is
forward wanderingif the sets{T nV }∞n=0 are all disjoint. Every forward wandering set is
also (backward) wandering, but the converse is not true. IfT is invertible the concepts
are identical. We will use the usual convention that a wandering set always refers to a
backward wandering set.

The mapT is conservativeif there exist no wandering sets of positive measure. There
exists a maximal setC on whichT is conservative, andC ⊂ T −1C. A non-conservative
map is calleddissipative; if T is not conservative on any set of positive measure, thenT is
completely dissipative, and we can writeX as the (at most countable) union of wandering
sets up to a set of measure zero.

The mapT is ergodic if T has a trivial field of invariant sets or, equivalently, if any
measurable setB with the property thatµ(B4T −1B) = 0 has either zero or full measure.

It follows from the definitions thatT is conservative and ergodic if and only if for all
setsA,B ∈ B+ there is a positive integern such thatµ(B ∩ T −nA) > 0.

A map isexactif it has a trivial tail field∩n≥0T
−nB ⊂ B or, equivalently, if any setB

with the propertyµ(T −n ◦ T n(B) 4 B) = 0 for all n has either zero or full measure. For
any setA ∈ B+, we define a tail set from it by

Tail(A) := ∪n∈NT −n ◦ T n(A).

Denoting the tail sets (µ mod 0) byT ⊂ B, we have∩n≥0T
−nB = T (µ mod 0). There

is a natural factor mapping ontoT called the exact decomposition (ofT with respect to
µ), andT acts as an automorphism on the factor space. We denote the factor space by
(Y, C, ν), and the induced automorphism byS; note that a point inY is an atom of the
measurable partition generated by the relationx ∼ w ⇐⇒ T nx = T nw for somen ∈ N.
We call this factor themaximal automorphic factor; this is because if there is a factor map
φ : X → Z with induced factor automorphismR, thenR is a factor ofS. We remark
that in general(Y, C, S, ν) is a non-singular endomorphism of a Lebesgue space with no
specified topology.

It is well known that any invertible ergodic non-singular transformation of a non-atomic
measure space is conservative, and virtually all of the examples we consider below are
ergodic, so their automorphic factors will be either conservative or atomic, or both. In the
next result, we give a condition that rules out the dissipative possibility for an automorphic
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factor. We recall that every invertible, dissipative, ergodic, non-singular transformation of
aσ -finite space is isomorphic tox 7→ x + 1 onZ with an appropriately weighted counting
measure.

LEMMA 2.1. If (X,B, µ, T ) is a non-singular dynamical system, and ifB+ contains no
forward wandering sets, then every automorphic factor ofT is conservative.

Proof. The trivial factor is conservative, so we assume thatT has a non-trivial automorphic
factor. We will denote the projection onto the automorphic factor byπ , the factor space
by Y , and the induced automorphism byS. Then if S is not conservative, there exists a
wandering setW of positive measure. SinceS is an automorphism, the sets{S−nW }n∈Z are
all disjoint (in Y ). Then, by definition of the factor, the setsπ−1(S−nW) are also disjoint
and equal to the (disjoint) collection of sets{T −n(π−1W)}n∈Z (in X). This contradicts the
hypothesis sinceπ−1W has positive measure and is forward wandering. 2

Remark.One can construct examples of ergodic dissipative maps with conservative
factors. If we consider the product of a K-automorphismS with the dissipative ergodic
endomorphismR(n) = n + 1 onN with counting measure, then the mapT = S × R is
dissipative and ergodic with a conservative automorphic factor (which isS). Below we
will show that such examples occur within the family of S-unimodal maps.

The following result is well known but we include it for completeness.

LEMMA 2.2. If T is non-singular and exact, thenT is totally ergodic; i.e., for eachn ∈ N,
T n is ergodic.

We give a necessary and sufficient condition for exactness which will be useful in the
context of interval maps.

PROPOSITION2.1. An ergodic non-singular endomorphismT is exact on(X,B, µ) if and
only if for every setB ∈ B+, µ(T −n ◦ T n+1(B) ∩ B) > 0 for somen ∈ N.

Proof. Assume first thatT is exact andA ∈ B+ with µ(T −n ◦ T n+1(A) ∩ A) = 0
for everyn ∈ N. This means thatµ(Tail(T A) ∩ A) = 0, but this is impossible since
µ(Tail(T A)) = 1 by exactness and non-singularity. To prove the other direction let
(Y, C, ν, S) be the maximal automorphic factor of(X,B, µ, T ), π : X → Y being the
factor map. Assume by contradiction thatT is not exact, i.e.(Y,B, ν, S) is non-trivial.
Then there existsC ∈ C such thatν(C) > 0 andC ∩S(C) = ∅. TakeB := π−1(C). Since
the maximal automorphic factor is isomorphic to the tail field of(X,B, µ, T ), B satisfies
T −n ◦ T n(B) = B (µ mod 0) for alln. The same thing is true forT (B) = π−1 ◦ S(C).
By assumption 0< µ(T −n ◦ T n+1(B) ∩ B) = µ(T −n ◦ T n(T (B)) ∩ B) = µ(T (B) ∩ B).
Hence 0< ν(π(T (B) ∩ B)) = ν(S(C) ∩ C), contradicting the choice ofC. 2

3. Measurable attractors
An important link between the topological and the measure theoretical dynamics occurs
when there are attractors present. The definition of measurable attractor we give here
was introduced by Milnor [18]. We assume that(X,B, µ, T ) is a non-singular dynamical
system.
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For any pointx ∈ X, the omega limit setω(x) is defined asω(x) = ∩n∪i>nT i(x).
With our standing assumptions onX, for eachx ∈ X, ω(x) is a Borel measurable set.

Definition 3.1. For a setA, we define

B(A) := {x ∈ X : ω(x) 6= ∅, ω(x) ⊂ A},
and call it thebasin ofA. An attractor is a compact subsetA ⊂ X such thatµ(B(A)) > 0,
and there is no proper subsetA′ ⊂ A, such thatµ(B(A′)) > 0.

Obviously, an attractor is invariant:T (A) = A. Milnor defined attractors to be closed,
but as he was considering endomorphisms on compact manifolds and our space is only
locally compact, we define attractors to be compact.

PROPOSITION3.1. If (X,B, µ, T ) is ergodic, there can be at most one attractor and
µ(X \ B(A)) = 0. Moreover, for any neighborhoodU of A and anyx ∈ B(A), there
existsN such thatT n(x) ∈ U for all n ≥ N .

Proof. The basin of an attractor is clearly completely invariant and has positive measure,
so it must have full measure.

It suffices to prove the second statement for small neighborhoods only. By continuity
of T , we can takeU ⊃ A so small thatT (U) is contained in a compact setK ⊂ X.
If x ∈ B(A), then there exists a sequence{ni} such thatT ni (x) → A. Suppose that
T n(x) /∈ U infinitely often. Then there exists a sequence{mi}, mi ≥ ni , such that
T mi (x) ∈ U butT mi+1(x) ∈ K \ U . BecauseK \ U is compact, the sequence{T mi+1(x)}
has an accumulation pointy ∈ ω(x) \ U , contradicting the fact thatω(x) ⊂ A. 2

Without loss of generality we can assume thatµ is a probability measure onX (by
replacingµ by an equivalent one if necessary). Typically we are interested in the case
whereµ(A) = 0 andµ(B(A)) = 1. In this case we can show that the map is completely
dissipative.

PROPOSITION3.2. If (X,B, µ, T ) is an ergodic non-singular dynamical system with an
attractorA satisfyingµ(A) = 0, thenT is completely dissipative.

Proof. Suppose that there exists a setC ∈ B+ on whichT is conservative. By the regularity
of µ, we can find a compact setK ⊂ C, µ(K) > µ(C)/2, such thatK does not intersect
some neighborhoodU of A. Conservativity onK implies thatµ-a.e.x ∈ K returns toK
infinitely often, but the previous lemma shows thatK is in the basin ofA µ-a.e., soµ-a.e.
point entersU and stays there. Hence no suchK exists. 2

3.1. Maps with attractors haveσ -finite measures. Suppose the non-singular dynamical
system(X,B, µ, T ) has an attractor of measure zero. Even thoughT is completely
dissipative, we show that there exists aσ -finite invariant measure equivalent toµ.

Before giving the proof of the result, we review some properties of non-singular
countable-to-one maps. We assume that(X,B, µ) is a Borel probability space and
T : X → X is a non-singular ergodic endomorphism which is surjective and countable-
to-one almost everywhere. SinceT is countable-to-one, we apply a well-known result
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of Rohlin [21] to obtain a measurable partitionζ = {A1, A2, A3, . . . } of X into at most
countably many sets, called atoms, satisfying:
(1) µ(Ai) > 0 for eachi;
(2) the restriction of T to eachAi, which we will write asTi, is one-to-one;
(3) eachAi is of maximal measure inX \⋃j<i Aj with respect to property (2);
(4) T1 is one-to-one and ontoX (by numbering the atomsAi so that

µ(T Ai) ≥ µ(T Ai+1)

for i ∈ N).

We call a partitionζ of this form aRohlin partition.
The mapT −1

1 ◦ T gives an obvious factor map fromX ontoA1. SinceT is countable-
to-one, each fiber overx ∈ A1 contains at most countably many points (these are the
pointsx = w1, . . . , wn, . . . such thatT (x) = T (wj )) and there is an atomic probability

measureµx associated to each pointx, µ
j
x , j = 1, . . . , n, . . . , which is just the factor

decomposition of the measureµ, viewed as a measure onX over the fibers ofA1. The
measuresµx vary measurably inx.

We now turn to the main result of this section.

THEOREM 3.1. Let (X,B, µ, T ) be an ergodic non-singular dynamical system, whereµ

is aσ -finite regular Borel measure andX is a metric space such thatT is countable-to-one
andT (X) = X. Assume thatX has an attractorA such thatµ(A) = 0. Then there exists
a σ -finite invariant measureν which is equivalent toµ.

Proof. As mentioned above, we can assume thatµ(X) = 1. We define the setsXi , i ≥ 1,
as follows: X1 := X, X2i := {x ∈ T (X2i−1) : d(T n(x),A) ≤ 2−i for all n ≥ 0} and
X2i+1 := T (X2i ). ObviouslyT (Xi) ⊃ Xi+1 and becauseA is an attractor,µ(Xi) > 0 for
all i.

Let X̂ be the disjoint unionti≥1Xi equipped with the action

T̂ (x ∈ Xi) = T (x) ∈




Xi+1, if i is even,

Xi+1, if i is odd andT (x) ∈ Xi+1,

Xi, if i is odd andT (x) ∈ Xi \ Xi+1.

If π0 : X̂ → X is the standard projection, thenπ0◦T̂ = T ◦π0. We note that eachXi can be
viewed as a subset ofX with the restriction measureµi := µ|Xi . Then the non-singularity
and forward and backward measurability ofT gives the corresponding properties forT̂

with respect to the measure

ρ(B) :=
∑

i

µi(B ∩ Xi).

By construction,X2i is backward wandering in̂X for each i. Moreover, forρ-a.e.
x ∈ tj≤2iXj , there exists a uniquen ≥ 0 such thatT̂ n(x) ∈ X2i .

We define a sequence of measuresµ̂n on X̂ starting withµ̂1. Let µ̂1|X2 = µ|X2, and
inductively extend the measure toX1 t X2 as follows. By our assumptions we can write
X1 = ∪j T̂

−j (X2), where the sets in the union are mutually disjoint and each has positive
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ρ-measure. By using the ergodicity ofT , we can consider this disjoint union ofX1 := X

as defining a measurable partition ofX1, Q = {T̂ −1(X2), T̂
−2(X2) . . . }. Therefore, it is

enough to definêµ1|T̂ −j (X2)
. We proceed inductively onj .

Consider anyB ⊂ T̂ −1X2 and we suppose first thatB = T̂ −1 ◦ T̂ (B) ρ-a.e., i.e.B is a
T̂ −1B measurable set. Then we define

µ̂1(B) = µ̂1(T̂ (B)).

In order to compensate for the fact thatT , henceT̂ , is not one-to-one everywhere (and
therefore there are measurable sets not of the above form), we refineQ by a Rohlin partition
(for T onX) ζ = {A1, A2, . . . , An, . . . }. We note thatA1 intersects every atom ofQ in a
set of positive measure sinceT mapsA1 ontoX. Define the sets

Q
j
k = Ak ∩ T̂ −jX2,

for eachj, k ∈ N. Denote for eachj, k the relative size of eachAk in T̂ −jX2 by

α
j
k = µ(Q

j
k)

µ(T̂ −jX2)
.

Then for everyj ,
∑

k≥1 α
j
k = 1. WriteBk := B ∩ Q1

k and define

µ̂1(Bk) = α1
k · µ̂1 ◦ T̂ (Bk) and µ̂1(B) =

∑
k≥1

µ̂1(Bk).

In particular,
µ̂1(T̂

−1X2) =
∑
k≥1

µ̂1(Q
1
k) ≤ µ(X2).

We give the inductive step. If̂µ1 is defined on∪i<j T̂
−iX2, we extend it toT̂ −jX2 as

follows. ForB ⊂ T̂ −jX2, Bk := B ∩ Q
j

k , andT̂ (Bk) ⊂ T̂ −(j−1)X2, so we define

µ̂1(Bk) = α
j
k · µ̂1 ◦ T̂ (Bk).

Then, as before,
µ̂1(B) =

∑
k≥1

µ̂1(Bk).

We extend the measurêµ1 to all of X̂ by settingµ̂1(B) = 0 if B ⊂ tm>2Xm. Therefore,
µ̂1(B) = µ̂1(T̂

−1(B)) if B ⊂ X1 t X2, andµ̂1(B) = 0 if B ∩ (X1 t X2) = ∅. Note that
by construction̂µ1(T̂

−j (X2)) = µ(X2) for everyj , soµ̂1 is infinite andσ -finite.
We now continue inductively onn and defineµ̂n+1 by

µ̂n+1 = µ̂n ◦ T̂ −1.

Clearly µ̂n+1 ≥ µ̂n; furthermore, ifB ⊂ tj≤n+1Xj for any n ≥ 1 thenµ̂n+1(B) =
µ̂n(T̂

−1(B)) = µ̂n(B), so equality holds.
We claim thatX̂ admits a countable partition{Xj

k }j,k≥1 (up to a set ofρ-measure 0),

whereX
j

k is a measurable subset ofXk andµ̂n(X
j

k ) ≤ µ(X2) for all j, k ≥ 1. We then
define the limit measurêµ by

µ̂(B) =
∑

j,k≥1

lim
n→∞ µ̂n(B ∩ X

j
k ).
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Becauseµ̂n is invariant ontk≤nXk, this limit is a T̂ -invariant measure. Sincêµ(X
j
k ) ≤

µ(X2) < ∞, µ̂ is clearlyσ -finite. Finally, onX the desired measure isν := µ̂◦π−1
0 , which

is T -invariant and absolutely continuous with respect toµ. Moreover,µ̂|X1 ≥ µ̂1|X1, and
due to the non-singularity ofT and the construction of̂µ1 above,µ̂1|X1, viewed as a
measure onX, is equivalent toµ. Henceν is equivalent toµ.

Ergodicity and invariance pass to any factor measure; however, we must show thatν

is σ -finite since this property can fail when taking factors. Recall thatν(A) = 0 and
A = ∩i ∪j≥i Xj . Therefore, ifAε is anε-neighborhood ofA, π−1

0 (X \Aε) intersects only
finitely many levelsXj . Henceν|X\Aε is σ -finite. Since this is true for allε > 0 andµ is
regular Borel,ν is σ -finite.

It remains to define the setsXj
k and prove the claim. For eachk = 2i andj ≥ 1, let

X
j
k = T̂ −j (Xk+2) ∩ Xk and X

j

k+1 = T̂ −j (Xk+2) ∩ Xk+1.

Because theXj
k are preimages of backward wandering sets, they are pairwise disjoint. We

claim that
sup
n

µ̂n(X2i ) ≤ µ(X2), for all i.

By construction,µ̂n(X2) = µ(X2) for all n. We continue by induction oni. Since
µ̂n(T̂

−1(B)) ≥ µ̂n(B), it follows that

µ̂n(X2i+2) ≤
∑
j

µ̂n(X
j

2i ) ≤ µ̂n(X2i ).

Furthermore,̂µn(X
j
k ) ≤ µ̂n(X2i+2) ≤ µ(X2) for all j, i ≥ 1 andk = 2i or 2i + 1. Since

µ̂(Xk \ ∪jX
j

k ) = 0 for all k, this establishes the asserted partition ofX̂. 2

4. S-unimodal maps
We now consider a class of smooth maps of the interval as our main examples of non-
singular dynamical systems. Letf : I → I be a unimodal map. By this we mean that
there is a unique pointc, called thecritical point, such thatf is increasing on the left
and decreasing on the right ofc. The iteratesf i(c) will be denoted byci . Assuming that
c2 < c < c1, we can scalef in such a way thatI = [c2, c1]. For x ∈ I , let τ (x) = x̄

be the point such thatf −1 ◦ f (x) = {x, x̄}. Note thatf is two-to-one on[c2, c̄2] \ {c}.
Therefore it is precisely on this set thatx 6= x̄, so thatτ is defined; we haveτ ◦ τ = id on
its domain. We call a setA ⊂ [c2, c̄2] \ {c} symmetricif τ (A) = A.

Throughout the paper we will assume thatf is C3 and has negative Schwarzian
derivative (f is S-unimodal), i.e.

f ′′′

f ′ − 3

2

(
f ′′

f ′

)2

≤ 0

wherever defined. This assumption will enable us to make certain distortion estimates. We
call a periodic point of periodn stableif |(f n)′(p)| ≤ 1, thus comprising the hyperbolic
attracting and neutral case. Under the assumption of negative Schwarzian derivative, a
stable periodic orbit must attract the critical point. Hence there can be only one such orbit.
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Thecritical order of f is ` if there existsM > 0 such that

`|x − c|`−1

M
≤ |f ′(x)| ≤ M`|x − c|`−1

for all x ∈ I . For some of our results it is important thatf is non-flat, i.e. ` < ∞. The
critical omega limit set,ω(c), is of particular importance. Iff is non-flat S-unimodal, then
eitherω(c) contains an interval or has Lebesgue measure zero, see [14].

The ergodic properties of Lebesgue measure, which we will denote byλ, for unimodal
maps are well understood. We quote a result by Blokh and Lyubich [2].

PROPOSITION4.1. Supposef is C3 S-unimodal and has no stable periodic orbit. Then
any forward invariant measurable symmetric setA (i.e. τ (A) = A) with λ(A) > 0 hasc

as a density point.

From this, one can easily derive thatf is Lebesgue ergodic if and only if there is no
stable periodic orbit. Moreover,λ-a.e. point accumulates on the critical point in this case.

THEOREM 4.1. [2, 11, 14] If f is C3 S-unimodal, thenf is conservative if and only if
there is no attractor. There is at most one attractor, which is of one of the following types:
(1) a stable periodic orbit;
(2) a cycle of intervals (the finitely renormalizable case);
(3) a Cantor set (the infinitely renormalizable case);
(4) an absorbing Cantor set.
In the cases (1), (3), and (4),A necessarily equalsω(c), andf is completely dissipative.

A map isrenormalizableif there exists an intervalJ , c ∈ J 6= I , such thatf n(J ) ⊂ J

andJ, f (J ), . . . , f n−1(J ) have disjoint interiors. As a rule, we takeJ minimal with this
property; such aJ is called arestrictive interval. The mapf n|J is again a unimodal map;
it is called the renormalization off . If there is a smallest restrictive intervalJ , thenf is
finitely renormalizable. If there are arbitrarily small restrictive intervals (of arbitrarily large
period) thenf is infinitely renormalizable. (The best known example is the Feigenbaum
map; here the periods of the restrictive intervals are the powers of 2.) The attractor is a
Cantor set. It attracts all points except for a nullset of first Baire category. No point inI

has a dense forward orbit. By Lemma 2.2, a renormalizable map cannot be exact.
In case (4),f is not infinitely renormalizable, butω(c) is a Cantor set such that

ω(x) ⊂ ω(c) for x in a full measure set of first Baire category. There is a second category
set of points whose orbit lies dense inI (or if f is finitely renormalizable in a cycle of
intervals). It was shown in [5] that so-called Fibonacci unimodal maps with sufficiently
large critical orders have absorbing Cantor sets. Theorem 3.1 applied to unimodal maps
yields the following result.

PROPOSITION4.2. If f is a non-flatC3 S-unimodal map with an attractor of type (1),
(3), or (4), thenf admits a (dissipative)σ -finite invariant measure which is absolutely
continuous with respect toλ.

This result is known whenA is a stable periodic orbit, or whenA is an absorbing
Cantor set [16]. To our knowledge, the result is new for infinitely renormalizable maps.
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We conjecture that the result does not hold for Misiurewicz’ example of aC∞ Feigenbaum
map whose attractorω(c) has positive Lebesgue measure [19]. He showed that(ω(c), f )

admits noσ -finite absolutely continuous invariant measure, and it seems likely that
λ(I \ ∪nf

−n(ω(c))) = 0.

4.1. Exact S-unimodal maps.In this section we prove some results concerning
exactness and automorphic factors for general S-unimodal maps. Letf be an S-unimodal
map; we show that iff has no attractor thenf is Lebesgue exact. We also demonstrate the
maximal automorphic factor off in the cases where eitherf has a stable periodic orbit or
an attracting cycle of intervals. In later sections we deal with certain specific (dissipative)
unimodal maps from the remaining two cases, i.e. wheref has an attractor of type (3)
or (4).

The first result is already known in the case wheref admits an absolutely continuous
invariant measureµ and is non-renormalizable. Ledrappier [12] showed thatf has a
Bernoulli natural extension in this case and is exact with respect toµ � λ.

THEOREM 4.2. Letf beC3 S-unimodal. Iff has no attractor, thenf is Lebesgue exact.

Our proof relies on a result by Martens and involves a property which he calls the strong
Markov property [14, 15, 17].

PROPOSITION4.3. (Strong Markov property)Supposef has no attractor of type (1), (3),
or (4). Then there exist symmetric neighborhoodsU andV of c, c ∈ cl U ⊂ int V , such
that for λ-a.e.x the following holds: there exist integersk1(x) < k2(x) < · · · and nested
intervalsx ∈ · · · ⊂ I2(x) ⊂ I1(x) such that, for alli, f ki (x)(x) ∈ U andf ki (x) mapsIi(x)

monotonically ontoV .

Remark.Let L1 andL2 be the components ofU \ V , and sayλ(L1) ≤ λ(L2); define
δ := λ(L1)/λ(V ). Then the Koebe principle (see [17, Theorem IV 1.3]) gives the distortion
boundK(δ) = ((1 + δ)/δ)2:

dist(f ki (x), Ii (x) ∩ f −ki (x)(U)) := sup

{
|Df ki(x)(y)|
|Df ki(x)(z)| : y, z ∈ Ii(x) ∩ f −ki (x)(U)

}

≤ K(δ). (1)

Proof of Theorem 4.2.Let U ⊂ V be as in Proposition 4.3 and letδ > 0 and the distortion
boundK = K(δ) ≥ 1 be as in (1).

Let p be the orientation reversing fixed point off . Without loss of generality, we can
assume thatV ⊂ (p̄, p). It is well known (see, e.g., [17, Theorem III 4.6]) that, since
f is not renormalizable,∪nf

n(U) = I . Therefore, there exists a minimalr > 0 such
that p ∈ int f r(U). Let H ⊂ f r(U) be an interval such thatf (H) ⊂ f r(U). Let
H1,H2 ⊂ U be such thatf r mapsH1 and H2 diffeomorphically ontoH and f (H),
respectively. LetK0 = K0(H1,H2) such that dist(f r+1,H1), dist(f r ,H2) ≤ K0. Take
ε := min{λ(H1), λ(H2)}.

Now letA be any set of positive measure. Letx be a Lebesgue density point ofA such
that the integerski and intervalsIi(x) from Proposition 4.3 are well defined. Sincex is a
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density point, we can takei so large thatλ(Ii(x) \ A)/λ(Ii(x)) ≤ ε/3KK0. By the Koebe
principle, dist(f ki , Ii (x) ∩ f −ki (U)) ≤ K. Therefore,

λ(H1 \ f ki (A))

λ(H1)
≤ λ(U \ f ki (A))

λ(U)

λ(U)

λ(H1)
≤ ε

3K0

1

ε
≤ 1

3K0
,

and similarlyλ(H2 \f ki (A))/λ(H2) ≤ 1/3K0. Using the distortion boundK0 of f r+1|H1

andf r |H2, we obtain

λ(f (H) \ f ki+r+1(A))

λ(f (H))
,
λ(f (H) \ λ(f ki+r (A)))

λ(f (H))
≤ 1

3
.

It follows that λ(f ki+r+1(A) ∩ f ki+r (A)) ≥ 1
3λ(f (H)) > 0. By Proposition 2.1,f is

exact. 2

4.2. Maps with stable periodic orbits.We have shown that an S-unimodal map without
an attractor has a trivial maximal automorphic factor. We next characterize the maximal
automorphic factor off if f has an attractor of type (1) or (2).

THEOREM 4.3.
(1) If (I,B, λ, f ) has a stable periodic orbit, then its maximal automorphic factor is

isomorphic to(R,B, λ, x 7→ x + 1).
(2) If (I,B, λ, f ) has an attractorJ ∪f (J )∪· · ·∪f n−1(J ) of type (2), then its maximal

automorphic factor is isomorphic to(Z/nZ, i 7→ i + 1 modn) with counting
measure.

Proof. Supposep is ann-periodic stable periodic point with immediate basinB. Then
ω(x) = orb(p) λ-a.e. Ifp reverses orientation, takeb ∈ B \ {p} andU := (b, f 2n(b)].
If p preserves orientation, then take pointsb andb′ in either component ofB \ {p} and
U := (b, f n(b)] ∪ [f n(b′), b′). (If B \ {p} has only one component, namely because
|(f n)′(p)| = 1, then takeU := (b, f n(b)].) In each caseU is forward wandering and
fundamental in the sense that forλ-a.e.x ∈ I , there existi, j ≥ 0 such thatf i(x) = f j (y)

for a uniquey ∈ U . Defineπ(x) = (y, i − j). Then it is easy to see thatπ : I → U × Z

is a factor map and(U × Z, (y, n) 7→ (y, n + 1)) is the maximal automorphic factor. This
system is obviously isomorphic to(R,B, λ, x 7→ x + 1).

If f has ann-period restrictive intervalJ , then forλ-a.e. x there existsi such that
f i(x) ∈ J . The mapπ(x) = i modn is obviously a factor map. IfJ ∪ · · · ∪ f n−1(J ) is
the attractor, then by Theorem 4.2,f n|J is exact. Hence(Z/nZ, i 7→ i + 1 modn) is also
the maximal automorphic factor. 2

The next result states that many dissipative unimodal maps have conservative maximal
automorphic factors.

PROPOSITION4.4. Let f be a C3 non-flat S-unimodal map having no stable periodic
orbit. Then the maximal automorphic factor of(I,B, λ, f ) is conservative.

Proof. A result by Blokh and Lyubich [2, §7] states thatf does not admit wandering
sets. (The proof was carried out for critical order` = 2, but can be generalized to any
` ∈ (1,∞).) The proposition follows now from Lemma 2.1. 2
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4.3. Infinitely renormalizable maps.As mentioned earlier, a unimodal map is infinitely
renormalizable if it has arbitrarily small restrictive intervals. We first review the structure
of infinitely renormalizable maps in detail.

Let f denote an infinitely renormalizable S-unimodal map. Thenf has a forward
invariant Cantor set�, and the following hold.
• There exists a decreasing chain of closed subsets ofI , denoted by�k and satisfying

· · · �k+1 ⊂ �k ⊂ · · · ⊂ �1 ⊂ �0 = I ;
each�k contains the critical point and each is mapped onto itself byf .

• There exists a sequence{pk}k∈N, such thatpk dividespk+1, such that the following
hold. For eachk ∈ N, there existpk disjoint closed subintervals�i1,...,ik , ij ∈ {0, 1},
which are cyclically permuted by the firstpk − 1 iterates off , and such that
f pk (�i1,...,ik ) ⊂ �i1,...,ik ; furthermore,�k = ∪�i1,...,ik .

• The critical pointc always lies in the subinterval which is labelled�0,0,...,0; i.e.
�0,0,...,0 is a restrictive interval, and the rest are labelled so that the action off

moves the cylinders in the usual{pk}-odometer order (add 1 toi0 and carry when
necessary).

• The intervals are nested in the obvious way; that is,

�i1,...,ik−1,ik ⊂ �i1,...,ik−1.

As f pk (�i1,...,ik ) ⊂ �i1,...,ik , we can rescalef pk |�i1,...,ik to a map on the unit
interval. For this reason,f is called renormalizable. The fact that we can do this
for everyk makesf infinitely renormalizable.

• The intersection
� := ∩k≥1 ∪ �i1,...,ik = ∩k≥1�

k

is known to be a Cantor set of Lebesgue measure zero whenf is non-flat S-unimodal
(however, cf. [19]). Furthermore,� = ω(c), theω-limit set of the critical point, and
f |� is the{pk}-odometer.

• The orbit ofλ-a.e. pointx converges to the Cantor set� in the sense that for every
k, the orbit ofx eventually lands inside�k, i.e.� is an attractor. By�k(x) we will
denote the specific subinterval�i1,i2,...,ik containingx. Therefore,�k(x) is defined
for all k for λ-a.e.x.

If pk = 2k for an infinitely renormalizable S-unimodal map of the interval, thenf is
commonly known as aFeigenbaum map. Independently, Feigenbaum [8] and Coullet and
Tresser [7] discovered this pattern of renormalization for these maps.

LEMMA 4.1. If f is S-unimodal and infinitely renormalizable, forλ-a.e.x ∈ I there exists
a uniquey ∈ � such that|f n(x) − f n(y)| → 0 asn → ∞. In this case we say thatx
copiesy ∈ �.

Proof. Using the subintervals�i1,...,ik as a basis for the topology of the Cantor set, we have
that the sequences(i1, . . . , ik, . . . ) from the corresponding basis elements give a{pk}-adic
coding for eachy ∈ �, and, as mentioned above, the labeling is chosen to correspond
under the action off to the usual odometer action.
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We fix somex ∈ I such thatω(x) ⊂ �. For eachk ≥ 0, there exists a smallest
positive integernk such thatf nk (x) ∈ Jk = �0,...,0 (k zeroes). Asf n(x) ∈ Jk only if
n = nk + jpk for somej ≥ 0, it follows thatpk dividesnk+1 − nk. Let i1, . . . , ik−1 be
such thatnk + ∑k−1

j=1 ijpj ≡ 0 modpk . Thenf nk (x) ∈ f nk (�i1,...,ik−1). Furthermore,
�i1,...,ik−1 ⊃ �i1,...,ik for eachk. Let y = ∩k�i1,...,ik . We will show thatx copiesy and no
other point.

For ε > 0, let k be so large that each component of�k has length less thanε. Then
|f n(x) − f n(y)| ≤ diam(f n−nk (Jk)) < ε for all n ≥ nk. Since this holds for anyε > 0,
|f n(x) − f n(y)| → 0. On the other hand,f |� is distal: if y ′ ∈ �, y ′ 6= y, then
|f n(y) − f n(y ′)| is bounded away from zero uniformly inn. Indeed, fork sufficiently
large,y andy ′ are contained in different components of�k, and these components remain
disjoint under iteration off . Hencey is the unique point copied byx. 2

Define the mapπ : I → � by π(x) = y, i.e. x is mapped to the unique point that
it copies. This map is well defined except on a set ofλ measure zero. Usingg for the
odometer action on�, we haveπ ◦f (x) = g ◦π(x). It is easy to see from the dynamics of
the map that the usual Borel structure generated by cylinder sets on� agrees with the factor
measure structure (i.e. a setC is Borel in� ⇐⇒ π−1C is Borel in I ). With respect to
the factor measureµ(·) = λ ◦ π−1(·), the factor map is invertible. We take the completion
of the Borel sets in� with respect toµ to obtain a factor Lebesgue space. Note that as a
factor space, the space� hasµ measure one (in contrast with the zero Lebesgue measure
it has as a subset ofI ). The aim of the rest of this section is to show that(�, π(B), µ, g)

is the maximal automorphic factor for a certain class of infinitely renormalizable maps.
We have definedJk = �0...0 (k zeroes) to be thekth restrictive interval; its period ispk.

For eachx ∈ B(�), let
nk(x) := min{n : f n(x) ∈ Jk}

and
mk(x) := min{m : f pk−1m(y) ∈ Jk for y = f nk−1(x)}.

In this way (takingp0 = 1) we obtainnk = ∑k
i=1 mkpk−1. Basically,mk plays the same

role forf pk−1|Jk−1 asm1 plays forf |I .
A unimodal mapf is infinitely renormalizable ofbounded typeif it is infinitely

renormalizable and the sequence of the quotientspk/pk−1 is bounded. The geometry of
the Cantor set� has been particularly well studied for these maps, see [17, Ch. VI]. For
our purposes we need the following facts.

PROPOSITION4.5.
(1) Let f be a non-flat S-unimodal infinitely renormalizable map. Then there exists

K ≥ 1 such that for all restrictive intervalsJk the following holds: iff n : J → Jk

is a branch of the first return map toJk, then the distortiondist(f n, J ) ≤ K. (In
particular,f n : J → Jk is a diffeomorphism; ifJ = Jk then we should taken = 0.)

(2) If in addition f is renormalizable of bounded type, then there existρ− < ρ+ < 1
such thatρn+1− λ(Jk) ≤ λ({x ∈ Jk−1; mk(x) = n}) ≤ ρn+1+ λ(Jk).

Proof. We only sketch the proof, since most of the details can be found in [17, §VI.2].
In particular, it is shown that the central gaps of thekth level, i.e. the components of
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I \ �k adjacent to the restrictive intervalJk, have size greater or equal toσ |Jk| for some
uniform constantσ > 0. (The proof in [17] of this fact deals with infinitely renormalizable
maps of bounded type, but it remains valid for arbitrary non-flat S-unimodal infinitely
renormalizable maps.) LetJ be any maximal interval such thatf n : J → Jk is a
diffeomorphism. LetT ⊃ J be the maximal interval such thatf n|T is a diffeomorphism.
Then there exista < b < n such thatc ∈ ∂f a(T ), ∂f b(T ), andf n(T ) = (cn−a, cn−b) ⊃
Jk. Becausen − a andn − b 6= n, cn−a andcn−b lie in �k \ Jk. Hencef n(T ) contains
both gaps adjacent toJk. Therefore, the components off n(T ) \ Jk both have size greater
or equal toσ |Jk|. This is the space needed to apply the Koebe principle that yields the
distortion bound given in formula (1).

For the second statement we remark that the dynamics off pk−1 on Jk−1 \ Jk are
hyperbolic (see, e.g., [17, Theorem III.5.1]). More precisely, there existτ > 1 and
C > 0 depending only onλ(Jk)/λ(Jk−1), such that|Df npk−1(x)| ≥ Cτn whenever
f jpk−1(x) ∈ Jk−1 \ Jk for 0 ≤ j < n. If f is infinitely renormalizable of bounded
type,λ(Jk)/λ(Jk−1) is bounded uniformly away from zero. This implies that the assertion
holds for a uniform choice ofρ− andρ+. 2

We now state the main result of this section.

THEOREM 4.4. Every S-unimodal infinitely renormalizable map of bounded type has
as its maximal automorphic factor an ergodic conservative non-singular adic odometer
action with respect to the factor measure induced byλ.

The idea of the proof is to show that, forλ-a.e.x, nk(x)/pk is bounded for sufficiently
manyk’s in a sense made precise in Proposition 4.6 below. From this it will follow that
for theλ × λ-a.e. pair(x, y), |nk(x) − nk(y)|/pk is bounded sufficiently often. Passing to
fibersIω = π−1(ω), we can show that forµ-a.e.ω ∈ � andλω ×λω-a.e.(x, y) ∈ Iω × Iω,
|nk(x) − nk(y)|/pk is bounded infinitely often. (Hereλω denotes the fiber measure thatλ

induces onIω.) We apply this to density points of certain tail sets and complete the proof
by a distortion argument which shows that the tail sets must intersect eventually under
forward iteration.

PROPOSITION4.6. Under the assumptions of Theorem 4.4, there existsN > 0 and a
sequence{kj } (kj = j2 will suffice) such that forλ-a.e.x ∈ B(�),

lim inf
i→∞

1

i
#{j ≤ i : nkj (x) ≤ Npkj −1} ≥ 2

3
.

Proof. Recall the constantsρ+ < 1 andK ≥ 1 from Proposition 4.5. ChooseN0 so large
that

K

1 − ρ+
ρN+1+ ≤ K

(
ρN+1+

1 − ρ+
+ ρ

2N/3+1
+

1 − ρ
1/3
+

+ ρ
N−N0/2
+
1 − ρ+

)
≤ ρ

N/3
+ (2)

for all N ≥ N0. We show that for anyk andN ≥ N0,

P(nk ≥ Npk−1) = λ({x : nk(x) ≥ Npk−1}) ≤ ρ
N/3
+ . (3)
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We will use induction onk. Fork = 1, Proposition 4.5 and (2) immediately give

P(n1 ≥ Np0) = P(m1 ≥ N) ≤
∞∑

i=N

Kρi+1+ ≤ K

1 − ρ+
ρN+1+ ≤ ρ

N/3
+

for all N ≥ N0. For the induction step,

P(nk ≥ Npk−1) ≤ P(mk ≥ N) +
N−1∑
i=0

P(mk = i andnk−1 ≥ (N − i)pk−1)

≤ K

1 − ρ+
ρN+1+ +

N−N0/2∑
i=0

Kρi+1+ P(nk−1 ≥ 2(N − i)pk−2)

+
N−1∑

i=N−N0/2

Kρi+1+ .

Here we have used Proposition 4.5 and the fact thatpk−1 ≥ 2pk−2. By induction,
P(nk−1 ≥ 2(N − i)pk−2) ≤ ρ

2(N−i)/3
+ for i ≤ N − N0/2. Together with (2), this gives

P(nk ≥ Npk−1) ≤ K

1 − ρ+
ρN+1+ + K

N−N0/2∑
i=0

ρi+1+ ρ
2(N−i)/3
+ + K

N−1∑
i=N−N0/2

ρi+1+

≤ K

(
ρN+1+

1 − ρ+
+ ρ

2N/3+1
+

1 − ρ
1/3
+

+ ρ
N−N0/2
+
1 − ρ+

)
≤ ρ

N/3
+ .

This proves formula (3).
Now takeki = i2. Sincepn ≥ 2pn−1 for all n ≥ 2, we havepki+1−1 ≥ 22ipki−1. By

(3) we find that fori sufficiently large

P

(
nki ≥ 1

i2pki+1−1

)
= P

(
nki ≥ 1

i2

pki+1−1

pki−1
pki−1

)
≤ ρ

22i/3i2

+ ,

which is summable overi. The Borel–Cantelli lemma gives that the set

X :=
{
x : ∃j ∀i ≥ j, nki (x) ≤ 1

i2pki+1−1

}
(4)

has full measure in the basin of�. Write Wi(x) := ∑ki

j=ki−1+1 mj(x)pj−1. The random
variablesWi are not independent. Nevertheless, by the arguments that proved (3) we can
show that for any sequencev1, . . . , vi−1 ∈ N and anyN ≥ N0,

P(Wi ≥ Npki−1|Wj = vj for j < i)

= λ({x : Wi(x) ≥ Npki−1,Wj (x) = vj for j < i}) ≤ ρ
N/3
+ .

Next takeN1 ≥ N0 so large thatρN1/3
+ ≤ 3−3. By the binomial formula and Stirling’s

formula,

P

(
1

i
#{j ≤ i : Wj ≥ N1pkj −1} ≥ 1

3

)

≤
i∑

j=bi/3c

(
i

j/3

)
[ρN1/3

+ ]j/3 ≤ i

(
i

i/3

)
3−i ≤ i2−2i/3,
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which is summable ini. Therefore, the Borel–Cantelli lemma gives

lim sup
i→∞

1

i
#{j ≤ i : Wj(x) ≥ N1pkj −1} ≤ 1

3
λ-a.e.

Combining this with (4), and noting that
∑

i 1/i2 < 2, we obtain

lim sup
i→∞

1

i
#{j ≤ i : nkj ≥ (N1 + 2)pkj −1} ≤ 1

3
for λ-a.e.x ∈ X.

This proves the proposition usingN = N1 + 2. 2

Let N be the integer chosen in Proposition 4.6, and recall thatλω is the fiber measure
that Lebesgue measure induces on the fiberIω = π−1(ω).

COROLLARY 4.1. For µ-a.e.ω ∈ � andλω ×λω-a.e.(x, y) ∈ Iω ×Iω, there are infinitely
many values ofi such that|nki (x) − nki (y)| ≤ Npki−1.

Proof. By a standard argument on fiber measures, Proposition 4.6 implies that forµ-a.e.
ω ∈ � andλω-a.e.x ∈ Iω,

lim sup
i→∞

1

i
#{j ≤ i : nkj ≥ Npkj −1} ≤ 1

3
.

Hence the lower density of the set of integersi such thatnki ≤ Npki−1 is at least23 within
each fiber. The corollary follows immediately sincenki ≥ 0. 2

We are now ready to prove Theorem 4.4.

Proof of Theorem 4.4.Let� be the attractor off and letπ : I → � denote the factor map.
We know that(�, C, µ, g) with C = π(B) andµ = λ ◦ π−1 is a measurable automorphic
factor of(I,B, λ, f ) and that it is isomorphic to some odometer. Assume by contradiction
that it is not the maximal automorphic factor. Then there existB,B ′ ∈ B+ such that
π(B) = π(B ′) ∈ C+, but f n(B) ∩ f n(B ′) = ∅ for all n ≥ 0. Takex andx ′ Lebesgue
density points ofB, respectivelyB ′. By Corollary 4.1 we can assume thatπ(x) = π(x ′),
and that there is an integerN such that|nk(x) − nk(x

′)| ≤ Npk−1 ≤ Npk infinitely often.
Let Ik 3 x andI ′

k 3 x ′ be the maximal intervals such thatf nk(x)(Ik) = f nk(x
′)(I ′

k) = Jk.
Givenr ≥ 0, writeJk,r = {y ∈ Jk : mk+1(y) = r}, soJk,0 = Jk+1. By Proposition 4.5,

λ(Jk,r ) ≥ ρr+1− λ(Jk). Write δ := ρN+1− . Becausex andx ′ are density points, we can take
nk(x) ≤ nk(x

′) = nk(x) + rpk (for somer ≤ N) so large that

λ(Ik \ B)

λ(Ik)
,
λ(I ′

k \ B ′)
λ(I ′

k)
≤ δ

3K2
.

Here K ≥ 1 is the distortion constant from Proposition 4.5. It follows thatλ(Jk,0 \
f nk(x

′)(B ′)) ≤ (1/3K)λ(Jk,0) and λ(Jk,r \ f nk(x)(B)) ≤ (1/3K)λ(Jk,r). Applying
anotherrpk iterates tof nk (B) ∩ Jk,r we find (using the same distortion boundK) that
λ(Jk,0 \ f nk(x)+rpk (B)) ≤ 1

3λ(Jk,0). Therefore,f nk(x
′)(B ′) ∩ f nk(x

′)(B) 6= ∅. This
contradicts the choice ofB andB ′. 2

5. The Fibonacci unimodal map
The aim of this section is to prove that a Fibonacci map with a Cantor attractor has a circle
rotation as maximal automorphic factor. For this we have to recall some facts from [5, 6].

http://journals.cambridge.org


http://journals.cambridge.org Downloaded: 30 Oct 2009 IP address: 152.2.105.244

Exactness and maximal automorphic factors of unimodal interval maps1025

5.1. Factors of(ω(c), f ). Fix a unimodal mapf . Let Dn be the image of the central
branch off n (the largest monotone subinterval containingc). If c ∈ Dn, we say thatn is
acutting time. The cutting times are denoted as

1 = S0 < S1 < S2 < · · · .

They are very important as they determine the combinatorial structure of the unimodal map
completely. Obviouslycn is one endpoint ofDn. It is not hard to show thatcn−Sk , where
Sk is the maximal cutting time less thann, is the other.

It can be shown that the difference of two subsequent cutting times is again a cutting
time. Hence

Sk − Sk−1 = SQ(k),

for some integer functionQ, which is called thekneading map[10]. For more details see
[3]. We assume for the rest of the paper that

Q(k) → ∞ ask → ∞. (5)

If the cutting times are the Fibonacci numbers 1, 2, 3, 5, 8, . . . , i.e.Q(k) = max{0, k − 2},
thenf is called aFibonacci map.

LEMMA 5.1. If Q(k) → ∞, thenλ(Dn) → 0 andω(c) is a minimal Cantor set.

Proof. See [3]. 2

For the Fibonacci map,(ω(c), f ) is isomorphic to(S1, Rγ ), whereRγ is the circle
rotation overγ = (

√
5 − 1)/2. This was shown in [13]. In [6], the result was generalized

to many other unimodal maps and group rotations. We will discuss some tools from [6].
First there is theS-adic transformation (whereS = {Sk} refers to the sequence of cutting
times). Let

E := {e ∈ {0, 1}N : ei = 1 ⇒ ej = 0 for Q(i + 1) < j < i},
endowed with product topology. OnE we defineT to be the addition of 1 by means of
‘add and carry’; ones at entriesi andQ(i + 1) carry to a one at entryi + 1. If Sk = 2k (i.e.
f is the Feigenbaum map), we recover the usual dyadic odometer. The set

E0 := {e ∈ E : #{i : ei = 1} < ∞}
is thegreedyrepresentation ofN ∪ {0}, see, e.g., [9]. Indeed, ifn ≥ 0, there is a canonical
way of assigning a sequence〈n〉 ∈ E0 such thatn = ∑

i〈n〉iSi . Takei := max{k; Sk ≤ n}
and set〈n〉i = 1. Repeat this process withn−Si , etc. Then the restriction in the definition
of E will automatically be satisfied.

LEMMA 5.2. If Q(k) → ∞, thenT : E → E is continuous,T (〈n〉) = 〈n + 1〉 andT is
invertible, with a possible exception at〈0〉.

Let π1 : E → ω(c) be a projection defined onE0 by π1(〈n〉) = f n(c), and extended to
E by uniform continuity. Equivalently we can define

π1(〈n〉) = cn and fore /∈ E0, π1(e) = ∩kDnk , (6)
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wherenk = ∑
i≤k eiSi . We havef ◦ π1 = π1 ◦ T . Note thatπ1 need not be invertible.

For x ∈ R, choose the fractional part frac(x) ∈ [−1
2, 1

2) such thatx − frac(x) is an
integer. If there existsα ∈ R such that∑

i

|frac(αSi )| < ∞, (7)

then we can define a second projectionπ0 : E → S1 by

π0(e) :=
∑

i

ei frac(αSi ) mod 1.

One can show thatπ0 ◦ T (e) = π0(e) + α for all e ∈ E.
In particular, the Fibonacci numbers can be written as

Sk = 5 + 3
√

5

10
(1 + γ )k + 5 − 3

√
5

10
(−γ )k,

whereγ = (
√

5 − 1)/2. Hence there existsL such that

|frac(γ Sk)| = |frac((1+γ )Sk)| =
∣∣∣∣∣frac

(
Sk+1 + (1 + 2γ )

5 − 3
√

5

10
(−γ )k

)∣∣∣∣∣ ≤ Lγ k (8)

for all k. Therefore, (7) is satisfied, and the projectionπ0 is well defined.

PROPOSITION5.1. If Q(k) → ∞ and
∑

k |frac(αSk)| < ∞, thenπ := π0 ◦ π−1
1 is a

well-defined continuous mapping and the diagram

(E, T )

(ω(c), f ) (S1, Rα)

�
��	

π1 @
@@R

π0

-π

commutes.

Proof. The case whereSk are the Fibonacci numbers has already been shown in [13].
Moreover,π is one-to-one, except on the backward orbit ofc, where it is two-to-one. The
general case was presented in [6]. 2

The projectionπ can be shown to be one-to-one on a set of full Lebesgue measure on
S

1 for many other unimodal maps as well.

5.2. Fibonacci maps with attractors.The main result of [5] is the following.

THEOREM 5.1. If f is a C2 unimodal Fibonacci map with a sufficiently degenerate
critical point, thenω(c) is an absorbing Cantor set.
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The idea of the proof is as follows. Letu1 = p̄, wherep is the orientation reversing fixed
point, and fork ≥ 2,

uk :=
{

f −Sk−1(uk−1) ∩ (uk−1, c), if cSk−1 < c,

f −Sk−1(ūk−1) ∩ (uk−1, c), if cSk−1 > c.
(9)

It is shown in [5] that this is a valid definition. In fact, the pointsuk areclosest-to-c prefixed
in the sense that if(uk−1, ūk−1) ∩ f −n(p) 6= ∅, thenn := min{i : f i(uk) ∈ {p, p̄}}.
U1 = I \ [u1, ū1] andUk = (uk−1, uk) ∪ (ūk, ūk−1) for k ≥ 2. Define aninduced mapF
by

F |Uk := f Sk−1 for all k ≥ 1.

By construction, fork ≥ 2,F(Uk) = (uk−3, ūk−1) if cSk−1 > c andF(Uk) = (uk−1, ūk−3)

if cSk−1 < c. (Hereu0 = u−1 = p.) HenceF preserves the partition ofI into setsUk. Let

χn(x) := k if Fn(x) ∈ Uk.

As was shown in [5], there exists a constantK such that the distortion dist(F n, J ) ≤ K

for anyn ≥ 0 and the intervalJ on whichFn is continuous. The behavior of points under
iteration ofF is interpreted as a random walk. It is shown that, for maps of sufficiently
large critical order, the expectation (with respect to Lebesgue measure)

E(χn − k|χn−1 = k) ≥ η > 0, (10)

whereη is independent ofk, of n, and of the precise path used to get to stateUk. A similar
estimate can be made for the variances:

Var(χn − k|χn−1 = k) ≤ V < ∞. (11)

These estimates imply thatχn(x) → ∞ λ-a.e., and this implies thatf n(x) → ω(c) λ-a.e.

5.3. The maximal automorphic factor of a Fibonacci map.Let f be a Fibonacci map
with an absorbing Cantor set. To be precise, assume that (10) and (11) hold. Forx ∈ I

define
βk(x) := max{n : χn(x) ≤ k},

and letbk(x) be such thatFβk(x)|{x} = f bk(x)|{x}. Becauseχm → ∞ λ-a.e., these
sequences are definedλ-a.e. Recall that〈n〉 denotes theS-adic representation ofn. Define

π̃ (x) := lim
k→∞ π0(〈bk(x)〉),

whenever it exists.

LEMMA 5.3. If π̃(x) exists, then for everyN ≥ 0, π̃(f N(x)) exists andπ̃(f N(x)) =
π̃(x) − Nγ .

Proof. We will show that for every fixedN ≥ 0, there existsi, j ≥ 0 such that

F i(x) = Fj (f N(x)). (12)

http://journals.cambridge.org


http://journals.cambridge.org Downloaded: 30 Oct 2009 IP address: 152.2.105.244

1028 H. Bruin and J. Hawkins

From this it follows thatbk(f
N(x)) = bk(x)−N for k sufficiently large, which proves the

lemma.
Let {mi} and {nj } be such thatF i |{x} = f mi and Fj |{f N(x)} = f nj . Find i, j

maximal such thatmi ≤ N andnj + N ≤ mi+1. If in one of these cases equality holds,
(12) is true. Lety = F i(x) andy ′ = Fj (f N(x)). Theny ′ = f N ′

(y) for someN ′ > 0.
Take alsos ands′ such thaty ∈ Us andy ′ ∈ Us ′ . In this notation,N ′ < Ss−1 < Ss ′−1+N ′.

Recall that the points{uk} are the closest-to-c prefixed points, none omitted. Therefore,

f n(uk) /∈ [uk, ūk] for all n > 0

and
f n(uk) /∈ [uk−1, ūk−1] for all 0 < n < Sk−1. (13)

Indeed, iff n(uk) ∈ [uk, ūk], thenuk is not a closest-to-c prefixed point. Iff n(uk) ∈
(uk−1, uk) or (ūk, ūk−1), thenuk is not the first closest-to-c prefixed point afteruk−1.
Finally, by equation (9),f Sk−1(uk) ∈ {uk−1, ūk−1}. Therefore,f n(uk) /∈ {uk−1, ūk−1} for
n < Sk−1.

Sincef N ′
(y) = y ′, f N ′

(Us) intersectsUs ′ . We distinguish three cases.
• f N ′

(Us) ⊂ Us ′ . Then c ∈ f Ss−1(Us) ⊂ f Ss−1−N ′
(Us ′). This contradicts that

Ss ′−1 + N ′ > Ss−1.
• us ′ ∈ f N ′

(Us). By equation (13),s′ ≤ s − 2. On the other hand,f Ss−1−N ′
(us ′) ∈

F(Us) ⊂ (us−3, ūs−3). Therefore,s − 3 < s′ − 1. This contradictss′ ≤ s − 2.
• us ′−1 ∈ f N ′

(Us). By equation (13),s′ − 1 ≤ s − 2. On the other hand,
f Ss−1−N ′

(us ′−1) ∈ F(Us) ⊂ (us−3, ūs−3). Therefore,s − 3 < s′ − 2, contradicting
s′ − 1 ≤ s − 2.

These contradictions establish the proof. 2

The main result of this section is that the mapπ̃ is definedλ-a.e., and that the circle
rotation with appropriate measure algebra is the maximal automorphic factor.

THEOREM 5.2. Let (I,B, λ, f ) be a Fibonacci map satisfying (10) and (11) (and
thereforef has an absorbing Cantor set). Theñπ : I → S1 is definedλ-a.e. If
µ := λ◦π̃−1 andC := π̃ (B), then the rotation(S1, C, µ,R−1

γ ) is the maximal automorphic
factor.

Proof. Let Vk = {x ∈ Uk : χm(x) > k for all m ≥ 1}. Equations (10) and (11) show
that a definite proportion of the setUk never returns to∪i≤kUi . Hence there existsη1 > 0
such thatλ(Vk) ≥ η1λ(Uk) for all k ≥ 1. Moreover, the branches onFm have a uniform
distortion boundK. Therefore, takingη0 = η1/K, we find that the probability

P(Fm(x) ∈ Vk|χm(x) = k) ≥ η0. (14)

These estimates are independent ofm and of the precise path used to get to stateUk. If
βk+1(x) − βk(x) > k, thenF i(x) ∈ ∪i>kUi \ Vi for bk(x) < i < βk(x) + k. Therefore,

P(βk+1(x) − βk(x) > k) ≤ (1 − η0)
k.

The Borel–Cantelli lemma gives thatP {βk+1(x) − βk(x) > k infinitely often} = 0. Write
π̃k(x) = π0(〈bk(x)〉). Forλ-a.e.x ∈ I there existsk0 such that

bk+1(x) − bk(x) =
∑
i≥0

ak,i(x)Sk+i , where
∑

i

ak,i(x) ≤ k,
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for all k ≥ k0. Therefore, (8) gives

|π̃k+1(x) − π̃k(x)| ≤
∑
i≥0

ak,i frac(γ Sk+i ) ≤ k|frac(γ Sk)| = Lkγ k.

Henceπ̃k(x) is a Cauchy sequence, converging toπ̃(x). This shows that̃π is defined
λ-a.e. and thatC = π̃(B) andµ = λ ◦ π̃−1 are well defined up to measure zero. The
relationπ̃ ◦f (x) = R−1

γ ◦ π̃(x) was already established in Lemma 5.3. It follows thatR−1
γ

is non-singular with respect toµ, and that(S1, C, µ,R−1
γ ) is a measurable automorphic

factor.
We need the following lemma to show that the automorphic factor is maximal.

LEMMA 5.4. There exists a decreasing functionξ : R+ → [0, 1] converging to zero as
x → ∞ such that

P(bk ≥ NSk) := λ({x : bk(x) ≥ NSk}) ≤ ξ(N)

for all k.

Proof. Using theη0 obtained in (14), define for anyN ∈ R+,

ξ(N) := 1 − (1 − (1 − η0)
M/2)

(
1 − 1

η0
(1 − η0)

M

)
,

with M = (logN − log 10)/(log 1/γ ). Clearlyξ(N) → 0 asN → ∞. We will show that
ξ(N) gives the desired estimate.

Fix k,N ∈ N and letx ∈ B(ω(c)) be arbitrary (providedbk(x) exists). LetM =
M(N) = (logN − log 10)/(log 1/γ ). First we calculate the probability that

χj (x) > k + M for somej ≤ βk(x). (15)

If this occurs, then, since a point can jump back no more than two states under one iteration
of F , j < βk(x) − M/2. SinceF i(x) /∈ Vm for j < i < βk(x) andk < m ≤ k + M (cf.
formula (14)), the probability thatχj > k + M is less than(1 − η0)

M/2.
Next we verify, using (14) again, thatP(#{j ; χj = m} ≥ t) ≤ (1 − η0)

t−1. Indeed,
because points have to avoid the setVm t − 1 times to maket returns toUm possible, it
follows that

P(#{j ≤ βk : χj = m} ≥ 2M + k − m for some 1≤ m ≤ k + M)

≤
k+M∑
m=1

(1 − η0)
2M+k−m−1 ≤ 1

η0
(1 − η0)

M. (16)

If neither (15) nor (16) occurs, i.e. if #{j ≤ βk(x) : χj (x) = m} ≤ 2M + k − m for all
1 ≤ m ≤ k + M andχj (x) ≤ k + M for all j ≤ βk(x), then

bk(x) =
k+M∑
m=1

#{j ≤ βk(x) : χj (x) = m}Sm−1 ≤
k+M∑
m=1

(2M + k − m)Sm−1 ≤ NSk.

This happens with probability at least(1 − (1 − η0)
M/2)(1 − η−1

0 (1 − η0)
M) = 1 − ξ(N)

which tends to one uniformly ink asN → ∞. This proves the lemma. 2

http://journals.cambridge.org


http://journals.cambridge.org Downloaded: 30 Oct 2009 IP address: 152.2.105.244

1030 H. Bruin and J. Hawkins

Returning to the proof of Theorem 5.2, we copy the arguments of Theorem 4.4. That is,
we find a subsequence{ki} of N which increases fast enough so that

∑
i

P

(
bki ≥ 1

i2
Ski+1

)
≤
∑

i

ξ

(
1

i2

Ski+1

Ski

)
< ∞.

Then by the Borel–Cantelli lemma,

X :=
{
x : ∃j ∀i ≥ j, bki ≤ 1

i2
Ski+1

}

has full measure in the basin ofω(c). TakeN1 so large thatξ(N1) ≤ 3−3. A proof similar
to the one of Lemma 5.4 givesP(bki − bki−1 ≥ N1Ski ) ≤ ξ(N1) ≤ 3−3. Then we can
derive (cf. Proposition 4.6) that lim infi i−1#{j ≤ i : bkj (x) ≤ NSkj } ≥ 2

3 for N = N1 +2
andλ-a.e.x ∈ B(ω(c)). Givens ∈ S1, let Is := π̃−1 be the fiber overs and letλs be the
fiber measure thatλ induces onIs . Then (cf. Corollary 4.1) forµ-a.e. s andλs × λs -a.e.
(x, x ′) ∈ Is × Is , we have established that|bk(x) − bk(x

′)| ≤ NSk infinitely often.
The last step in the proof is to assume by contradiction that(S1, C, µ,R−1

γ ) is not the
maximal automorphic factor. Then there existB,B ′ ∈ B+ such thatπ(B) = π(B ′) and
λ(f n(B) ∩ f n(B ′)) = 0 for all n ≥ 0. We choose Lebesgue density pointsx andx ′ of B

andB ′, respectively, such that̃π(x) = π̃(x ′). By the above arguments we can assume that
|bk(x) − bk(x

′)| ≤ NSk infinitely often. Take such ak; then〈bk(x)〉i = 〈bk(x
′)〉i for all

i > k + P for P = P(N) = −2 logN/logγ . Abbreviateχ = χβk(x) andχ ′ = χβk(x ′), so
Fβk(x)(x) ∈ Uχ andFβk(x

′)(x ′) ∈ Uχ ′ . Becausẽπ(x) = π̃(x ′),

〈bk(x) + Sχ−1〉i = 〈bk(x
′) + Sχ ′−1〉i

for all i ≤ k. By definition of βk, both Fβk(x)+1(x) and Fβk(x
′)+1(x ′) are contained

in (uk, ūk). Let Wk be the component ofUχ ∩ F−1([uk, ūk]) that containsFβk(x)(x);
similarly, letW ′

k be the component ofUχ ′ ∩ F−1([uk, ūk]) that containsFβk(x
′)(x ′). Take

d := Sχ ′−1+
k+P∑

i=k+1

〈bk(x
′)+Sχ ′−1〉iSi−1 and d ′ := Sχ−1+

k+P∑
i=k+1

〈bk(x)+Sχ−1〉iSi−1.

ThenD := bk(x) + d = bk(x
′) + d ′. Find the unique intervalT ⊂ Wk whose orbit is

given by〈d〉 in the following sense: leti0, i1, . . . , in (with 1 ≤ n ≤ P ) be the indices for
which 〈d〉i = 1. ThenT is taken such that

F 1(T ) ⊂ Ui1, F
2(T ) ⊂ Ui2, . . . , F

n(T ) ⊂ Uin and Fn+1(T ) = [uk+P , ūk+P ].
The intervalT ′ ⊂ W ′

k is chosen similarly. ThenFn+1(T ) = Fn′+1(T ′) (see Figure 1).
Recall that the distortion of the branches of iterates ofF is uniformly bounded byK.
From this, one can derive that there existsε = ε(P,K) > 0 such thatλ(T ) ≥ ελ(Wk) and
λ(T ′) ≥ ελ(W ′

k).
We now take intervalsJ 3 x andJ ′ 3 x ′ such that the mapsf bk(x) : J → Wk and

f bk(x
′) : J ′ → W ′

k are monotone onto, and such that

λ(J \ B)

λ(J )
,
λ(J ′ \ B ′)

λ(J ′)
≤ ε

3K2 .
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x x ′

6
Fβk(x)

6
Fβk(x

′)

Uχ

T ⊂ Wk

Uχ ′

T ′ ⊂ W ′
k

6
F

6
F

uk ūkFβk(x)+1(x) Fβk(x
′)+1(x ′)

F (T ) F (T ′)

�
�
�
��

Fn

A
A
A
AK

Fn′

uk ūk

F n+1(T ) = Fn′+1(T ′)

FIGURE 1. Construction ofT , T ′,Wk andW ′
k
.

Sincex and x ′ are density points, such intervals can be found fork sufficiently large.
Therefore,

λ(T \ f bk(x)(J ∩ B))

λ(T )
,
λ(T ′ \ f bk(x

′)(J ′ ∩ B ′))
λ(T ′)

≤ 1

3K
.

Applying Fn+1 to f bk(x)(J ) ∩ T andFn′+1 to f bk(x
′)(J ′) ∩ T ′, and using the distortion

boundK once more, we obtain

0 < 1
3λ(Fn+1(T )) ≤ λ(Fn+1 ◦ f bk(x)(J ∩ B) ∩ Fn′+1 ◦ f bk(x

′)(J ′ ∩ B ′))
≤ λ(f D(B) ∩ f D(B ′)).

This contradicts the choice ofB andB ′. 2

Remark 1.We now haveπ̃ : I → S
1 (definedλ-a.e.) such that̃π ◦ f = R−1

γ ◦ π̃ and

π : ω(c) → S1 such thatπ ◦ f = Rγ ◦ π . One can show that̃π is defined onω(c) and
thatπ̃ (y) = −π(y) for all y ∈ ω(c). This relation plays no role in our results, so we omit
the proof.

Remark 2.In view of the previous remark,(π̃ |ω(c))−1 ◦ π̃ gives a factor map fromI
directly onto the attractor. One might expect that forλ-a.e. x there existsy ∈ ω(c) such
that |f n(x) − f n(y)| → 0. This is not true, in spite of the fact that for the candidate
y ∈ π̃−1 ◦ π̃(x) ∩ ω(c) there is a sequence{ni} such that|f ni (x) − c|, |f ni (y) − c|
simultaneously tend to zero. The reason is as follows. Assume thatf ni (x) ∈ Uk is so
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close tocSk or c̄Sk that f ni+Sk−1(x) ∈ Uk+1. Thenf ni+Sk−1+Sk−1(x) = f ni+Sk+1−1(x)

is close tocSk+2−1. Checking the kneading invariant off shows thatcSk+2−1 is close
to f −1(c) ∩ [c, c1] if k is even and close tof −1(c) ∩ [c2, c] if k is odd. If at the
same timef ni (y) ∈ ∪j≥k+2Uj , thenf ni+Sk+1−1(y) is close tocSk+1−1, which is close
to f −1(c) ∩ [c, c1] if k is odd and close tof −1(c) ∩ [c2, c] if k is even. Therefore,
lim sup|f n(x) − f n(y)| ≥ diam(f −1(c)) > 0.

6. A dissipative exact unimodal map
The results of §5 can be generalized to other unimodal maps with absorbing Cantor sets.
In [4] combinatorial conditions are given under which a unimodal mapf with sufficiently
large critical order has an absorbing Cantor set. The main condition on the kneading
mapQ is thatk − Q(k) is bounded. This applies to many examples from [6], for which
(ω(c), ρ, f ) (ρ being the unique invariant probability measure) is shown to be isomorphic
to some circle and torus rotation with Haar measure. In particular, for the maps with
kneading mapsQ(k) = max(k − d, 0) for d = 2, 3, 4, (ω(c), ρ, f ) is shown to be
isomorphic to a rotation on a (d − 1)-dimensional torus.

However, ford ≥ 5, (ω(c), ρ, f ) has no non-trivial group as factor [6]. In this section
we show that the unimodal mapf with kneading mapQ(k) = k − 5 for k ≥ 5 is exact
on I , even in the presence of an absorbing Cantor set. The proof thatf , for a sufficiently
large critical order, has a Cantor attractor is similar to the proof for the Fibonacci map.
The inequalities (10) and (11) can be proven. The difference from the Fibonacci map is
that the leading rootα of the equationx5 − x4 − 1 = 0 is not a Pisot–Vijayaraghavan
number. More precisely, this equation has two roots on, two roots inside, and one root
outside the unit circle. Therefore,|frac(αSi )| is not summable and the mapπ0 cannot be
defined. Related to this is the following lemma.

LEMMA 6.1. SupposeSk are the cutting times corresponding to the kneading mapQ(k) =
max(k − 5, 0), i.e.Sk = k + 1 for 0 ≤ k ≤ 4 andSk = Sk−1 + Sk−5 otherwise. Then for
k ≥ 3

Sk =




Sk−2 + Sk−3, if k ≡ 1 or 4 mod 6,

Sk−2 + Sk−3 + 1, if k ≡ 2 or 3 mod 6,

Sk−2 + Sk−3 − 1, if k ≡ 0 or 5 mod 6.

Proof. Straightforward by induction. 2

THEOREM 6.1. Let f be the unimodal map with kneading mapQ(k) = max(0, k − 5).
Suppose that the critical order̀is so large thatf has a Cantor attractor, and a fortiori,
(10) and (11) hold. Thenf is Lebesgue exact.

Proof. TakeA arbitrary such thatλ(A) > 0. Without loss of generality, we can assume
that A ⊂ (u1, ū1). We will show that Proposition 2.1 applies. Becausef has a Cantor
attractor, anda fortiori χn(x) → ∞ λ-a.e., we can assume thatχn(x) → ∞ for all x ∈ A.
Let x ∈ A be a density point ofA, such thatf (x) is a density point off (A).

The proof of the existence of Cantor attractors [4] gives rise to the following distortion
estimate: for anyn and anyJ on which Fn|J = f m|J is continuous, we have
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dist(f m, J ) ≤ K, whereK depends only oǹ. The proofs also yield that there exists
C > 0 such that

1

C`
≤ |uk − uk+1|

|uk − c| ≤ C

`

for all k. Let ε = 1/6C2`2K3 > 0. Becausex is a density point, there existsJ 3 x such
that

λ(A ∩ J ′)
λ(J ′)

≥ 1 − ε

for any subintervalJ ′ such thatx ∈ J ′ ⊂ J . Take from now onn so large thatJn ⊂ J

wheneverJn 3 x is the maximal interval on whichFn|Jn is continuous.
Assume thatχn(x) = k wherek ≡ 2, 3 mod 6. LetU ⊂ Uk be the component

containingFn(x) = f m(x). Define W̃1 ⊂ U to be the maximal interval such that
F(W̃1) ⊂ Uk andF 2(W̃1) ⊂ Uk+1. Similarly W̃2 ⊂ U will be the maximal interval
such thatF(W̃2) ⊂ Uk+3. Since(uk+5, ūk+5) ⊂ F(Uk+1), F (Uk+3) ⊂ (uk−20, ūk−20),
the overlapF(Uk+1) ∩ F(Uk+3) satisfiesλ(F (Uk+1) ∩ F(Uk+3)) ≥ 1

2λ(F (Uk+1)) for
` sufficiently large. We can find maximal intervalsW1 ⊂ W̃1 andW2 ⊂ W̃2 such that
F 3(W1) = F 2(W2), and

λ(W1)

λ(U)
,
λ(W2)

λ(U)
≥ 1

2C2`2K
.

Let V1 = f −m(W1) ∩ Jn andV2 = f −m(W2) ∩ Jn. Using the distortion argument once
more, we derive that

λ(V1)

λ(Jn)
,
λ(V2)

λ(Jn)
≥ 1

2C2`2K2 .

By the choice ofε,
λ(A ∩ V1)

λ(V1)
,
λ(A ∩ V2)

λ(V2)
≥ 1 − 1

3K
.

Remember thatk ≡ 2, 3 mod 6, so by Lemma 6.1Sk + Sk+1 = Sk+3 − 1. Let
N := m + Sk + Sk + Sk+1 = m − 1 + Sk + Sk+3. Then

λ(f N(A) ∩ f N+1(A)) ≥ 1
3λ(F (Uk+1) ∩ F(Uk+3)) > 0.

It follows thatλ(f −N ◦ f N+1(A) ∩ A) > 0. This is the assumption of Proposition 2.1.
The casesk ≡ 0, 1, 4, 5 mod6 can be dealt with in a similar way. 2
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