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Families of ergodic and exact one-dimensional maps
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We give a parametrized family of rational interval maps of degree two, each
ergodic, exact and preserving a measure equivalent to a Lebesgue measure.
The family includes the unique quadratic Chebyshev polynomial as its only
polynomial map. We extend the family to other settings on the circle and real
line. We also give numerical approximations to the entropy of the equivalent
invariant measure and the Hausdorff dimension of the singular measure of
maximal entropy.

1. Introduction

Parametrized families of interval maps, especially families that are smooth with
respect to both the variable and the parameter, have been written about extensively
as they reveal important fundamental principles in the study of bifurcations of
dynamical systems (see, e.g., [1–4]).

Most of the work has been done on polynomials; other interesting results on
polynomials involve pairs of maps with the same Julia set, connecting this property
to the question of whether the maps commute [5]. In addition, many authors have
looked at parametrized families for the onset of chaos, linking it to the existence of
absolutely continuous invariant measures [3, 6].

In this paper we combine these ideas to construct a one-parameter family of
real rational maps, each having the same Julia set—the interval ½�2, 2�—and all
exhibiting similar ergodic and exact behaviour. An unusual aspect of this family is
that ergodicity is typically rare in families of mappings, and we show the stronger
property of Lebesgue-exactness for each member. Moreover, we also establish the
existence of an invariant measure equivalent to a Lebesgue measure for every
member of the family.

Nevertheless, the maps are not pairwise conformally conjugate; they are however
topologically conjugate with topological entropy log 2. Precisely one value of the
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parameter gives the degree-two Chebyshev polynomial, which is measure
theoretically isomorphic to the ð1=2, 1=2Þ Bernoulli shift using the Lebesgue
measure m on the interval. For all other parameter values, the respective measures
of maximal entropy (which is log 2) are mutually singular with respect to the
Lebesgue measure m. In particular, each map comes with a pair of distinguished
invariant measures; a probability measure equivalent to m and a maximal entropy
measure singular with respect to m (except for the Chebyshev value).

Each member of the parametrized family is Lebesgue ergodic and exact, and
preserves a measure �a � m, where �a depends on the parameter a. It is natural
therefore to approximate (or calculate) the Liapunov exponent ��a

or equivalently
the entropy h�a

, since the Hausdorff dimension of �a is 1, using HDð�aÞ ¼

1 ¼ h�a
=��a

. The unique measure of maximal entropy, denoted �a has a Hausdorff
dimension less than 1 except in the Chebyshev case [7], so we approximate that as
well using HDð�aÞ ¼ log 2=��a .

We consider this family of mappings in several different settings, first on an
interval I and next on ð�1, 0�, and then a two-point extension on the unit circle
in the complex plane, and an isomorphic version on R, unifying some examples that
have been studied in the literature before. In the last section we give some graphical
data from estimates of the entropy of the invariant measure equivalent to m and the
Hausdorff dimension of the singular maximal entropy measure. Entropy and
Hausdorff dimension appear to vary smoothly with the paramater.

2. An ergodic family of unimodal rational interval maps

Consider the real family of maps on R given by:

RaðxÞ ¼
�8þ ð2þ 8aÞx2

4þ ð�1þ 4aÞx2
:

This family is chosen to ‘push off’ from the Chebyshev polynomial at the tip
of the Mandelbrot set using rational maps instead of polynomials; when
a ¼ 1=4, R1=4ðxÞ ¼ x2 � 2: It is shown in Proposition 2.2 below (and the discussion
preceeding it) that Ra is not conformally conjugate to a polynomial for any other
value of a; this result also follows from (3) of Proposition 3.1 in this paper, proved in
[8]. We begin with the following result for the parametrized family of mappings
obtained when a 2 ð0, 1Þ.

Theorem 2.1: If a 2 ð0, 1Þ, then the following hold.

(1) Rað�2Þ ¼ Rað2Þ ¼ 2, Rað0Þ ¼ �2, and Ra has one critical point at x ¼ 0, is
strictly decreasing on ½�2, 0Þ and strictly increasing on ð0, 2�.

(2) Ra½�2, 2� ¼ R�1
a ½�2, 2� ¼ ½�2, 2�.

(3) R0
að�2Þ ¼ �1=a and R0

að2Þ ¼ 1=a, so x ¼ 2 is a repelling fixed point.
(4) Each Ra is finite postcritical (has a finite forward critical orbit).
(5) There is one other fixed point in ½�2, 2�, namely p ¼ �2=ð1þ 2

ffiffiffi
a

p
Þ

2 ð�2, � 2=3Þ, with derivative R0
ðpÞ ¼ �ð1þ 2

ffiffiffi
a

p
Þ. That is, p is always

repelling.

204 J. Barnes and J. Hawkins



(6) The Schwarzian derivative of Ra,

Sa ¼
R000

a

R0
a

�
3

2

R00
a

R0
a

� �2

,

satisfies SaðzÞ ¼ �3=2z2: Therefore SaðzÞ < 0 except at the critical point.

Proof: We have Rað2Þ ¼ 2, and by symmetry about x ¼ 0, we have Rað�2Þ ¼ 2 as
well; property ð2Þ follows from ð1Þ. It is a straightforward calculation that
R0

aðxÞ ¼ 128ax=½4þ ð4a� 1Þx2�2, so statement ð1Þ holds when a>0. By plugging
in the values R0

að�2Þ ¼ �256a=ð16aÞ2 ¼ �1=a, ð3Þ follows immediately, and
ð4Þ follows from ð1Þ. To show ð5Þ, we set RaðxÞ ¼ x. After factoring out x� 2
(since we know 2 is fixed), we are left with the polynomial
raðxÞ ¼ ð1� 4aÞx2 þ 4xþ 4 ¼ 0, whose roots are p ¼ �2=ð1� 2

ffiffiffi
a

p
Þ: Since

0 < a < 1, we can show that: we have �2 < �2=ð1þ 2
ffiffiffi
a

p
Þ < �2=3: Similarly one

can show that the other fixed point is always less than x ¼ �2 or greater than x ¼ 2,
depending on the value of a. œ

A typical graph of Ra is shown in figure 1.

2.1. Commuting rational maps and rational maps with the same Julia set

Studies dating back to the 1920s by Ritt [9] have shown that it is rare for two distinct
polynomials to have the same Julia set. Moreover if they do, then they must com-
mute or a multiple of one polynomial commutes with the other, where the multi-
plicative constant must come from a very small set relating to symmetries of the Julia
set. In [5], the history of this problem is discussed and new results and examples are
given to settle once and for all the question: ‘which polynomials have an interval as
their Julia sets?’ In our current setting, i.e. degree-two rational maps, it follows from
[5] that two polynomials with Julia set an interval must commute. Therefore both
must be Chebyshev polynomials (see Theorems 1 and 3 in [5] for explicit statements).
Since in degree 2 there is only one such polynomial corresponding to the value

−2 −1 1 2

−2

−1.5

−1

−0.5

0.5

1

1.5

2

Figure 1. The graphs of Ra(x) and x for a=0.5.
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a ¼ 1=4 in our notation, clearly our family of maps exhibits strong non-polynomial
behaviour. We have the following result.

Propostition 2.2: For the family RaðxÞ ¼ ½�8þ ð2þ 8aÞx2�=½4þ ð�1þ 4aÞx2�,
a 2 ð0, 1Þ, Ra � Rb ¼ Rb � Ra if and only if a ¼ b.

Proof: We apply the basic properties of Theorem 2.1. Clearly, the fixed point for Ra

that is in ð�2, 2Þ, pa ¼ �2=ð1þ 2
ffiffiffi
a

p
Þ, is different from Rb’s fixed point,

pb ¼ �2=ð1þ 2
ffiffiffi
b

p
Þ, when a 6¼ b. Then since each map only has one fixed point in

the open interval ð�2, 2Þ, we have RaðRbðpbÞÞ ¼ RaðpbÞ 6¼ RbðRaðpbÞÞ, since Ra( pb) is
neither the unique fixed point for Rb in ð�2, 2Þ nor 2. œ

It is mentioned in [5] that Devaney gave simple examples of non-commuting rational
and meromorphic maps with the same Julia set; here we give a family of maps with
this property.

2.2. Measure-theoretic properties

Theorem 2.1 establishes that each map Ra, a 2 ð0, 1Þ is an S-unimodal map in the
sense that it is piecewise monotone with one turning point (the critical point at 0),
and has negative Schwarzian derivative throughout the domain ½�2, 2�. Therefore we
are in a setting in which the classical theory of unimodal maps applies.

Definition 2.3: On any interval I � R we put the �-algebra of Borel sets, denoted B.
We denote m to be the normalized Lebesgue measure on I, so mðIÞ ¼ 1; a measure �
is equivalent to m, written � � m, if for any A 2 B, �ðAÞ ¼ 0 if and only if mðAÞ ¼ 0.
We say that a measurable map R : I ! I admits an invariant probability measure
equivalent to the Lebesgue measure if there exists � � m, �ðIÞ ¼ 1, such that
�ðR�1AÞ ¼ �ðAÞ for every A 2 B. Throughout this paper, an equivalent measure
always refers to a probability measure equivalent to m.

We state a result which follows from work in [10] (plus later generalizations
in [11]). This result is from Theorem V.3.1 in [11]; a map satisfying the hypotheses
of the next theorem is usually referred to as a Misiurewicz map.

Theorem 2.4: Let R : I ! I be a mapping satisfying the following:

(1) R is C 3 and there are only finitely many critical points;
(2) All periodic points of R are repelling;
(3) The forward orbit of each critical point of R does not accumulate onto any

critical point;
(4) R is surjective.

Then R admits an equivalent measure.

Theorem 2.5: Every map RaðxÞ ¼ ½�8þ ð2þ 8aÞx2�=½4þ ð�1þ 4aÞx2�, a 2 ð0, 1Þ,
admits an equivalent measure �a � m.

Proof: It is well-known (cf. Singer’s Theorem II.6.1 in [11] ) that any attracting
periodic orbit of Ra either contains a critical point in its attracting basin or occurs at
a boundary point of the interval. Both are impossible by Theorem 2.1 so we can
apply Theorem 2.4 to obtain the result. œ
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For any two sets A, B 2 B we define their symmetric difference by
A4B ¼ ðAnBÞ [ ðBnAÞ. The map R is ergodic if R has a trivial field of invariant
sets, or equivalently, if any measurable set B with the property that �ðB4R�1BÞ ¼ 0
has either zero or full measure.

It follows from the definitions that R is measure-preserving and ergodic if and only
if for all sets A, B 2 B, �ðAÞ > 0, �ðBÞ > 0 there is a positive integer n such that
�ðB \ R�nAÞ > 0.

A map is exact if it has a trivial tail field \n�0R
�n
B � B, or equivalently, if any set

B with the property �ðR�n
� Rn

ðBÞ 4 BÞ ¼ 0 for all n has either zero or full measure.
It is clear that every exact map is also ergodic. The next result is due to Ledrappier [6]
if an additional condition holds, and as stated below, can be found, for example,
in Theorem 4.6 of [12] or in Theorem 3.2 of [13] .

Theorem 2.6: Let R be C 3 S-unimodal. If R has no attractor, then R is
Lebesgue-exact.

Corollary 2.7: Each map RaðxÞ ¼ ½�8þ ð2þ 8aÞx2�=½4þ ð�1þ 4aÞx2�, a 2 ð0, 1Þ, is
ergodic and exact with respect to an invariant probability measure �a � m.

A measurable map R is full if for every set B 2 B, mðBÞ > 0, we have
limn!1 mðRn

ðBÞÞ ¼ 1: Rohlin showed in [14] that in the finite measure preserving
case, full is equivalent to exact, so we have the following corollary.

Corollary 2.8: For each a 2 ð0, 1Þ, Ra is full with respect to �a.

3. Applications to other parametrized families of maps

In [15], Milnor discusses real quadratic maps in terms of their critical behaviour on
the Riemann sphere; related to this topic is a section in his book [16] about smooth
Julia sets. In this section we explore the possibilities for smooth Julia sets to extend
the family of mappings discussed above to rational maps, obtaining parametrized
families with the same measure-theoretic behaviour in other classical settings.

For each real rational map f, the unique holomorphic extension of f as an analytic
map of the Riemann sphere C1 ¼ C [1 to itself will be denoted by f#. Each f gives
rise to a map f# with a nonempty Julia set in C1 in a natural way; cf. [1].

3.1. The quadratic rational family

In [8], the following family of mappings was studied on the Riemann sphere:

faðzÞ ¼ aðzþ 1=zþ 2Þ,

and the following was proved.

Propostition 3.1: For each a 2 Cnf0g,

(1) the fixed points of fa are 1, �
ffiffiffi
a

p
=ð1þ

ffiffiffi
a

p
Þ, and

ffiffiffi
a

p
=ð1�

ffiffiffi
a

p
Þ if a 6¼ 1;

(2) the fixed points of f1 are 1 and �1=2;
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(3) there is exactly one polynomial in the family fa, occurring at a ¼ 1=4; i.e. there
is a Möbius map conjugating fa to a polynomial iff a ¼ 1=4

(4) each map in the family fa for a 2 Cnf0g is unique up to conformal equivalence so
fa is a reduced family of holomorphic maps.

This family, with a 2 Cn0, was first discussed in [15] and then later by the second
author in terms of parameters exhibiting ergodic behaviour in [8]. For a 2 ð0, 1Þ,
the fact that the maps fa are all topologically conjugate follows from the stability
of these maps discussed in Theorem 4.2 of [17].

Theorem 3.2: The map fa is conformally conjugate to the map Ra via the Möbius
transformation MðzÞ ¼ 2ðzþ 1Þ=ðz� 1Þ. Moreover, if a 2 ð0, 1Þ, then JðfaÞ ¼ ½�1, 0�,
the negative real axis.

Proof: It is easy to check by hand that M�1
ðzÞ ¼ ðzþ 2Þ=ðz� 2Þ and that

M � fa �M
�1

¼ Ra: To prove the second statement, we note that
Mð½�1, 0�Þ ¼ ½�2, 2� and Möbius maps take one totally invariant set, J(Ra), to
another, J(fa). œ

Corollary 3.3: For any a 2 ð0, 1Þ, the map faðxÞ ¼ aðxþ 1Þ=ðxþ 2Þ,
fa : ½�1, 0� ! ½�1, 0� is ergodic, exact, full, and preserves a measure �a � m.

The graph of fa(x) for a ¼ 0.5 is shown in figure 2.

3.2. The modified Boole family of maps

The Boole map is defined a.e. on R by fðxÞ ¼ x� ð1=xÞ. Modified Boole maps are
defined by adding a parameter

baðxÞ ¼
ffiffiffi
a

p
½x� ð1=xÞ�,

using the convention of taking the positive value.
We show that for every real number a, with 0 < a < 1, the map ba is ergodic, exact,

and preserves a measure equivalent to m on R. We do this by showing that each map
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Figure 2. The graphs of fa(x) and x for a=0.5.
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fa is a factor of the modified Boole map ba, via the two-fold branched covering
map �ðxÞ ¼ �x2.

It is convenient to extend both maps to the Riemann sphere and restrict to the
completely invariant sets (the Julia sets); in this case we see that the modified Boole
family has the following properties. We denote the holomorphic extension of ba by
ðbaÞ#ðzÞ ¼

ffiffiffi
a

p
½z� ð1=zÞ�. In this form we have the following classical properties,

most of which date back to Fatou’s original work ([18] or cf. [19]).

Theorem 3.4: For each a 2 ð0, 1Þ, ðbaÞ# : C1 ! C1 satisfies:

(1) the critical points of ðbaÞ# are �i;
(2) the fixed points are:

p� ¼ �;
a1=4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a

p
� 1

p ,

both of which are purely imaginary;
(3) both fixed points are attracting, with ðbaÞ

0
#ðp�Þ ¼ 2

ffiffiffi
a

p
� 1;

(4) J � JððbaÞ#Þ ¼ R1;
(5) ðbaÞ# is expanding on J in the following sense: there exists a smooth Riemannian

metric � defined in a neighbourhood of J such that jjðbaÞ
0
#ðzÞjj� > C > 1 for all

z 2 J;
(6) ðbaÞ#jJ is topologically conjugate to the map z 7!z2 on the circle.

A map satisfying property (5) in Theorem 3.4 is called hyperbolic.
We now regard � as a map restricted to the Julia sets, or

� : ð�1,1Þ ! ð�1, 0�,

(defined as above). We can extend � continuously in the obvious way to a map on
R1 � C1, with 1 fixed.

With respect to one-dimensional Lebesgue measures and the usual �-algebra of
Borel sets, � is two-to-one except at 0 (and 1 unless you separate þ1 from �1),
and a direct calculation shows that

fa � � ¼ � � ba ¼ �
aðz2 � 1Þ2

z2
:

This is true for both �ba (using
ffiffiffi
a

p
or �

ffiffiffi
a

p
).

This shows that each map fa studied above is a measurable factor of ba and
we have already established all the desired properties for each fa. It remains to lift
them to ba.

We write F for the Borel sets in R�
¼ ½�1,0� and for each a 2 ð0, 1Þ we write

the equivalent invariant probability measure from Corollary 3.3 as �a. Then
fa : ðR

�,F , �aÞ ! ðR�,F , �aÞ: For any measurable set A 2 Rnf0g, we define
�A ¼ f�x : x 2 Ag and 1=A ¼ f1=x : x 2 Ag: We have that bað�AÞ ¼ �baðAÞ
and b�1

a ð�AÞ ¼ �½b�1
a ðAÞ�.

For C 2 B of the form C ¼ ��1
� �ðCÞ, we call C a saturated set (under �). We can

form the saturation of any set B 2 B by B	 � ��1
� �ðBÞ 
 B. It is clear that
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B	 ¼ B [ �B, where the union may or may not be disjoint. If B \ �B ¼, we say B is
a a one-sheeted set.

Theorem 3.5: For each a 2 ð0, 1Þ, given �a for fa as in Corollary 3.3, there exists an
associated lifted measure ma on R such that:

(1) ma � m is an invariant probability measure for ba;
(2) the modified Boole map is ergodic and exact with respect to ma.

Proof: We write R as the disjoint union R ¼ P [N [ f0g, with P ¼ fx : x > 0g and
N ¼ fx : x < 0g. Given any C 2 B, we can write C ¼ CP [ CN [ f0g, where
CP ¼ C \ P and CN ¼ C \N. Clearly the union is disjoint, and any of these sets
in the union could be empty. We fix a and write �a as �. Given any w 2 ð�1, 0Þ,
the map � has two inverse branches: �PðwÞ ¼

ffiffiffiffiffiffiffi
�w

p
and �NðwÞ ¼ �

ffiffiffiffiffiffiffi
�w

p
.

Define for each C 2 B

maðCÞ ¼
1

2
�ð�ðCPÞÞ þ

1

2
�ð�ðCNÞÞ

¼
1

2
�ð�ð�CPÞÞ þ

1

2
�ð�ðCNÞÞ

¼
1

2
�ð�ðCPÞÞ þ

1

2
�ð�ð�CNÞÞ,

since �ðCNÞ ¼ �ð�CNÞ, and �ðCPÞ ¼ �ð�CPÞ. We remark that if C is a saturated set,
then maðCÞ ¼ �ð� CÞ, and for any measurable B, maðB	Þ ¼ 0 if and only if �ðBÞ ¼ 0.
It follows that maðRÞ ¼ 1.

We establish the invariance of ma for ba given that fa preserves �a; we suppress all
subscripts a, except on ma, from now on. If C	 is a saturated set in B, then it is easy
to see that � � b�1

ðC	Þ ¼ f�1
� �ðC	Þ, so it follows that

maðb
�1C	Þ ¼ ��ðb�1C	Þ ¼ �f�1ð�C	Þ ¼ ��ðC	Þ ¼ maðC	Þ:

Therefore it is enough to check invariance for measurable sets C � P (or N);
we assume C ¼ CP 2 B. Then C \ ð�CÞ ¼ ; and ðb�1CÞ \ ½b�1

ð�CÞ� ¼
ðb�1CÞ \ �ðb�1CÞ ¼ ;. Then

maðCÞ ¼
1

2
� ð�CÞ ¼

1

2
�ðf�1�CÞ ¼

1

2
�½�ðb�1CÞ�, ð1Þ

using the invariance of � under f. Writing b�1C ¼ ðb�1CÞP [ ðb�1CÞN, we have that
the right side of (1) equals

1

2
f�½�ðb�1CÞP� þ �½�ðb

�1CÞN�g ¼ maðb
�1CÞ,

establishing the invariance of ma.
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We will now prove ð2Þ. We assume that A 2 B is a non-trivial tail set,
i.e. maðAÞ > 0 and up to a set of measure 0, A ¼ b�n

� bnðAÞ for every n 2 N. If A
is saturated, then �(A) is a tail set for f and the full measure of A follows immediately
from the exactness of f. Since A \ �A is saturated and a tail set, then the intersection
has either measure 0 or 1. Since A [ �A is another saturated tail set, it has full
ma measure. Therefore ma(A) is either 1/2 or 1, since maðAÞ ¼ mað�AÞ; suppose
that maðA \ �AÞ ¼ 0.

The uniform expansion of b on R1 with respect to a smooth metric from
property (5) of Theorem 3.4, guarantees that for some integer n, bnðAÞ \ bnð�AÞ
must intersect in a set of positive measure (with respect to any one of the equivalent
measures under consideration, one coming from the expanding Riemannian metric).
In this case, since they are tail sets, it forces A \ �A to have positive measure, which
is a contradiction. Therefore, A ¼ �A up to a set of measure 0, so maðAÞ ¼ 1 and the
map b is exact. œ

Corollary 3.6: For any a 2 ð0, 1Þ, the maps �baðxÞ ¼ �
ffiffiffi
a

p
ðx� 1=xÞ, on R are

ergodic, exact, full, and preserve a measure � � m.

The most commonly studied modified Boole transformation is the one
with a ¼ 1=4 [20]; i.e. b1=4ðxÞ ¼ ½x� ð1=xÞ�=2: We can write the conjugacy of
property (6) of Theorem 3.4 explicitly and see that it is a measure-theoretic
isomorphism in this case.

Using the Möbius map MðzÞ ¼ ðzþ iÞ=ðz� iÞ, we have that

M � b1=4ðzÞ ¼
z2 þ 2iz� 1

z2 � 2iz� 1
¼ ½MðzÞ�2 ¼ R � ½MðzÞ�,

letting RðzÞ ¼ z2. Therefore b1=4 is conformally conjugate to RðzÞ ¼ z2, a one-sided
Bernoulli shift with respect to m.

3.3. Blaschke products of degree 2

The fourth family of maps we consider is of the form:

h�ðzÞ ¼
zðz� �Þ

1� �z
,

with � 2 ð�1, 1Þ:
Using only � of the form � ¼ 1� 2

ffiffiffi
a

p
with a 2 ð0, 1Þ, we still have that j�j < 1,

and we obtain the family:

BaðzÞ ¼
zð2

ffiffiffi
a

p
� 1þ zÞ

1þ ð2
ffiffiffi
a

p
� 1Þz

,

with a 2 ð0, 1Þ:
Each of these maps takes the unit disc to itself and JðBaÞ ¼ S1; this fact will follow

from the conjugacy we give below, but is also an exercise in Milnor’s book

211Ergodic exact families



(Problem 7-b in [16]). Suppose now we consider the modified Boole map

b�2 ðzÞ ¼ �½z� ð1=zÞ�:

Then using the Möbius map

 �ðzÞ ¼
zþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�=ð�� 1Þ

p
z�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�=ð�� 1Þ

p ,

we have that B�ðzÞ ¼  � � b�2 �  
�1
� ðzÞ.

Corollary 3.7: For any a 2 ð0, 1Þ, the map BaðxÞ ¼ zð2
ffiffiffi
a

p
� 1þ zÞ½1þ ð2

ffiffiffi
a

p
� 1Þz��1

on S1 is ergodic, exact, full, and preserves a measure � � �, where � denotes the
Lebesgue measure on S1.

4. Entropy, Liapunov exponents and Hausdorff dimension:

numerical approximations

The purpose of this section is to study the mappings in our parametrized families
numerically, and to show that they have different ergodic averages for the same
continuous function, depending on whether or not the average is taken in the for-
ward or backward direction. Moreover, these averages detect information about the
entropy of the maps with respect to the equivalent measure as well as the Hausdorff
dimension of the maximal entropy measures (cf. [15]). We end by graphing some
numerical data.

4.1. Maximal entropy measures

In each of the parametrized families studied above, the topological entropy of each
map is log 2: This follows from the result that every rational map of degree d has
topological entropy log d (cf. [21]). Moreover, there exists a unique invariant measure
of maximal entropy which we will denote � called the Mañé–Lyubich measure [24].
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Figure 3. The graphs of ba(x) and x for a=0.5.
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We will denote it by �a when viewed in a family of maps parametrized by a, and it
was shown by Zdunik that �a � m if and only if the map is conformally conjugate to
a Chebyshev polynomial [7]. This occurs at exactly one value: a ¼ 1=4 in each family
discussed above.

The second author and Taylor in [22] proved the following result about arbitrary
rational maps, which had already been proved in the hyperbolic case. Let

�þ
d ¼

Y1
i¼0

f0, . . . , d� 1gi

denote the space of one-sided sequences on d symbols. We consider the usual topol-
ogy on �þ

d , and we let g denote the fd�1, . . . , d�1
g Bernoulli measure on �þ

d . It is
well-known that this measure is the measure of maximal entropy with respect to the
shift map � on �þ

d . We use this space to define paths of inverses for a rational map.
Given a rational map f of degree d, except for the critical values of f, each point z has
d inverse images, and hence d well-defined local inverses, which we will denote by
g0, g1, . . . , gd�1.

Theorem 4.1: Let f denote a rational map of degree � 2. Let fzjg
1
j¼0 denote a back-

ward orbit of a point under f, starting at an arbitrary z 2 C1 (except for at most two
points that have finite backward orbits). That is, zj ¼ gi0, i1,..., ij ðzÞ. Then for a g a.e.
backward path in �þ

d , for every continuous function �,

1

n

Xn�1

j¼0

�ðzjÞ !

Z
� d�: ð2Þ

Equivalently, if we define the sequence of measures

�zi0,..., in�1
¼

1

n

Xn�1

j¼0

	zj , ð3Þ

then for a g a.e. backward path in �þ
d , �

z
i0,..., in�1

converges weak– 	 to �.

4.2. Bowen–Ruelle–Sinai measures and Liapunov exponents

We have shown that all maps discussed above have equivalent invariant measures.
Birkhoff’s Ergodic Theorem implies the following: If g : I ! I is ergodic and meas-
ure preserving with respect to a equivalent measure �, then for every continuous
function �,

1

n

Xn�1

j¼0

�ðgjÞ !

Z
� d�: ð4Þ
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Definition 4.2: If g : I ! I is smooth, we say that � is a BRS measure if the set for
which (4) holds has positive Lebesgue measure, or equivalently if the sequence of
measures

�n ¼
1

n

Xn�1

j¼0

	gjx, ð5Þ

converges weak– 	 to � for m a.e. x 2 I.

Note that the average in (2) is along a backward orbit while the average in (4) is
taken along a forward orbit. In the next section we estimate some ergodic averages
along randomly chosen forward and backward orbits; since the BRS measure is in
general completely singular with respect to the measure of maximal entropy, the
limits are different.

Of course the Birkhoff Ergodic theorem holds as stated in (4) for all functions
� 2 L1

ð�Þ; in particular, if we use the function � ¼ log jf 0aðzÞj ¼ log jað1� 1=z2Þj.
Similarly, for the maximal entropy measure we need to use the Birkhoff–Khinchin
Ergodic Theorem for stationary processes to see that the ergodic averages along
backward paths converge.

A well-known result due in this setting to Ledrappier [6] says that if � is an
equivalent invariant probability measure for an S-unimodal interval map f, then
h�ðfÞ ¼

R
log j f 0

j d�: The next proposition can be found for example in [11] .

Propostition 4.3: If � is an equivalent invariant probability measure for an
S-unimodal interval map f, then there exists a constant �� (or sometimes written �f)
such that for m almost every x 2 I,

lim
n!1

1

n
log jð f nÞ

0
ðxÞj ¼ ��:

The constant �� in the proposition is the Liapunov exponent of f. Therefore, since it is
known that the entropy of � is strictly less than log 2 in each parametrized family
except at the unique Chebyshev value a¼ 1/4, we can use these results to approx-
imate the entropy. Another result of Ledrappier [6] states that each of these maps is
weakly Bernoulli in the sense that the natural extension is isomorphic to a Bernoulli
shift. Clearly, the Bernoulli shift in all but that one case is not of maximal entropy,
hence it is of interest to know how that entropy changes in the parameter a.

4.3. Hausdorff dimension of measures

In this section we estimate the Hausdorff dimension of the unique measure of max-
imal entropy for each map considered. Let � denote any of the invariant probabilty
measures discussed for any of the smooth families of mappings in this paper.

Definition 4.4: The Hausdorff dimension of a probability measure � on Rd is
given by:

HDð�Þ :¼ inffHDðAÞ : A � Rd Borel measurable,�ðAÞ ¼ 1g:
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Let G� denote the set of all forward generic points of �, i.e. the set of points for
which the Birkhoff ergodic theorem holds for any continuous function on the space I
under consideration. Since the families of maps ba and Ba are hyperbolic and
the maps fa and Ra are two-point factors of them, the following theorem holds in
our setting.

Theorem 4.5 (Theorem 21.3 of [23]): For any Borel ergodic measure � of positive
measure-theoretic entropy, we have

HDð�Þ ¼
h�
��

¼ HDðG�Þ: ð6Þ

In light of the above discussion, we have a numerical method for computing the
measure-theoretic entropy and Hausdorff dimension of the measures discussed.
We describe the algorithm used to approximate the values of entropy and
Hausdorff dimension in figures 4 and 5 below.
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Entropy a vs. hm (Ra)

Figure 4. The entropy of the equivalent invariant measure.
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Figure 5. The Hausdorff dimension of the maximal entropy measure �a.
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Algorithm 1: Numerical Algorithm for Entropy and Hausdorff Dimension

(1) Choose one family of maps: Ra, ba, etc. Fix a value of a 2 ½0, 1�.
(2) Pick a random value of z0 in the Julia set of Ra.
(3) Calculate the forward average

1

n

Xn�1

j¼0

log jR0
aðR

j
aðz0ÞÞj

(4) Since the average ð3Þ approximates �� ¼
R
log jR0

aj d�, and the measure � is
equivalent to m, HDð�Þ ¼ 1 and the sum approximates h�.

(5) Now choose a ‘random’ number with respect to the maximal entropy meas-
ure � by choosing a Lebesgue (computer-selected) random number and then
taking a randomly chosen backward path for a few hundred iterations; this is
the random seed we use for the next step. It is justified by the result of [22].

(6) Calculate the backward average

1

n

Xn�1

j¼0

log jR0
aðzjÞj

for a randomly chosen backward path of z0; i.e. R
j
aðzjÞ ¼ z0.

(7) Since the average ð6Þ approximates �� ¼
R
log jR0

aj d�, and since
h� ¼ logð2Þ � 0:69314, we use log 2=averageð6Þ to approximate HDð�Þ.

(8) In each case we choose n large enough so that the resulting output appears to
be robust over different runs (which use a new random number each time).
Each point on a graph is from the program run with n between 10,000 and
15,000.

The graph shown in figure 4 is obtained by running the algorithm for h� outlined
in steps 1–4 above on the function Ra for 200 values of a between 0 and 1. We
superimpose the output of three runs each with a different random seed chosen to
illustrate the robustness of the algorithm. The graph shown in figure 5 is the output
from the algorithm given in steps 5–7, again using 200 values of a and superimposing
three runs with different random choices. One can conjecture that the values of the
entropy and dimension vary smoothly with a and are unimodal with a maximum
value occurring at a ¼ 1=4. The same output occurs for any of the families studied
here due to the conjugacies shown in this paper.
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