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Abstract

Homotopy algebra is playing an increasing role in mathematical
physics. Especially in the Hamiltonian and Lagrangian settings, it is
intimately related to someof Alan's interests, e.g. Courant and Lie
algebroids. There is a comparatively long history of such structure in
cohomologicalphysicsin terms of equationsthat hold mod exact terms
(typically, divergences)or only `on shell', meaning modulo the Euler-
Lagrangeequationsof `motion'; more recently, higher homotopieshave
comeinto prominence. Higher homotopiesweredeveloped �rst within
algebraic topology and may not yet be commonly available tools for
symplectic geometersand mathematical physicists.

This is an expandedversion of my talk at the Alanfest, which was
planned as a gentle introduction to the basic point of view with a
variety of applications to substantiate its relevance. Most technical
details are supplied by referencesto the original work or to [MSS02].
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1 In tro duction

Cohomologicalphysicsis a phraseI introducedsometime agoin the context
of anomaliesin gaugetheory, but it all began with Gauss in 1833, if not
sooner (cf. Kircho� 's laws, as Nash's \T opology AND physics - a historical
survey" [Nas98]reminded me). The cohomologyreferred to in Gausswas
that of di�erential forms, div, grad, curl and especially Stoke'sTheorem(the
de Rham complex).
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2 Basic concepts: DG Space of states, maps
and homotopies

Whatever `states'arephysically, mathematically it is crucial that they form a
vector space,in fact, usually a Hilbert or pre-Hilbert space.In cohomological
physics, the physical spaceof states H is the (co)homology of a dg vector
space,V = � V n ; d : V n ! V n+1 with d2 = 0: (As is more common in
physics,wehaveadoptedthe cohomologicalconventions with the gradingasa
superscript and the di�erential of degree1. Of coursethere is a corresponding
theory with di�erentials of degree� 1 for which wewould indicate the grading
with a subscript. Theseconventions are equivalent just by raising/lowering:
V n , V� n :) The spaceH is often consideredas a subspaceof the dg vector
spaceby some(implicit) choiceof representativ es. In physical language,this
might be referredto as gauge�xing .

Although much of physics is phrased in terms of manifolds and even
analysis,my point of view is almost entirely (di�eren tial graded) algebraic,
e.g. think of an algebra of observableswithout consideringthem asfunctions.

Maps (morphisms) of dg vector spacesf : (V; dV ) ! (W; dW ) are lin-
ear maps of degree0 which respect the di�erentials: dW f = f dV : For
cochains/di�eren tial forms on topological spaces/manifolds,maps of spaces
induce morphismsof the dg vector spaces.Assumingthe di�erentials are of
degree1, a homotopy betweentwo such maps is a linear map h : (V; dV ) !
(W; dW ) of degree� 1 such that

f � g = dW h + hdV :

Homotopiesin the topological or smooth senseinduce such dg homotopies.
Notice, when applied to cocycles(representativ es of physical states), f = g
mod exact terms.

Higher homotopiesrefer to homotopiesof homotopies,and so on. For
example, for given f and g with two such homotopiesh and k as above, a
secondlevel homotopy is a linear map h2 : (V; dV ) ! (W; dW ) of degree� 2
such that

h � k = dW h2 � h2dV :

In full generality, higher homotopiesrefer to a family of linear maps hn :
(V; dV ) ! (W; dW ) of degree� n such that dW hn � (� 1)nhndV satis�es some
relation amongthe hi for i < n:

It is time to look at examples.

3



�
�

�
�

�
�
B
B
B
B
B
B
B �

�
�
�
�
�
�

Z
Z

Z
Z

Z
Z

a((bc)d) (a(bc))d

((ab)c)da(b(cd))

(ab)(cd)
�

�

��

�

Figure 1: The pentagon K 4

3 A1 -structure

The earliest example of higher homotopiesoccurs in Steenrod's ^ i prod-
ucts which underlie his operations. The examplescurrently most relevant to
physicsand Poissonstructure are thoseof A1 - and L1 -structures [MSS02].
The topological version of A1 -structure came�rst and is the easiestto vi-
sualize. It alsohas an obvious relevanceto open string �eld theory (OSFT)
[Kaj03] as L 1 -structure has to closedstring �eld theory (CSFT) [Zwi93].

Consider the spaceof based loops 
 X on a spaceX with base point
� . That is, a based loop is a map � of the unit interval I into X such
that � (0) = � = � (1): Becausewe de�ne the `product' of two loops by
reparameterizingthe result of following one loop by another, this product is
only homotopy associative.

Consider a speci�c associating homotopy h(a;b;c) from a(bc) to (ab)c:
There are 5 ways of parenthesizingthe product of 4 loops,which results in a
pentagon of loops,wherethe sidesrepresent a singleapplication of a speci�c
associating homotopy h(a;b;c) from a(bc) to (ab)c: For example,the bottom
edgefrom left to right of Figure 1 is given by h(a;bc;d). By looking at the
parameterizationsin more detail, it can be seenthat the pentagon can be
�lled in by a 2-parameterfamily of loops.

Now there are 14 ways of parenthesizing the product of 5 loops and so
on. The combinatorics, in generalfor n-loops, can be realizedin terms of a
polyhedron,calledan associahedron and denotedK n , described asa convex
polytopewith onevertex for each way of associating n orderedvariables,that
is, ways of inserting parenthesesin a meaningful way in a word of n letters.
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Figure 2: Saito's portrait of K 5.

For n = 5, a portrait due to MasahicoSaito is in Figure 2; a rotatable image
is available at www.labmath.uqam.ca/~chapoton/st asheff. html .

An A1 -space Y is a topological spaceY together with a family of maps

mn : K n � Y n ! Y

which �t togetherin a way suggestedby the pentagon. (In technical language,
they make Y an algebraover the pre-operad K = f K ngn� 1.)

The main result is the following theorem.

Theorem 3.1 A connected space Y (of the homotopytype of a CW-complex
with a nondegenerate basepoint) hasthe homotopytype of a based loop space

 X for somespace X if and only if Y admits the structure of an A1 -space.

Now considera chain complexfunctor from topologicalspacesto dg mod-
ules (over a commutativ e ground ring) which respects products. Applied to
an A1 -space,such a functor revealsan algebraicstructure generalizingthat
of a dg associative algebra.

De�nition 3.2 An A1 -algebra (or strongly homotopyassociative algebra)
consistsof a graded module V with maps

mn : V 
 n ! V of degree2 � n

satisfying suitablecompatibility conditions (An )n� 1.
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In particular,
(A1) m1 = d is a di�erential,
(A2) m = m2 : V 
 V ! V is a chain map, that is, d is a derivation with

respect to m = m2,
(A3) m3 : V 
 3 ! V is a chain homotopy for associativit y of the multi-

plication m, i.e.

m3d
 3 + dm3 = m(m 
 1) � m(1 
 m);

whered
 3 denotesd 
 1 
 1 + 1 
 d 
 1 + 1 
 1 
 d;
(A4) m4 is a `higher homotopy' such that m4d
 4 � dm4 has �v e terms,

corresponding to the edgesof the pentagon K 4:

m4d
 4 � dm4 = m3(m2 
 1
 1� 1
 m2 
 1+ 1
 1
 m2) � m2(m3 
 1+ 1
 m3):

An alternate formulation generalizesthe bar construction on an associa-
tive di�erential gradedalgebra. De�ne the suspensionsA of a gradedvector
spaceA by shifting the grading down: (sA)n = An+1 :

Alternate De�nition 3.3 An A1 -algebrastructure on a positively graded
vector space A is equivalent to a coderivation di�er ential � of degree 1 with
respect to the total grading on the tensor coalgebra T c(sA) on the suspension
of the graded vector space A. As a coderivation, � is determined by the
formula � = � 1 + � 2 + � � � , where

� n (sa1 
 � � � 
 san ) := � � smn (a1 
 � � � 
 an ); for a1; : : : ; an 2 A,

and � is an appropriate sign.

4 L1 -structure

Although there was no topologicalpredecessor,the notion of an L 1 -algebra
follows a similar pattern algebraically.

4.1 A Lie algebra is...

A grad student in mathematicsis likely to encounter the following.

De�nition 4.1 A Lie algebra is a vector space g with a skew-bilinear oper-
ation [ ; ] : g 
 g ! g satisfying the Jacobi identity.
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Physicists are more likely to assumea basisf X i g for g and write

[X i ; X j ] = Ck
ij X k

with the structure constants Ck
ij being skew-symmetric and satisfying the

corresponding Jacobi identit y.
There is anotheralternative that plays a key role in the homologicalstudy

of Lie algebras.
Considerthe familiar exterior (=Grassmann) algebraEg, exceptthink of

it as a coalgebra. That is, de�ne

� : Eg ! Eg 
 Eg

by
�( X 1 ^ � � � X n ) = � X i 1 ^ � � � ^ X i p 
 X i p+1 ^ � � � ^ X i n );

wherethe summation is over all 0 � p � n and all permutations (i 1; � � � ; in ):
Grade Eg by wedgedegreeand de�ne a coderivation

� : Eg ! Eg

by
� (X ^ Y) = [X ; Y]

extendedasa coderivation. The Jacobiidentit y is equivalent to the condition
� 2 = 0:

This dg coalgebrais the Chevalley-Eilenberg chain complexfor Lie alge-
bra homology. Many will be more familiar with the dual algebra and dual
derivation, which is the standardChevalley-Eilenberg coboundary and a spe-
cial exampleof a BRST operator.

Now I want to up the ante and considerdg (di�eren tial graded)Lie alge-
bras. For a dg Lie algebra, the classicalChevalley-Eilenberg complexneeds
a slight adjustment to account for the grading.

De�nition 4.2 A dg Lie algebra is a graded vector space g = � gn with a
di�er ential d : gn ! gn+1 with d2 = 0 and a graded-skewbilinear operation
[ ; ] : gp 
 gq ! gp+ q which is a chain map satisfying the graded Jacobi
identity.
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Following our exampleof having associativit y satis�ed only up to homo-
topy, we can do the samefor the Jacobi identit y and then considerhigher
homotopies.One can give the de�nition in terms of a family of maps

ln = [� ; � � � ; � ] : g
 n ! g

which are suitably `skew symmetric' and compatible,but it is de�nitely a lot
simpler to give the de�nition in terms of � sg:

De�nition 4.3 An L1 -algebrastructure on a positively graded vector space
g is equivalent to a coderivation di�er ential � of degree 1 with respect to the
total grading on the graded symmetric coalgebra � c(sg) on the suspension of
the graded vector space g.

The notation � c for the graded symmetric coalgebrais well establishedin
rational homotopy theory; the alternative Sc is usedelsewhere.

Notice that if we write d := � sl1 and B := � � d, then the condition
� 2 = 0 can be rewritten in (generalized)Maurer-Cartan form:

dB + 1=2[B ; B ] = 0: (1)

If you'd like somehands-onexamples,considervery small �nite dimen-
sional L1 -algebras. There are two versionsof the classi�cation, depending
on whether we considerL 1 -algebrasin the original Z -graded senseor the
super, i.e. = Z=2Z-graded,sense.There are classi�cations here by, respec-
tively, Daily [Dai02] or Fialowski-Penkava [FP03b, FP03a] for very small
dimensionalexamples.

Now what does this have to do with physicsor symplectic geometry or
Alan's interests?

The answers include moment maps, symplectic reduction and Courant
algebroids.

4.2 Couran t algebroids

The most straightforward connection with Alan's interests appears in his
paper with Roytenberg [RW98] on Courant algebroids.There is no point in
repeating the very clear exposition in their original paper, so I will mention
only the salient facts in re: higher homotopies.
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De�nition 4.4 A Courant algebroid is a vector bundle E ! M equipped
with a non-degenerate bilinear form < �; � > on the bundle, a skewsymmetric
bracket [�; �] on the space of sections �( E) and a bundle map a : E ! TM
satisfying 5 properties.

Kosmann-Schwarzbach has simpli�ed the de�nition to 2 properties, but
in the non-skew-symmetricform [KS03].

The skew-bracket does not in general satisfy the Jacobi identit y, but
property number 5 addressesthe defect in terms of a map D : C1 (M ) !
�( E) related to the deRham di�erential on M . Roytenberg and Weinstein
considerthe following small complex:

X � 1 = C1 (M ) ! X 0 = �( E) (2)

with the di�erential l1 given by D: They de�ne a very speci�c L 1 -structure
as follows:

l2 is given by the bracket on X 0 
 X 0 and by < �; D� > on X 0 
 X 1 and
0 in higher degrees,

l3 is givenby onethird of the sumof the cyclic permutations of < [�; �]; � >
on X 0 
 X 0 
 X 0 and 0 otherwise,

while ln for n > 3 is 0.
Of course,many of these0's follow just from the fact that X n = 0 for

n � 2; in contrast to the L 1 -structures that appear in the work of Fulp,
Lada and myself concerninghigher spin algebras[FLS02b, FLS02a], where
the complex is of the form X 0 ! X 1 (seesection6.2 below).

5 Homological reduction of constrained Pois-
son algebras

Cohomologicalphysics had a major breakthrough with the `ghosts' intro-
duced by Fade'ev and Popov [FP67]. These were incorporated into what
cameto be known as BRST cohomology (Becchi-Rouet-Stora [BRS75] and
Tyutin [Tyu75]) and which was applied to a variety of problems in mathe-
matical physics. There the ghostswere reinterpreted by Stora [Sto77] and
others in terms of the Maurer-Cartan forms in the caseof a �nite dimen-
sionalLie group and moregenerallyasgeneratorsof the Chevalley-Eilenberg
cochain complex[CE48] for Lie algebracohomology.
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If, asgeometers,you feelmorecomfortablewith manifolds,onecanmake
the following algebraseemmore palatable as functions on `supermanifolds',
but most (all?) of the work is just algebraic(homological).

WARNING! The term `BRST cohomology'has a variety of meanings
in the existing literature. From time to time, it threatensto be usedfor any
cohomologyin physics,at least if the coboundary operator is called `Q'. At
other times, it refers (only implicitly) to the casein which the Lie algebra
is the Virasoro algebra. I prefer to reserve the term for situations in which
the coboundary operator has at least somepart corresponding to that of
Chevalley-Eilenberg.

Such is the casefor the ghost technology for the cohomologicalreduc-
tion of constrained Poisson algebras, introduced by Batalin, Fradkin and
Vilk ovisky [BF83, FF78, FV75], which extendedthe complex of BRST by
reinventing the Koszul-Tate [Tat57] resolutionof the ideal of constraints and
producing a synergistic combination of both Chevalley-Eilenberg and reso-
lution cohomology. Here it was that I saw the essential featuresof a strong
homotopy Lie algebra(L 1 -algebra).

5.1 Momen t maps, momaps and symplectic reduction

The setting is oneof Alan's favorites [Wei02],that of a moment map, though
generalizedin an important way. Alan considers:

a phasespacewith a symmetry group consistsof a manifold P
equipped with a symplecticstructure ! and a hamiltonian action
of a Lie group G. By the latter, we meana symplecticaction of G
on P together with an equivariant moment map J from P to the
dual g� of the Lie algebraof G such that, for each v 2 g; the 1-
parametergroupof transformationsof P generated byv is the 
ow
of the hamiltonian vector �eld with hamilitonian x ! < J (x); v > .
The map J is called the momentummap (or, by many authors,
moment map) of the hamiltonian action. If oneis simply given a
symplecticaction of G on P, any map J satisfying the condition
in italics above,even if it is not equivariant, is calleda momentum
map for the action.

By contrast, Batalin-Fradkin-Vilk ovisky considerconstraints on the sym-
plectic manifold P to be primary.
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A Hamiltonian system with constraints meanswe have functions � � :
P ! R; 1 � � � r , the constraints. Solutions of the systemare constrained
to lie in a subspaceV � P given as the zero set of a smooth momap � :
P ! W = R r with components � � . In contrast to the more restrictive case
in which W = R r has the structure of a Lie algebra g and � is assumed
to be equivariant with respect to the action of the corresponding Lie group
on P, here we do not assumeany Lie group G action. To emphaiszethis,
I refer to � as a momap. (This also avoids the moment versusmomentum
controversy.) When V is a smooth submanifoldof P; the algebraC1 (V) can
be expressedas C1 (P)=I where I is the ideal generatedby the � � . Dirac
calls the constraints �rst class if I is closedunder the Poissonbracket. In
terms of the constraints, the condition is then

f � � ; � � g = f 

�� � 
 ;

where we have structure functions f 

�� on P, not structure constants. In

other words, we have a Lie algebroidwith anchor map a : C1 (P) ! �( TP)
given by the Hamiltonian vector �eld associatied to a function.

If we let W denotethe vector space spannedby the � � ; physicists speak
of W as an open algebra since the bracket de�ned on W does not closein
W: Comparethis with Lie's notion of function group [Lie90] as discussedby
Alan [Wei02].

In this �rst classcase,the Hamiltonian vector �elds X � � determinedby
the constraints are tangent to V (where V is smooth) and give a foliation
F of V . Similarly, C1 (P)=I is an I -module with respect to the bracket.
(In symplectic geometry, the corresponding spaceis called coisotropic. The
passagefrom P to V=F is known assymplectic reduction.) The true physics
of the system is the induced system on the spaceof leaves V=F . If that
spaceis a smooth manifold, C1 (V=F ) is the true algebra of observables.
When smoothness is lacking and C1 (V=F ) makes no sense,the Batalin-
Fradkin-Vilk ovisky construction provides a replacement, as described below
(see[HT92] for a comprehensive treatment).

In this context, the classicalBRST construction, at least as developed
by Batalin-Fradkin-Vilk ovisky in the caseof regular constraints, is a homo-
logical model for C1 (V=F ) or rather for the full de Rham complex 
( V; F )
consistingof forms on vertical vector �elds, those tangent to the leaves. If
we think of F as an involutive sub-bundleof the tangent bundle to V, then

( V; F ) consistsof sectionsof � � F , the exterior algebrabundle on the dual
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of F . The ordinary exterior derivative of di�erential forms restricts to deter-
mine the vertical exterior derivative becauseF is involutive. The meaning
of being a homologicalmodel is provided by the next Theorem.

The model is constructed as follows: First, consider the most common
caseof an equivariant moment map � : P ! W = g� with respect to a Lie
group action of G on P whereg is the Lie algebraof G: Let A denoteC1 (P)
consideredasa Poissonalgebra. Extend A asa gradedcommutativ e algebra
to

BF V = A 
 Eg� 
 Eg (3)

and extend the Poissonbracket f� ; �g (still of degree0) asdeterminedby the
fundamental pairing g� 
 g ! R: Note: g here has degree-1 and g� has
degree1. Now make BF V a dg Poissonalgebraby de�ning

dBF V = dK + � � (4)

where� � is the Chevalley-Eilenberg coboundary and dK is the Koszul di�er-
ential on A 
 Eg regardedasa resolutionof the ideal of constraints. In terms
of a basisf e� g for g so that � � = e� � � , this meansthat dK is the graded
derivation determinedby

dK (e� ) = � � :

If we denotee� as P� and similarly de�ne � � in terms of a dual basis,then
dBF V = f Q0 + Q1; �g for

Q0 = � � � � and Q1 = 1=2 � � � � C 

�� P
 ; (5)

the formula that often appearsin the physics literature.
Becausewehavea strict Lie group action and, hence,structure constants,

it is straightforward to verify d2
BF V = 0; but this is not the casefor our

momaps.The de�nition of the algebrais no problem:

BF V = A 
 EW 
 EW � (6)

and dK + � � is de�ned asbeforebut fails to squareto 0, essentially becausewe
now have structure functions. In the regular case,the brilliance of Batalin-
Fradkin-Vilk ovisky was to de�ne dBF V by adding terms of higher order to
dK + � � so that (dBF V)2 = 0: With hindsight, the existenceof such terms of
higherorderwasdueto the fact that A 
 Eg provided a resolutionof the ideal
of constraints, thus permitting the techniquesof HomologicalPerturbation
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Theory (seeSection 6.3 and [Gug82, GL89, GLS90, GS86, Hue84,HK91]).
However, the proof crucially involves keeping dBF V as an inner derivation
f Q; �g by adding terms of higher order to Q0 + Q1: If we write Q = Q0 + Q1 ;
then we seewe are seekinga solution of the Master Equation (cf. Section
6.3):

f Q0; Q1 g + 1=2 f Q1 ; Q1 g = 0 (7)

or, equivalently, that we seekto deform Q0 in the `direction' of Q1 (cf. Sec-
tion 7).

The point of doing this is:

Theorem 5.1 Under suitableregularity conditions, the cohomology of BF V
is isomorphic to the cohomology of 
( V; F ) with respect to the leaf-wiseexte-
rior di�er ential. In particular, H 0(BF V) is isomorphic to H 0(
( V=F )); the
algebra of `observables'on the reduced phasespace.

In the more generalnon-regular case,the Koszul complex can be extended
to the Koszul-Tate resolution by adding the polynomial algebra generated
by `anti-ghosts of anti-ghosts' (given degree� 2), etc. To preserve the crucial
Poissonalgebrastructure, one also adds `ghostsof ghosts' (given degree2),
etc.

In general,the quotient spaceis not a manifold, often not even Hausdor�,
then H 0(BF V) provides a suitable candidate for the algebraof observables
on the `reducedphasespace'.

SinceBF V is a free gradedcommutativ e algebraover A, assumingsu�-
cient �niteness, the di�erential derivation dBF V is gradeddual to a di�erential
coderivation on a free gradedcocommutativ e coalgebraover A and henceis
equivalent to an L 1 -algebra. This is spelled out in considerabledetail by
Kjeseth [Kje96, Kje01a, Kje01b]subsequent to somerelevant observations of
Huebschmann [Hue90]and myself.

6 Lagrangians with symmetries

Lagrangianphysicsderives`equationsof motion' from a variational principle
of least action. Here an action refersto an integral

S(� ) =
Z

M
L(( j n � )(x))volM

13



over somemanifold M where � is a (possibly vector valued) function on M
or sectionof a bundle E over M and L is a `local function' on E, meaninga
function on some�nite jet spaceJ nE: The action may have symmetries,i.e.
variations in � which do not changethe value of S and henceare physically
irrelevant in the sensethat � and its transformed value encode the same
physical information.

Emmy Noether had two major theoremsregarding the variational calcu-
lus. The �rst, much better known and often referred to as Noether's theo-
rem, assertsa correspondencebetweensymmetriesand conserved quantities.
Noether's secondvariational theorem establishesa correspondencebetween
symmetries, notably gaugesymmetries, and di�erential algebraic relations
amongthe Euler-Lagrangeequations. It is this secondtheorem that has an
important role in the Batalin-Vilk ovisky construction for Lagrangianswith
symmetries.

Thesesymmetriescreatedi�culties for quantization of such physical the-
ories. The method of Batalin and Vilk ovisky [BV84, BV83] was invented
to handle thesedi�culties, but turns out to be of interest also in a classi-
cal context. The construction is quite parallel to that of Batalin-Fradkin-
Vilk ovisky in the constrained Hamiltonian case,but with one crucial dif-
ference: instead of a grading preservingbracket, they usean `anti-bracket'
(independently due to Zinn-Justin [ZJ75, ZJ76]) which is of degree1. There-
fore it is also known as an odd Poissonor Gerstenhaber bracket. In this
Lagrangian setting, Batalin and Vilk ovisky extend the BRST cohomologi-
cal approach by introducing anti-�elds (independently and previously due
to Zinn-Justin) dual to the original �elds and anti-ghosts which (with hind-
sight) correspond to the Noether relations and are dual to the ghostswhich
generatethe BRST complexfor the Lie algebraof symmetries.

The original versionof Noether in `Invariante variationsprobleme'[Noe18],
waswritten in terms of an in�nite continuousgroup, G1 � ; `understood to be
a group whosemost generaltransformations depend on � essential arbitrary
functions and their derivatives'. Noether's Theorem II refers to an integral
I (= S in our notation) and reads:

If the integral I is invariant with respect to a G1 � in which the
arbitrary functionsoccurup to the � -th derivative, theresubsist�
identit y relationshipsbetweenthe Lagrangeexpressionsand their
derivativesup to the � -th order. : : : the converseholds.

Later in that paper theserelations are called dependencies.
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The relevance of Noether's theorem is not emphasizedin most of the
literature using the BV approach. As with BF V, part of the di�erential
of the Batalin-Vilk ovisky complexBV is that of the Koszul-Tate resolution,
in this caseof the di�erential ideal generatedby the Euler-Lagrangeequa-
tions. The anti-�elds generatethe Koszul complex,which is not a resolution;
the anti-ghosts provide the next level of generators,as described by Tate
[Tat57], corresponding to the relations amongthe Euler-Lagrangeequations.
It is the full acyclicity of the Koszul-Tate resolution that permits the ap-
plication of HomologicalPerturbation Theory [Gug82, GL89, GLS90, GS86,
Hue84,HK91](amongothers) and thus guaranteesthe existenceof the terms
of higherorder in the full di�erential dBV : As in the concludingremark in Sec-
tion 5, the gradeddual to dBV is equivalent to an L 1 -algebra. We comment
on this further in Section6.2.

Rather than carrying out this analysis in the abstract, we indicate two
particularly striking realizationsof this structure: the Poissonsigmamodels
of Cattaneoand Felder[CF99]and our analysiswith Fulp and Lada [FLS02a,
FLS02b] of Lagrangianswith �eld dependent symmetriesas in the caseof
higher spin particles.

6.1 The Poisson sigma mo del

The �elds of the Cattaneo-Felder Poisson� -model are orderedpairs (X ; � )
such that X is a mapping from a 2-dimensionalmanifold � into a Poisson
manifold M and � is a section of the bundle H om(T� ; X � T � M ) � ! � :
These�elds are subject to boundary conditions, namely they should satisfy
the conditions: X (u) = 0 and � (u)(v) = 0 for arbitrary u in the boundary of
� and for v tangent to the boundary of � at u: In terms of local coordinates
f x i g on M , the Poissonstructure is given by a Poisson tensor � which is a
skew-symmetrictensor on M

� = � ij (x)(
@

@x i
^

@
@x j

) (8)

which satis�es a Jacobi condition:

� il @l � j k + � j l@l � ki + � kl@l � ij = 0: (9)

The action S of the model is de�ned in such local coordinatesby

S(X ; � ) =
Z

�
(� i ^ dX i ) +

1
2

(� ij � X )( � i ^ � j ): (10)
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The Euler-Lagrangeequationsfor this action are:

EX i := d� i +
1
2

@i � j k(� j ^ � k) = 0 (11)

and
E � i := � dX i � � ij � j = 0: (12)

The gaugesymmetriesof the action are parameterizedby all sections�
of the bundle X � T � M � ! � which vanish on the boundary of � : For each
such � ; de�ne � � acting on the �elds by

(� � X ) i = (� � X )(dxi ; � ) (13)

(� � � )(W � X ) = � (d� )(U � X ) � ((L U � ) � X )( � ; � ) (14)

where U is a vector �eld on M ; and L U � is the Lie derivative of � with
respect to U:

In terms of the components of the �elds, we write

EX i = (@� � i;� +
1
2

@i � j k � j;� � k;� )� �� (15)

and
E � i;� = � (@� X i + � ij � j;� )� �� : (16)

It follows from Noether's theoremthat

� ik EX i + @� E � k ;� � @i � j k � j;� E � i;� = 0 (17)

are the Noether identities corresponding to the gaugesymmetry � � de�ned
above.

Applied to this Poissonsigma model, the Batalin-Vilk ovisky graded al-
gebra BV is a gradedcommutativ e algebraover LocE ; (the algebraof local
functions on E) with generatorsX +

i and � + i , called `anti-�elds', 
 i called
`ghosts'and 
 + i , called `anti-ghosts. (If only the ghostswere usedas gener-
ators, this would be just a BRST algebra.) Thesegeneratorsare bigraded.
The graded commutativit y is with respect to the sum of the ghost degree
and the form degree(which we call the total degree). The pairing between
symmetriesand identities is now expressedasthe pairing betweenghostsand
anti-ghosts, which plays a crucial role in the Batalin-Vilk ovisky anti-bracket
(�; �).
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Now the initial di�erential on BV can be expressedas (S0 + S1; �) where

S0 = (X ; � ) =
Z

�
(� i ^ dX i ) +

1
2

(� ij � X )( � i ^ � j );

our original action, and S1 is
Z

�
X +

i � ij (X )
 j � � + i ^ (d
 i + @i � kj (X )� k 
 j ) �
1
2


 + i @i � j k(X )
 j 
 k : (18)

Corresponding to the fact that (dK T + � � )2 6= 0; we have

(S0 + S1; S0 + S1) 6= 0:

The additional terms in the di�erential D are found by extending S0 +
S1 by terms of higher order to achieve the full BV action SB V ; but in the
Cattaneo-Felder model, only onemore term is needed:

S2 =
Z

�
�

1
4

� + i ^ � + j @i @j � kl (X )
 k 
 l : (19)

Thus the total Batalin-Vilk ovisky generatoris

SB V =
Z

�
� i ^ dX i +

1
2

� ij (X )� i ^ � j (20)

+ X +
i � ij (X )
 j � � + i ^ (d
 i + @i � kl (X )� k 
 l ) �

1
2


 i
+ @i � j k(X )
 j 
 k

�
1
4

� + i ^ � + j @i @j � kl (X )
 k 
 l :

6.2 Field dependent gauge symmetries

Field dependent gaugesymmetriesappear in several �eld theories,most no-
tably in a class due to Ikeda [Ike94] and Schaller and Strobl [SS94], in-
cluding the Poisson sigma model of Cattaneo and Felder [CF99] above.
A signi�cant generalization occurs in the Berends, Burgers and van Dam
[Bur85, BBvD86, BBvD85] approach to \particles of spin � 2". The physics
of \particles of spin � 2" leadsto representations of a Lie algebra� of gauge
parameterson a vector space� of �elds. Berends,Burgersand van Dam at-
tacked particles of higher spin by letting the gaugeparametersact in a �eld
dependentway. By a �eld dependent action of � on � ; Berends,Burgersand
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van Dam mean a polynomial (or power series)map � (� )( � ) = � i � 0Ti (� ; � )
whereTi is linear in � and polynomial of homogeneousdegreei in �: Berends,
Burgers and van Dam considerarbitrary �eld theories, subject only to the
requirement that the commutator of two gaugesymmetriesbe another gauge
symmetry whosegaugeparameter is possibly �eld dependent. Thus they do
not require an a priori given Lie structure to induce the algebraicstructure
of the gaugesymmetry \algebra".

Let � denote the vector spaceof �elds and � the vector spaceof gauge
parameters. Let � � � denote the free graded cocommutativ e coalgebraco-
generatedby � : Although the space� of gaugeparametershas no natural
Lie structure, the spaceof linear mapsfrom � � � into � is a Lie algebraunder
certain mild assumptionsalong with a hypothesiswhich we refer to as the
BBvD hypothesis. Under theseassumptions,the gaugealgebragives rise to
an L1 -algebra.

The vector spaceCoder(� � �) of graded coderivations on � � � is a Lie al-
gebra with bracket given by the commutator with respect to composition.
The vector spaceHom(� � � ; �) is isomorphic to Coder(� � �) and hencein-
herits a Lie algebrastructure; the bracket on Hom(� � � ; �) is known as the
Gerstenhaber bracket [Ger63, Sta93]. Suppose that we are given a linear
map � : � ! Hom(� � � ; �) ; a `�eld dependent action' of � on � : We can
write � (� ) = � i =0 Ti (� ) where Ti is 0 except on � i �. (This Ti is adjoint to
the polarization of the Berends,Burgers and van Dam Ti .) We extend � to
a map

�̂ : Hom(� � � ; �) ! Hom(� � � ; �)

by
�̂ (� ) = ev � (� � � 
 1) � �

whereev is the evaluation map. Consider the possibility of inducing a Lie-
type bracket on Hom(� � � ; �) via the mapping �̂ : Under certain conditions,
e.g� is injective, such a bracket may then be usedto obtain a bracket on the
parameterspacede�ned by restricting the inducedbracket on Hom(� � � ; �)
to the parameterspace� ; wherewe think of the space� asbeing contained
in the spaceHom(� � � ; �) by identifying � 2 � with the map, also denoted
� , in Hom(� � � ; �) which is 0 excepton the scalarswhere� (1) = � : In order
to assurethe Jacobiproperty of the bracket on Hom(� � � ; �) ; we introducea
correction term, following Berends,Burgersand van Dam, by assumingthat
there is a map

C : � 
 � ! Hom(� � � ; �)
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such that
[� (� ); � (� )] = � C(� ; � ) 2 Hom(� � � ; �)

for all � ; � 2 � : We will refer to this asthe BBvD hypothesis. We then extend
C to a mapping

Ĉ : Hom(� � � ; �) 
 Hom(� � � ; �) ! Hom(� � � ; �)

and then we rede�ne the bracket on Hom(� � � ; �) given above by including
the correction term C :

[� 1; � 2] := � 1 � �̂ (� 2) � � 2 � �̂ (� 1) + Ĉ(� 1; � 2):

Theorem 6.1 The mapping �̂ preservesbrackets: �̂ [� 1; � 2] = [�̂ (� 1); �̂ (� 2)]:
Moreover, if �̂ : Hom(� � � ; �) ! Hom(� � � ; �) is injective, then [� 1; � 2]
satis�es the Jacobi identity.

This result suggeststhat the parameter spaceshould be enlargedto in-
clude all of H om(� � � ; �) ; but this is apparently unacceptableto physicists
sincethe number of independent parametersis linked to the number of inde-
pendent Noether identities. However, the polynomial equationsof physical
relevancede�ne an L 1 - structure on an appropriate gradedvector space.We
restrict our attention to the constant maps in Hom(� � � ; �) and show that
the algebraicstructure of Hom(� � � ; �) inducesan L1 - structure on � � �.
We assumethe BBvD hypothesis and that �̂ is injective, so Theorem 6.1
holds.

De�ne a di�erential gradedvector spaceV with � in degree0, � in degree
1 and 0 in all other degrees.Take @: � ! � ; given by @(� ) = � (� )(1) 2 � ;
as the only non-trivial di�erential. De�ne

D : � � (sV) ! sV

by

D(� ) = @(� )

D(� ^ � 1 ^ � � � ^ � n ) = � (� )( � 1 ^ � � � ^ � n ) for n � 1

D(� 1 ^ � 2 ^ � 1 ^ � � � ^ � n ) = C(� 1; � 2)( � 1 ^ � � � ^ � n)

and D = 0 on elements of � � (sV) with more than two entries from � or with
no entry from �.
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Notice this is essentially not of the same form as that of Roytenberg
and Weinstein in section4.2, although both have just two components. The
crucial di�erence is in the grading: 0; 1 hereversus� 1; 0 for them.

Theorem 6.2 [FLS02a] D : � � (sV) ! sV as de�ned above gives V the
structure of an L 1 -algebra

6.3 The Master Equation and Homological Perturba-
tion Theory

The name `Master Equation' derives from the physics literature, especially
of the Batalin-Vilk ovisky approach consideredabove, but equationsof this
form are well known in mathematics,though under various names:

� the de�ning equation for a twisting cochain,
� the integrability equation of deformation theory,
� the Maurer-Cartan equation,

the latter being perhaps the most famous. The equation makes senseas
applied to elements of a dg algebra,associative or Lie or Gerstenhaber, etc.,
aswell asto higher homotopy versionsthereof. In [HS02],Huebschmann and
I give an extensive comparisonof thesevarious intrpretations. We show how
to construct solutions using the tools of HomologicalPerturbation Theory,
working in characteristic zero. In particular, we endow the homologyH (g) of
a strict dg Lie algebrag with the structure of an L 1 -algebrasuch that g and
H (g) are equivalent as L 1 -algebras,i.e. via L 1 -maps (seeSection7). The
much older analogousresult for A1 -algebrasis due to Kadeishvili [Kad80].
Note that H (g) is a strict dg Lie algebra with d = 0, but the higher order
operations l i are often non-trivial. If g is equivalent as L 1 -algebrato H (g)
with all l i = 0 for i � 3, then g is called formal.

7 L1 -maps, deformation quan tization, String
Field Theory (SFT) and more

De�nition 7.1 An L1 -map f : h ! g of L 1 -algebras (or dg Lie algebras)
is a dg coalgebra map � c(sh) ! � c(sg):

The Cattaneo and Felder Poissonsigmamodel was developed to provide an
alternative, `path integral', proof of Kontsevich's theroem that any Poisson
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manifold can be deformation quantized. In both proofs, the key issueis the
formality of a certain dg Lie algebra g: The L 1 -equivalenceof this g and
H (g) implies that all the obstructions to deformation quantization vanish.

For this important application, � was a disk so the maps � ! M could
be consideredas world sheetsas in SFT.

The relevanceof A1 - andL1 -structure to (respectively) OSFT andCSFT
has a particularly `physical' interpretation. The higher order operations de-
scribe multiple string interactions, not obtained from 3-string interactions
(multiplication, respectively bracketing of 2 strings) or the equivalent corre-
lation functions [Zwi93]. (Here too there is contact with Alan and his student
Tang in their recent paper [TW03].)

BecauseBBvD give an explicit expansionTi ; Ci , the corresponding multi-
brackets l i arevisible or at leasteasyto extract. In contrast, in the Cattaneo
and Felder Poissonsigma model, they are hidden in the single function �
and it's derivatives.

8 Homological Legendre transform

In their concludingremarks in [RW98], Dmitry and Alan muse:

L1 -algebrasoccur in physics in the framework of the Batalin-
Vilk ovisky procedurefor quantizing gaugetheories. On the other
hand, the Courant bracket seemsto provide a geometric frame-
work for constrainedHamiltonian systems. It is known [HT92]
that gaugeLagrangiansleadto constrainedtheoriesin the Hamil-
tonian formalism. This suggeststhat homotopy Lie algebrasaris-
ing in the Batalin-Vilk ovisky formalism and thosein the Courant
formalism might be somehow related.

In responseto my paper for the Alanfestschrift, Dmitry pointed out to
me the paper of Grigoriev and Damgaard[GD00] which establishesan ana-
log of the Legendretransform in terms of the BFV and BV constructions.
At Alanfest, we discussedtheir transforms in further detail. This bearsfur-
ther investigation, but for now let me mention only that in either direction,
Hamiltonian to Lagrangian of vice versa, the essential idea is the `oddi�ca-
tion' of all the �elds, ghosts,etc., then substituting theseinto the respective
formulas for the Hamiltonian, the Lagrangian, etc. and keeping only the
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parts of the appropriate total degree. Dmitry can interpret this further by
looking at the algebraas that of a gradedpath space.

9 Coda

Therearestill other examplesof A1 - andL1 -structureswith potential physi-
cal relevance,for example,the notion of an A1 -category. This canbethought
of asa many object versionof an A1 -algebra,that is, satisfying the usualax-
ioms of a category, exceptthat composition of morphismsis associative only
up to homotopy and higher homotopiesof all orders. A1 -categorieshave
beenusedby Fukaya for remarkable applications to Morse theory and Floer
homologyand by Batanin and by May in higher category theory. More re-
cently, they play a role in string and D-brane theory and homologicalmirror
symmetry.

But this takesus further a�eld from today's topic: the L 1 -structures di-
rectly involved in someof Alan's work and closelyrelated to his foundational
work on symplectic reduction. There are further relations to be discovered,
as he has indicated. Leaving that for the future, let me concludewith best
wishesfor the continuation of a long, happy and inspiring careerto Alan on
his 60th birthday.
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